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Abstract 22 

 23 

Generally, sex-specific mortality is not expected to affect optimal patterns of sex allocation. 24 

Several authors have, however, made verbal arguments that this is not true if juvenile 25 

mortality is sex-specific during the period of parental care. Here, we provide formal 26 

mathematical models exploring the effect of such mortality on optimal sex allocation. We 27 

confirm the prediction that biased production of the sex with higher mortality during care is 28 

favoured. Crucially, however, this is only true when juvenile mortality in the period of 29 

parental care frees up resources for their current/future siblings (i.e. the saved investment is 30 

transferable). Furthermore, we show that while optimal sex allocation is consistent with the 31 

theory of equal investment (as asserted by previous authors), thinking in terms of equal 32 

investment is not readily feasible in some scenarios. We also show that differences in early 33 

mortality overcome biased sex allocation such that the sex ratio at independence is generally, 34 

but not always, biased in the opposite direction from that at birth. Our models should prove 35 

useful to empiricists investigating the effect of sex-specific juvenile mortality and 36 

antagonistic sibling interactions on sex allocation. 37 

 38 

Keywords: reproductive costs; sex-ratio; sexual selection; sexual conflict; competition. 39 
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Introduction 40 

 41 

Sex allocation theory predicts the optimal division of resources into male and female 42 

reproductive function (West 2009). Generally speaking, equal sex allocation is predicted 43 

(Düsing 1883; Fisher 1930). In dioecious species, this usually resolves to a primary sex ratio 44 

– the proportion of sons produced at fertilization – of 0.5 (i.e. equal numbers of sons and 45 

daughters produced). This occurs because the excess production of either sex reduces the 46 

mean reproductive output of individuals of that sex, lowering the returns offered by offspring 47 

of that sex from a parent’s perspective (Düsing 1883; Fisher 1930). In this way, the primary 48 

sex ratio is under negative frequency-dependent selection. This prediction of equal investment 49 

can help us explain why so many species of animals produce sons and daughters in roughly 50 

equal numbers (assuming that the sexes are equally costly to produce in most cases; West 51 

2009). 52 

 53 

When sons and daughters are not equally costly to produce equal investment into each sex is 54 

still the optimal strategy, but this does not lead to a primary sex ratio of 0.5. For example, if 55 

sons cost three times as much as daughters to produce, equal investment would be a sex ratio 56 

of 0.25. The average reproductive output of sons would then be three times as much as that of 57 

daughters (because there are, on average, three females per male in the breeding population). 58 

In this way, natural selection leads to sex allocation that matches the value each sex offers 59 

their parents with the initial cost of producing that sex (Fisher 1930). 60 

 61 

The general prediction of equal investment into each sex is, in most cases, independent of 62 

sex-specific mortality (Leigh 1970). Consider a species where the primary sex ratio is 63 

unbiased and costs of raising sons and daughters are equal, but males are twice as likely as 64 
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females to die before reproducing. There will be, on average, twice as many females in the 65 

mating pool as there are males. Surviving males have double the average reproductive output 66 

of females, completely balancing out their elevated mortality. There is no selection for a sex 67 

ratio bias (Leigh 1970). Exceptions occur, however, when mothers’ condition predicts 68 

offspring survival or mating success (and these therefore can break free from having to equal 69 

the average values for this sex, West 2009), or when generational overlap allows periods of 70 

sex-specific mortality to be compensated for by biased sex allocation towards the rarer sex 71 

after unpredictable events (Werren & Charnov 1978; Michler et al. 2013), or in anticipation 72 

of such periods in predictable seasonal scenarios (Kahn et al. 2013). 73 

 74 

Another exception leading to a biased primary sex ratio exists when juvenile mortality occurs 75 

prior to independence in species with parental care (i.e. during the period of parental 76 

expenditure; Fisher 1930). If parents pay a significant cost to raise offspring to independence, 77 

any young that die before that point could be seen as wasted investment. This waste takes a 78 

subtle form, however, if costs to parents accrue gradually during the parental care period. 79 

Parents obviously reap no fitness benefits through young that die, but not all investment is 80 

wasted if the death of an offspring frees the parent from paying all the care costs that would 81 

have accrued by the time the offspring reached independence. This saving can potentially be 82 

reallocated into other current or future offspring. In this case, sex differences in juvenile 83 

mortality lead to sex differences in both the mean expected cost of producing each sex, as 84 

well as the expected returns. For example, if sons tend to die more often during the period of 85 

parental care, the average cost of sons will be greater for each son successfully reared to 86 

independence, but also less per son actually born (Fisher 1930). The question then is: how 87 

should this affect optimal sex allocation? 88 

 89 
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Fisher (1930) briefly dealt with this scenario in his discussion of the theory of equal 90 

investment. With a particular focus on humans, he stated that if sons die more frequently 91 

during the period of parental care they will be the ‘cheaper sex’ to produce, despite surviving 92 

to adulthood less often. He argued that natural selection would favour the situation where “… 93 

boys are the more numerous at birth, but become less numerous, owing to their higher death-94 

rate before the end of the end of the period of parental expenditure.” (Fisher 1930, p.143). As 95 

in the case of his enigmatic comments on ‘runaway’ sexual selection, Fisher’s conclusion 96 

seems plausible but the assumptions and calculations underlying his argument were not made 97 

explicit. 98 

 99 

Since Fisher, this topic has received relatively little attention from theoreticians and 100 

empiricists alike (West 2009). To our knowledge, no quantitative empirical test for an effect 101 

of sex-biased mortality during care on the primary (or indeed secondary) sex ratio has yet 102 

been attempted. This could be partly related to the difficulty of disentangling inherent 103 

differences in sex-specific mortality from compensatory responses by parents (e.g. providing 104 

more food to the ‘weaker’ sex). 105 

 106 

Several mathematical models have dealt with sex allocation given sex-differential initial costs 107 

in species with discrete generations (e.g. Kolman 1960; Charnov 1978). These models, 108 

however, assume that Fisher’s assertion that the sex with greater mortality during the period 109 

of care is less costly is true. In particular, these models focus on the idea of a ‘substitution 110 

cost’ – if a mother foregoes an attempt to raise a son, how many daughters can she produce? 111 

The answer to this question is not immediately apparent for the case of differential juvenile 112 

survival. Consider, for example, the case where sons survive better than daughters during the 113 

period of parental care. Sons then impose a greater cost on their parents, but, at the same time, 114 
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they are more likely to survive and provide their parents with grandoffspring. As is generally 115 

the case in sex ratio theory, we must also consider the effect of mate availability, which 116 

likewise is affected by offspring mortality. The situation is sufficiently complex that verbal 117 

arguments could mislead or, at least, gloss over hidden assumptions.  118 

 119 

Here, we model optimal patterns of sex allocation, specifically taking into account sex 120 

differences in juvenile mortality, and the costs that offspring impose on their parents or 121 

siblings. In particular, we want to assess the validity of three widely made assertions: when 122 

sex-differential juvenile survival affects the relative costs of rearing sons and daughters, 1) 123 

parents should bias sex allocation toward the sex with greater mortality (Fisher 1930), 2) the 124 

optimal pattern of sex allocation is that which leads to equal investment (across the whole 125 

period of parental care) into the sexes (“The exact sex ratio favored is that which leads to the 126 

total investment in sons and daughters over the whole period being equal” - West 2009 p. 20), 127 

and 3) that the sex ratio at independence will be biased towards the sex with greater survival 128 

during the period of parental care – even though they were rarer at birth (“… sex ratio should 129 

be male biased early [assuming sons have higher mortality], but female biased near weaning” 130 

- Charnov 1982 p. 29; see also West 2009 p. 19).  131 

 132 

 133 

Analytic matrix models 134 

 135 

Below, we present the results from two analytic models of optimal sex allocation in relation 136 

to juvenile mortality. Model 1 (‘Maternal Survival Model’) deals with the case where 137 

differential juvenile mortality affects the survival prospects of caring mothers. Model 2 138 

(‘Sibling Competition Model’) considers the case where differential juvenile mortality affects 139 



 7 

sibling survival (i.e. there is within-brood competition). We used a periodic two-sex matrix 140 

population modelling approach (Caswell 2001). This involves breaking down a system into a 141 

series of distinct phases, then describing the transitions between successive phases (e.g. 142 

Jenouvrier et al. 2010). At phase i we have a population vector Pi which is the number of each 143 

type of individual at that particular time. Process i represents the transition from phase i to 144 

phase i+1, and is described by the projection matrix Ai, such that Pi+1 = AiPi. Once these have 145 

been described, the equilibrium population dynamics can then be determined, and the 146 

reproductive values of different types of individuals calculated (see below; Brommer et al. 147 

2000; Pen & Weissing 2000a). The advantage of this approach is that it allows us to describe 148 

complex systems incrementally in a series of conceptually simple steps. 149 

 150 

 151 

Model 1: Maternal survival model 152 

First, we consider an iteroparous species which breeds once per year where mothers are 153 

responsible for sex allocation decisions and parental care. There are four separate phases and 154 

transitional processes to consider (Fig. 1): 1) Population P1 consists of overwintering adult 155 

males (M) and females (F) who are ready to reproduce: P1 = [M  F]T. The first process is sex 156 

allocation: females ‘decide’ whether they will produce a son or a daughter; one offspring is 157 

produced, and x denotes the probability of producing a son for any given reproductive event 158 

(i.e. the primary sex ratio). The first projection matrix is thus: 159 

 160 

 161 

(1) 162 

 163 

A1 =  

0 x 

1 0 

0 1–x 
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2) Now, the population P2 is made up of adult males as well as females who will go on to 164 

produce sons (FS), or daughters (FD): P2 = [FS  M  FD]T. Reproduction occurs next; parents 165 

each contribute half their genetic material to the offspring. Male reproductive success also 166 

depends on the per capita availability of mates (i.e. F/M): 167 

 168 

 169 

 170 

(2) 171 

  172 

3) We then have adult males, sons (S), daughters (D) and females caring for either a son or a 173 

daughter: P3 = [FS  S  M  D  FD]T. Next, we deal with mortality during the period of parental 174 

care. Sons and daughters survive through this period with probabilities sS and sD respectively, 175 

whilst mothers and fathers are assured survival. The projection matrix is thus: 176 

 177 

 178 

 179 

      (3) 180 

 181 

4) As before, we now have adult males, sons, daughters and females who have finished caring 182 

for either a son or a daughter: P4 = [FS  S  M  D  FD]T. The final process is overwinter survival 183 

(i.e. recruitment to next year’s mating pool). Adult females and males overwinter with 184 

probabilities sF and sM respectively. Adult female survival must, however, be reduced 185 

according to the costs associated with caring for the offspring the females recently produced.  186 

This cost is a negative function of how long the females had to care for their offspring, and 187 

the duration of care depends on the probability that the offspring survives. In this way, a 188 

A2 =  

1 0 0 

1/2 FS/(2M) 0 

0 1 0 

0 FD/(2M) 1/2 

0 0 1 

A3 =  

1 0 0 0 0 

0 sS 0 0 0 

0 0 1 0 0 

0 0 0 sD 0 

0 0 0 0 1 
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female’s own survival depends on her offspring’s probability of survival (and hence its sex). 189 

We incorporate this cost in a simple, linear way: the survival of son-caring mothers is 190 

multiplied by 1 – p sS, whilst the survival of daughter-caring mothers is multiplied by 1 – p sD. 191 

Here, p (0 ≤ p ≤ 1) is a penalty paid by the mother. If p = 0, female survival is independent of 192 

the survival of their offspring. Thus, adult female survival through this period is either (1 – p 193 

sS)sF for mothers who produced a son in the preceding phase or (1 – p sD)sF for mothers who 194 

produced a daughter in the preceding phase. Both sons and daughters recruit to the adult 195 

population with probability , which is not fixed but responds to population density (see 196 

below). We thus use this parameter to introduce density-dependent survival at the juvenile 197 

stage only. Therefore, our final projection matrix is: 198 

 199 

     200 

(4) 201 

 202 

We now want to set α such the population size is stable from one year to the next. We can do 203 

this by ensuring that the number of adult, breeding females at the start of one year is the same 204 

as the next. This is done by solving the following equation: 205 

 206 

F = α sD (1–x) F + sF (1–p sS) x F + sF (1–p sD) (1–x) F   (5) 207 

 208 

which gives us 209 

 210 

α = [1 – sF (1–p sS) x – sF (1–p sD) (1–x)] / [sD (1–x)]    (6) 211 

 212 

A4 = 
0 α sM 0 0 

(1–p sS)sF 0 0 α (1–p sD)sF 
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Here, if sF or sD are small, α could potentially be greater than 1. This makes no biological 213 

sense because juvenile survival from birth to recruitment (α sS or α sD) would then exceed 1, 214 

which is impossible. If the persistence of a population requires impossibly high juvenile 215 

survival values, the population is in reality unstable and heading for extinction. Therefore, it 216 

is sensible to only consider cases where α remains below 1 (i.e. females and their daughters 217 

survive sufficiently often for the population to persist). That said, it is unlikely that optimal 218 

patterns of sex allocation, our main focus, change with population growth (or reduction) rates.   219 

 220 

As above we can find the stable number of males in the system: 221 

 222 

M = (α sS x F)/(1–sM)        (7) 223 

 224 

On average, α sS x F sons and α sD (1–x) F daughters survive to reach independence. We 225 

therefore know how the sex ratio at independence (y) is related to the optimal primary sex 226 

ratio: 227 

 228 

y = (sS x) / [sS x + sD (1–x)]       (8) 229 

 230 

The next step is to find the reproductive value at equilibrium of females who decide to 231 

produce either sons or daughters in phase 2 (i.e. immediately after making sex allocation 232 

decisions). Here, P2 = AP2, where A = A1A4A3A2. The dominant eigenvalue of this combined 233 

projection matrix A is thus a multiplicative factor of population size (Caswell 2001), which is 234 

constrained to be one here (i.e. no population growth or reduction). The corresponding left 235 

eigenvector is then the reproductive values of the three types of individuals (FS, FD and M) in 236 

phase 2 (Brommer et al. 2000; Pen & Weissing 2000a). The optimal pattern of sex allocation 237 
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(x) is that which balances the reproductive value of females that ‘decide’ to produce sons (FS) 238 

with those that ‘decide’ to produce daughters (FD). By setting the corresponding values of the 239 

left eigenvector to be equal, we can solve for optimal sex allocation: 240 

 241 

x = 
12 + 14 𝑠𝐹𝑝 (𝑠𝐷−𝑠𝑆)1−12𝑠𝐹(1−𝑝𝑠𝐷)−12𝑠𝐹(1−𝑝𝑠𝑆)      (9) 242 

 243 

This form makes it clear that the extent of primary sex ratio biases are proportional to the 244 

differential maternal survival cost imposed by sons or daughters (the numerator) relative to 245 

maternal life expectancy under the baseline assumption of no sex ratio bias (the inverse of the 246 

denominator). 247 

 248 

 249 

Model 1 Results 250 

 251 

The optimal sex allocation depends on the survival of both sons and daughters during parental 252 

care, the survival of females (but not males) between years, and the penalty imposed by 253 

surviving offspring on their mothers’ survival whilst caring. Our model corroborates earlier 254 

verbal arguments that mothers should produce more of the sex with greater mortality during 255 

the period of parental care (Figs. 2, 3; Fisher 1930; Charnov 1982). Furthermore, stronger sex 256 

allocation biases are predicted as sex-specific mortality differences increase (i.e. as the 257 

difference between sD and sS increases). As expected based on the null model for Fisherian 258 

negative-frequency dependent selection, equal sex allocation is favoured when there is no sex 259 

difference in offspring survival during the period of parental care.  260 

 261 
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Generally, the primary sex ratio is under strong negative-frequency selection favouring equal 262 

allocation to sons and daughters. When maturing juveniles contribute relatively little to the 263 

total population in the following year, however, this selective pressure is weaker. There is 264 

thus more opportunity for mothers to produce biased broods without coming up against 265 

negative-frequency dependent selection (because biased primary sex ratios will have little 266 

effect on the sex ratio at independence). Consequently, our model predicts stronger sex 267 

allocation biases when maternal survival post parental care is high (Fig. 2) and juvenile 268 

recruitment to next year’s population size is low.   269 

 270 

One important, and possibly underappreciated, point shown by our model is that biased sex 271 

allocation is only predicted if mothers obtain a ‘saving’ when a dependent offspring dies 272 

(analogous to the idea of a substitution cost; Charnov 1978). In other words, if a mother’s 273 

survival (sF) is completely independent of the fate of her offspring during the period of 274 

parental care (i.e. p = 0) then unbiased sex allocation is predicted. The more strongly maternal 275 

and offspring survival are causally linked (i.e. larger values of p) the greater the sex allocation 276 

biases predicted (Fig. 3).  277 

 278 

The biases predicted by our model are generally modest (40-60% sons) depending on the 279 

abovementioned parameters. This is mostly due to the limitations imposed by population 280 

growth (i.e. that α < 1), which means we only consider a limited, but biologically relevant, 281 

parameter space (i.e. sD and sS > 0.5, sF > 0.7 and p < 0.3, as in Figs. 2,3). If offspring impose 282 

very large survival costs on their mothers (i.e. p close to 1), then too few females will survive 283 

to maintain the population, causing extinction. In some cases, adaptive sex allocation could 284 

worsen this effect. For example, if offspring impose a large cost on maternal survival and 285 

sons tend to die more during the period of care, a male-biased primary sex ratio is favoured. 286 
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This will amplify any shortage of females in the population caused by the large cost imposed 287 

on mothers. It is also worth noting that slightly weaker sex allocation biases are predicted for 288 

higher offspring survival probabilities, given the same absolute survival difference between 289 

the sexes (compare with Model 2 below). 290 

 291 

As an important conceptual aside, our model can easily be re-formulated to incorporate a 292 

scenario where fathers provide parental care, whilst mothers still make the sex allocation 293 

decisions. Here, no matter how great the costs of care imposed on fathers, equal sex allocation 294 

is always favoured (see the supplementary information). This outcome re-emphasizes the 295 

importance of the role of a ‘saving’ in optimal sex allocation. Mothers are now afforded no 296 

saving from offspring that die before the end of parental care, so they have nothing to gain 297 

from biasing sex allocation (even though their mates would gain from it). This is also a clear 298 

example of sexual conflict over sex allocation decisions (this result was also derived in Pen & 299 

Weissing 2000b). In the reformulated version females do not pay a cost of providing care, 300 

thus sex allocation is driven solely by negative frequency-dependent selection, and juvenile 301 

mortality follows the familiar results usually associated with adult mortality: it simply 302 

increases the per capita success of surviving offspring of the weaker sex. 303 

 304 

 305 

Equal Investment? 306 

 307 

It is instructive to test if the optimal pattern of sex allocation predicted by our model equates 308 

to equal investment, as predicted by several authors (e.g. West 2009 p. 20). A female’s 309 

investment for a given reproductive event is her sex allocation decision (x) multiplied by the 310 
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potential cost of that decision (here, the probability that she dies before getting to reproduce 311 

again). Therefore, a mother’s investment in sons is: 312 

 313 

x [1–(1–p sS) sF]        (10) 314 

 315 

Investment in daughters takes the form 316 

 317 

(1–x)[1–(1–p sD) sF]        (11) 318 

 319 

If we set these two investments to be equal and solve for optimal sex allocation, we find an 320 

identical solution to that obtained with the reproductive values approach (i.e. we re-derive eq. 321 

9). Therefore equal investment into the sexes is indeed favoured, demonstrating that the 322 

scenario being modelled is a special case of the theory of equal investment as Fisher, and 323 

others, have asserted (Fisher 1930 p. 143; West 2009 p. 20).  324 

 325 

 326 

Sex ratio at independence 327 

 328 

When one sex suffers a higher rate of mortality during parental care, Model 1 shows that 329 

biased production of that sex can be favoured. However, in no cases did this bias persist to 330 

independence (Figs. 2,3 right column). Whenever biased primary sex ratios were predicted, 331 

the sex ratio at independence was biased in the opposite direction. The effect of sex-specific 332 

mortality always outweighed any sex allocation biases. 333 

 334 

 335 
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Model 2: Sibling competition model 336 

 337 

We next consider a species where females always produce two young per brood and mothers 338 

are responsible for sex allocation decisions and parental care. During the period of care, 339 

offspring survival is dependent on the survival of their sibling (and hence influenced by their 340 

sex if mortality is sex-biased). Unlike Model 1, if an offspring dies, it does not affect its 341 

mother’s survival, but instead its brood mate’s (sibling’s) survival can be improved. Note that 342 

this scenario, where the survival of mothers is independent of their offspring’s fate, makes it 343 

quite hard to speak in terms of investment per offspring (as investment ought to be measured 344 

as a reduction in a mother’s ability to produce more broods). The difficulty of applying equal 345 

investment logic makes this model a particularly interesting one for unravelling the adaptive 346 

dynamics of sex allocation decisions.  347 

 348 

There are four separate phases, and hence four transitional processes to consider in this 349 

system (Fig. 4): 1) The population P1 consists of overwintering adult males (M) and females 350 

(F) who are ready to reproduce: P1 = [ M  F ]T. The first process is then sex allocation: 351 

females ‘decide’ whether they will produce two sons, two daughters, or one son and one 352 

daughter. The independent probability that a particular offspring is male (i.e. the primary sex 353 

ratio) is x. In this way, the probability that a female ‘decides’ to produce two sons is x2 and so 354 

on. The first projection matrix is thus: 355 

 356 

 357 

        (12) 358 

 359 

 360 

A1 =  

1 0 

0 x2 

0 2x(1–x) 

0 (1–x)2 
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2) Now we have adult males as well as females who will produce either two sons (FSS), or a 361 

son and a daughter (FSD), or two daughters (FDD): P2 = [ M  FSS  FSD  FDD ]T. Next, offspring 362 

are produced. Parents each contribute half their genetic material to the offspring. Male 363 

reproductive success also depends on the per capita availability of females. Adults are assured 364 

survival. The second projection matrix is: 365 

 366 

 367 

      (13) 368 

 369 

 370 

3) Now we have adult males and females as well as the three types of broods: P3 = [M SS  SD  371 

DD F]T. This is where things become interesting due to effects of juvenile mortality during 372 

the period of parental care. Sons have a baseline survival of sS and daughters sD. One can 373 

think of these baselines as the survival of juveniles if their sibling were artificially removed 374 

prior to hatching or birth. The survival of an individual offspring is, however, also dependent 375 

on the survival (hence sex) of its sibling. Specifically, these baseline survival rates are 376 

multiplied by either 1–p sS if they have a brother, or 1–p sD if they have a sister. Here, p is a 377 

penalty term between 0 and 1. If p = 0, offspring survival is independent of their sibling’s 378 

survival. One or both offspring could die at this stage, so there are five possible brood types at 379 

the end of this stage (excluding failed broods). Together with assured adult male and female 380 

survival, this yields seven rows in our third projection matrix: 381 

  382 

 1 0 0 0 

A2 =  

FSS/(2M) ½  0 0 

FSD/(2M) 0 ½  0 

FDD/(2M) 0 0 ½  

 0 1 1 1 
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 383 

(14) 384 

 385 

 386 

 387 

4) Now we have a population consisting of adults and the five possible brood compositions: 388 

P4 = [M SS  S  SD  D  DD F]T. The final process is recruitment by juveniles into the following 389 

year’s mating pool and overwinter survival of adults. For simplicity, both sons and daughters 390 

recruit to the adult population with probability . We will use this parameter to incorporate 391 

density dependence below (as in Model 1, this density dependence exists only for the juvenile 392 

stage). Adult male and female survival is sM and sF respectively. Thus, the final projection 393 

matrix is: 394 

 395 

     396 

 (15) 397 

 398 

We set α such the population is stable over time by ensuring that the number of females in 399 

year t is equal to that in year t+1: 400 

 401 

F = 2 α F sD
2 (1–p sD)2(1–x)2 + 2 α F sD (1–p sD) sS (1–p sS)(1–x) x  402 

                 + α {2 F sD (1–p sD)[1–sD (1–p sD)](1–x)2 403 

                 + 2 F sD (1–p sS)[1–(1–p sD) sS)(1–x) x 404 

     + F sF}             (16) 405 

 406 

Solving for α gives 407 

 1 0 0 0 0 

A3 =  

0 ((1–p sS) sS)2 0 0 0 

0 2(1–p sS) sS (1–(1–p sS) sS) (1–p sD) sS(1–(1–p sS) sD) 0 0 

0 0 (1–p sD) sS (1–p sS) sD 0 0 

0 0 (1–p sS) sD (1–(1–p sD) sS) 2(1–p sD) sD (1–(1–p sD) sD) 0 

0 0 0 ((1–p sD) sD)2 0 

 0 0 0 0 1 

A4 = 
sM 2 α α α 0 0 0 

0 0 0 α α 2 α sF 
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 408 

α = (1 – sF) / [2 sD (1–x) (1–p sD+p sD x–p sS x)]     (17) 409 

 410 

As with Model 1, it is sensible to only consider cases where α is less than 1 such that 411 

offspring recruitment probability never exceeds 1 (a biological impossibility). Here this is 412 

easier to ensure than in Model 1 since adult female survival (sF) is independent of her sex 413 

allocation decisions in this model. Thus, optimal sex allocation is less likely to cause 414 

population stability problems in this scenario, especially when adult females tend to survive 415 

to reproduce several times. 416 

 417 

Using the same logic as in equations 5 and 6, we can solve for the stable number of males in 418 

this system: 419 

 420 

M = [F (1 – sF) sS x] / [(1–sM) sD (1–x)]     (18) 421 

 422 

As in Model 1, we can also calculate the expected number of sons and daughters that survive 423 

to independence to see how the sex ratio at independence (y) is related to the optimal sex ratio 424 

at birth. Because of the symmetry in how juvenile mortalities are penalised according to their 425 

sibling’s sex and survival, this again resolves to: 426 

 427 

 y = (sS x) / [sS x + sD (1–x)]       (19) 428 

 429 

The next step is to find the equilibrium reproductive values (v) of females with different 430 

patterns of sex allocation. In particular we are interested in female reproductive values at 431 

phase 2 (i.e. immediately after making sex allocation decisions). Here, P2 = AP2, where A = 432 
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A1A4A3A2. The left dominant eigenvector of this combined projection matrix A gives the 433 

reproductive values of individuals at phase 2. We can then calculate the fitness (w) of a 434 

mutant female using sex allocation strategy x*: 435 

 436 

w = x*2 vSS + 2 x* (1–x*) vSD + (1–x*)2 vDD     (20) 437 

 438 

The fitness of a mutant will be maximized at w/x = 0, and this will be an evolutionary 439 

stable strategy as x* approaches x. Solving this gives us the optimal pattern of sex allocation: 440 

 441 

x = 1/2 + { p (sD + sS) – 2 + [4 – 4 p (sD+sS)+p2 (9sD
2 –14sD sS + 9 sS

2)]1/2} 442 

       / [8 p (sS – sS)]        (21) 443 

 444 

 445 

Model 2 results: 446 

 447 

Although the solution appears more complex than that in our first model, the main findings 448 

are very similar: 1) selection favours mothers who produce more of the sex with greater 449 

mortality (and hence imposes a lower cost on its siblings), 2) stronger sex allocation biases 450 

are predicted as the sexual asymmetry in mortality increases, 3) stronger biases are predicted 451 

when the survival of one offspring has a stronger impact on the mortality of the other (i.e. 452 

high values of p), and 4) if offspring survival is independent of their siblings (i.e. p = 0), 453 

unbiased sex allocation is predicted (Fig. 5 left side). 454 

 455 

There are two main differences between the results of the two models. First, the sibling 456 

competition model predicts stronger sex allocation biases than the maternal survival model, 457 
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with the strongest possible biases predicted ranging from 25-75% sons when p = 1 and the 458 

difference between sS and sD are maximized (i.e. 0 vs. 1). Second, in the sibling competition 459 

model, the same absolute difference in son and daughter survival predicts stronger sex 460 

allocation biases when survival is higher (e.g. in the bottom left panel of Fig. 5, a primary sex 461 

ratio of ~0.47 is predicted when sD = 0.5 and sM = 0.6, but a sex ratio of ~0.45 is predicted 462 

when sD = 0.9 and sM = 1.0, i.e. the same absolute difference in offspring survival). This has 463 

implications for the relationship between the sex ratio at fertilization and independence (see 464 

below).  465 

 466 

 467 

Sex ratio at independence 468 

 469 

The relationship between the primary sex ratio and the sex ratio at independence is more 470 

complex in the sibling competition model than the maternal survival model (Figure 5 right 471 

column). In most cases the predicted sex allocation biases are insufficient to overcome the 472 

effect of sex-specific mortality. For example, in the second example in Figure 5, biased 473 

production of the sex with lower survival is favoured, but at independence the sex ratio is 474 

biased toward the better surviving sex. However, exceptions to this pattern arise when there is 475 

a strong relationship between the mortality of one sibling and greater survival of the other (i.e. 476 

high values of p). The third case of Figure 5 depicts relatively strong sex allocation biases 477 

that, in most cases, shift to a balanced sex ratio at independence. At high offspring survival 478 

values, however, the weakening of the sex ratio bias over time is not complete: some bias 479 

persists through to independence. 480 

 481 

 482 
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Discussion 483 

 484 

We have investigated optimal sex allocation given sex-specific juvenile mortality during the 485 

period of parental care. In so doing, we have produced models that empiricists could 486 

parameterize to make quantitative predictions about optimal primary sex ratios in appropriate 487 

study systems. In general, our models support previous verbal assertions that when one sex 488 

dies more often during care, biased production of that sex is favoured (Fisher 1930; Charnov 489 

1982; West 2009).  It is, however, crucial to note that this is only true if the death of an 490 

offspring prior to independence offers some kind of ‘saving’ (i.e. the surplus resources can be 491 

reallocated into other current/future offspring). If this is not true then resources not used by 492 

dying juveniles are essentially wasted investment but, even if investment in one sex is more 493 

likely to represent wasted effort, unbiased sex allocation is predicted. 494 

 495 

Past authors have suggested that juvenile mortality during parental care represents a special 496 

case of Fisher’s theory that optimal sex allocation should represent equal total investment into 497 

the sexes (Fisher 1930; Charnov 1982; West 2009). Our models have demonstrated that the 498 

sex allocation patterns in quite simple life-history scenarios can be surprisingly complex. The 499 

situation is not always easily captured via an equal allocation principle. That said, in our 500 

maternal survival model, with a very simple life-history, the idea of equal allocation was 501 

readily implemented and correctly predicted the optimal sex allocation. We suggest that past 502 

authors were correct to discuss this scenario in terms of equal investment. This might, 503 

however, be a less fruitful way to think about the problem in more complicated, but still 504 

biologically realistic scenarios (such as our sibling competition model). 505 

 506 
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The other verbal argument that we set out to address was that, when there are sex differences 507 

in juvenile mortality, any sex allocation biases would be overcome by this mortality 508 

asymmetry such that the sex ratios at fertilisation and independence are negatively correlated 509 

(Charnov 1982 p. 29; West 2009 p. 19). In the maternal survival model this was indeed the 510 

case. In our sibling competition model this general pattern also emerged in scenarios that 511 

predicted relatively small sex allocation biases. However, when the survival of siblings was 512 

strongly interdependent (i.e. high values of p), strong sex allocation biases were predicted but 513 

the sex ratio at independence was largely unbiased, and in extreme cases, the direction of the 514 

primary sex ratio bias persisted through to the end of the period of parental care. So it 515 

appears, for certain life-histories at least, that the relationship between these sex ratios is 516 

complicated. It is, however, always true that a mortality bias that favours excess production of 517 

one sex will reduce the sex ratio bias at independence (interestingly, this is as far as Fisher 518 

took this idea: Fisher 1930 p.143). 519 

 520 

Our models predict that, all else being equal (and assuming transferrable resources), species 521 

with sex-specific juvenile mortality differences will bias sex allocation towards the sex with 522 

higher mortality. Conceptually it is interesting to contrast this with the case of within-species 523 

variation in sex-specific juvenile mortality. For example, consider a species where son 524 

survival during care was dependent on territory quality but daughter survival was not. This is 525 

a conditional sex allocation scenario, where one would predict mothers on high quality 526 

territories to specialise in producing sons (because they can do so more successfully than 527 

others) and those on poor territories to produce daughters. Here the predicted pattern within a 528 

species is opposite to that across species. It follows that experimental tests that use 529 

manipulations to induce phenotypically plastic changes in sex allocation should fail to reveal 530 

the evolved species-level response to sex-specific mortality. 531 
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 532 

In our maternal survival model, which closely resembled the original verbal argument of 533 

Fisher (1930), the sex allocation biases were not particularly strong (45-55% sons) for most of 534 

the biologically meaningful parameter space. This might explain why there are currently no 535 

published empirical studies supporting (or indeed testing) this idea in the literature (West 536 

2009). There are also several complicating factors that could make detecting such a pattern 537 

challenging. For example, in sexually dimorphic species, the larger sex might suffer a higher 538 

level of mortality during parental care. On its own, this predicts overproduction of that sex. If, 539 

however, offspring of the larger sex also cost more to produce (or use resources more rapidly 540 

during care), this could cancel the survival-induced effect. Similarly, in species with highly 541 

developed parental care, sex differences in baseline juvenile mortality could be compensated 542 

for by sex biased resource allocation during parental care rather than before (i.e. instead of 543 

biasing sex allocation). The complexities of life-histories in taxa with parental care, especially 544 

birds and mammals, might mean that we never see an empirical example of the biased sex 545 

allocation envisaged by Fisher (1930). The challenge for empiricists is to identify taxa with 546 

the requisite natural history to fulfil the model’s key assumptions.   547 

 548 

In our sibling competition model, sex differences in juvenile mortality change the costs that 549 

offspring impose on their siblings. We found that, again, biased production of the sex with 550 

higher mortality was favoured, but only when there is competition among siblings (i.e. 551 

juveniles survive better when their siblings die). Similarly, Godfray (1986) demonstrated that 552 

asymmetries in the costs imposed by the sexes during juvenile competition favour excess 553 

production of the sex with a smaller competitive effect on its siblings. This idea has been 554 

neglected by empiricists (but see Sykes et al. 2007), despite the fact that asymmetrical 555 

competition between the sexes occurs in several species (reviewed in Uller 2006), including 556 
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humans (Lummaa et al. 2007). We suggest that this type of system could be more fruitful for 557 

empirical tests for two reasons. First, our model of sibling competition showed stronger sex 558 

allocation biases (compared to our maternal survival model), so it should be easier to detect in 559 

the wild. Second, such effects on sex allocation could occur in species with simple modes of 560 

parental care (e.g. insect species where eggs are laid in fruit/on hosts and siblings compete for 561 

a limited pool of resources) eliminating some of the confounding factors arising from parental 562 

adjustment of care in response to differences in baseline offspring survival rates. 563 

 564 

 565 

Acknowledgements 566 

We thank Jacek Radwan and two anonymous reviewers for their insightful comments and 567 

suggestions.  568 



 25 

References 569 

 570 

Brommer, J., Kokko, H. & Pietiäinen, H. 2000. Reproductive effort and reproductive values 571 

in periodic environments. Am. Nat. 155: 454-472. 572 

Caswell, H. 2001. Matrix population models. Sinauer Associates, Sunderland, Massachusetts. 573 

Charnov, E.L. 1982. The theory of sex allocation. Princeton University Press, Princeton, New 574 

Jersey. 575 

Düsing, C. 1884. Die Regulierung des Geschlechtsverhältnisses bei der Vermehrung der 576 

Menschen, Tiere und Pflanzen. Fischer, Jena. 577 

Fisher, R.A. 1930. The genetical theory of natural selection. Clarendon, Oxford. 578 

Godfray, H.C.J. 1986. Models for clutch size and sex ratio with sibling interactions. Theor. 579 

Pop. Biol. 30: 215-231. 580 

Jenouvrier, S., Caswell, H., Barbraud, C. & Weimerskirch, H. 2010. Mating behaviour, 581 

population growth, and the operational sex ratio: a periodic two-sex model approach. Am. 582 

Nat. 175: 739-752. 583 

Kahn, A.T., Kokko, H. & Jennions, M.D. 2013. Adaptive sex allocation in anticipation of 584 

changes in offspring mating opportunities. Nature Comm. 4: 1603. 585 

Kolman, W.A. 1960. The mechanism of natural selection for the sex ratio. Am. Nat. 94: 373-586 

377. 587 

Leigh, E.G. 1970. Sex ratio and differential mortality between the sexes. Am. Nat. 104: 205-588 

210. 589 

Lummaa, V., Pettay, J.E. & Russel, A.F. 2007. Male twins reduce fitness of female co-twins 590 

in humans. Proc. Natl. Acad. Sci. USA 104: 10915-10920. 591 



 26 

Michler, S.P.M., Nicolaus, M., van der Velde, M., Radersma, R., Ubels, R., Both, C., et al. 592 

2013. Local offspring density and sex ratio affect sex allocation in the great tit. Behav. Ecol. 593 

24: 169-181. 594 

Pen, I. & Weissing, F.J. 2000a. Towards a unified theory of cooperative breeding: the role of 595 

ecology and life-history re-examined. Proc. R. Soc. Lond. B 267:2411-2418. 596 

Pen, I. & Weissing, F.J. 2000b. Optimal sex allocation: steps towards a mechanistic theory. 597 

In: Sex Ratios: Concepts and Research Methods (I.C.W. Hardy, ed.), pp. 26–47. Cambridge 598 

University Press, Cambridge. 599 

Sykes, E.M., Innocent, T.M., Pen, I., Shuker, D.M. & West, S.A. 2007. Asymmetric larval 600 

competition in the parasitoid wasp Nasonia vitripennis: a role in sex allocation. Behav. Ecol. 601 

61: 1751-1758. 602 

Uller, T. 2006. Sex-specific sibling interactions and offspring fitness in vertebrates: patterns 603 

and implications for maternal sex ratios. Biol. Rev. 81: 207-217. 604 

Werren, J.H. & Charnov, E.L. 1978. Facultative sex-ratios and population-dynamics. Nature 605 

272: 349-350. 606 

West, S.A. 2009. Sex allocation. Princeton University Press, Princeton, New Jersey. 607 



 27 

Figure legends: 608 

 609 

Figure 1: Life-cycle graphic for Model 1 (maternal survival). Solid grey lines indicate 610 

survival, whilst dashed lines are reproduction. The values on the lines indicate the probability 611 

that an individual from phase i survives/contributes genes to the corresponding class of 612 

individuals in phase i+1. 613 

 614 

Figure 2: Numerical examples of optimal sex allocation predictions from Model 1 (maternal 615 

survival) with respect to the survival probabilities of sons and daughters with two different 616 

levels of adult female survival. The panels on the left show optimal primary sex ratios (at 617 

fertilization), whilst those on the right show the resultant sex ratios at independence. Here, p = 618 

0.2. 619 

 620 

Figure 3: Numerical examples of optimal sex allocation predictions from Model 1 (maternal 621 

survival), this time with two different levels of the penalty term p. Here, sF = 0.8. 622 

 623 

Figure 4: Life-cycle graphic for Model 2 (sibling competition). Solid grey lines indicate 624 

survival, while dashed lines indicate reproduction. The values on the lines indicate the 625 

probability that an individual from phase i survives/contributes genes to the corresponding 626 

class of individuals in phase i+1. The values not shown are: i) [(1–p sS)sS]
2, ii) 2(1–p sS)sS [1–627 

(1–p sS)sS], iii) (1–p sD)sS [1–(1–p sS)sD], iv) (1–p sD)sS(1–p sS)sD, v) (1–p sS)sD[1–(1–p sD)sS], 628 

vi) 2(1–p sD)sD[1–(1–p sD)sD], vii) [(1–p sD)sD]2. 629 

 630 

Figure 5: Numerical examples of optimal sex allocation predictions from Model 2 (sibling 631 

competition) with respect to the survival probabilities of sons and daughters with three 632 



 28 

different levels of the penalty, p, on sibling survival. The panels on the left show optimal 633 

primary sex ratios (at fertilization), whilst those on the right show the resultant sex ratio at 634 

independence. 635 
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 2 

Model 1 extension: What if mothers allocate but fathers care? 19 

 20 

Here, we consider an extension of our first model. As before, mothers are responsible for sex 21 

allocation decisions but males are now responsible for parental care and hence suffer reduced 22 

survival due to the costs imposed during parental care. As with our first model, there are four 23 

separate phases and transitional processes to consider (Sup. Fig. 1): 1) Population P1 exists of 24 

overwintering adult males (M) and females (F) who are ready to reproduce: P1 = [M  F]T. The 25 

first process is sex allocation: females ‘decide’ whether they will produce a son or a daughter 26 

this season according to x, the probability of producing a son for any given reproductive event 27 

(i.e. the primary sex ratio). At this point we also separate fathers based on the sex of offspring 28 

they will end up caring for. The first projection matrix is thus: 29 

 30 

 31 

(1) 32 

 33 

2) Now, the population P2 is made up of adult males and females who will go on to produce 34 

sons (MS, FS), or daughters (MD, FD): P2 = [MS FS FD MD]T. Reproduction occurs next; parents 35 

each contribute half their genetic material to the offspring. Male reproductive success also 36 

depends on the per capita availability of the relevant mates: 37 

 38 

 39 

 40 

(2) 41 

  42 

A1 =  

x 0 

0 x 

0 1–x 

1–x 0 

A2 =  

1 0 0 0 

FS/(2MS) 1/2 0 0 

0 1 1 0 

0 0 1/2 FD/(2MD) 

0 0 0 1 



 3 

3) We then have adult males caring for either a son or daughter, sons (S), daughters (D) and 43 

females (who are now combined back into one pool): P3 = [MS  S  F  D  MD]T. Next, we deal 44 

with mortality during the period of parental care, where sons and daughters survive with 45 

probabilities sS and sD respectively. The projection matrix is thus: 46 

 47 

 48 

 49 

      (3) 50 

 51 

4) As before, we now have adult males (who have now finished caring for either a son or a 52 

daughter), sons, daughters and females: P4 = [MS  S  F  D  MD]T. The final process is 53 

overwinter survival (i.e. recruitment to next year’s mating pool). Adult females and males 54 

overwinter with probabilities sF and sM respectively, except male survival is reduced due to 55 

the costs of caring. As with our first model, we incorporate the survival costs of parental care 56 

linearly: son-caring fathers’ survival is multiplied by 1 – p sS, whilst daughter-caring fathers’ 57 

survival is multiplied by 1 – p sD (0 ≤ p ≤ 1). Both sons and daughters recruit to the adult 58 

population with probability , which we will set to a value that stabilizes the population (see 59 

below). Therefore, our final projection matrix is: 60 

 61 

     62 

(4) 63 

 64 

As in our first model, we want to set α such the population size is stable from one year to the 65 

next, by solving: 66 

 67 

A3 =  

1 0 0 0 0 

0 sS 0 0 0 

0 0 1 0 0 

0 0 0 sD 0 

0 0 0 0 1 

A4 = 
(1–p sS)sM α 0 0 (1–p sD)sM 

0 0 sF α 0 



 4 

F = sF F + α sD (1–x) F       (5) 68 

 69 

which gives us 70 

 71 

α = (1 – sF) / [sD (1–x)]        (6) 72 

 73 

As above we can find the stable number of males in the system (now more complicated 74 

because male survival depends on the sex of the offspring they care for): 75 

 76 

M = [(1 – sF) sS x F] / {sD (1 – x)[sM – 1 – p sD sM + p sM x (sD – sS)]}  (7) 77 

 78 

The next step is to find the reproductive value at equilibrium of females who decide to 79 

produce either sons or daughters in phase 2 (i.e. immediately after making sex allocation 80 

decisions). Here, P2 = AP2, where A = A1A4A3A2. The dominant left eigenvector is the 81 

reproductive values of the four types of individuals (MS, FS, FD and MD) in phase 2. The 82 

optimal pattern of sex allocation (x) is that which balances the reproductive value of females 83 

that ‘decide’ to produce sons (FS) with those that ‘decide’ to produce daughters (FD). By 84 

setting the corresponding values of the left eigenvector to be equal, we can solve for optimal 85 

sex allocation: 86 

 87 

x = 1/2          (8) 88 



 5 

Supplementary figure legends: 89 

 90 

 91 

Supplementary Figure 1: Life-cycle graphic for our extension of model 1 to paternal 92 

survival where males provide the parental care, but females still make sex allocation 93 

decisions. Solid grey lines indicate survival, whilst dashed lines are reproduction. The values 94 

on the lines indicate the probability that an individual from phase i survives/contributes genes 95 

to the corresponding class of individuals in phase i+1. 96 
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