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Unlike phonons in crystals, the collective excitations in liquids cannot be treated as propagation of
harmonic displacements of atoms around stable local energy minima. The viscoelasticity of liquids,
reflected in transition from the adiabatic to elastic high-frequency speed of sound and in absence of
the long-wavelength transverse excitations, results in dispersions of longitudinal (L) and transverse
(T) collective excitations essentially different from the typical phonon ones. Practically, nothing
is known about the effect of high pressure on the dispersion of collective excitations in liquids,
which causes strong changes in liquid structure. Here dispersions of L and T collective excitations
in liquid Li in the range of pressures up to 186 GPa were studied by ab initio simulations. Two
methodologies for dispersion calculations were used: direct estimation from the peak positions of the
L/T current spectral functions and simulation-based calculations of wavenumber-dependent collective
eigenmodes. It is found that at ambient pressure, the longitudinal and transverse dynamics are well
separated, while at high pressures, the transverse current spectral functions, density of vibrational
states, and dispersions of collective excitations yield evidence of two types of propagating modes that
contribute strongly to transverse dynamics. Emergence of the unusually high-frequency transverse
modes gives evidence of the breakdown of a regular viscoelastic theory of transverse dynamics, which
is based on coupling of a single transverse propagating mode with shear relaxation. The explanation
of the observed high-frequency shift above the viscoelastic value is given by the presence of another
branch of collective excitations. With the pressure increasing, coupling between the two types of
collective excitations is rationalized within a proposed extended viscoelastic model of transverse
dynamics. C 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4928976]

INTRODUCTION

The collective dynamics in liquid metals and alloys,
despite being one of the fascinating problems of condensed
matter physics,1,2 is not yet completely understood on micro-
scopic spatial and time scales. The longitudinal collective
excitations in liquids are well defined at small wave numbers
k and frequency ω where due to small damping (which
according to hydrodynamic theory increases with wave
number as ∼k2), they make visible (peak or a shoulder at
non-zero frequency) contribution to the dynamic structure
factors S(k,ω) and corresponding longitudinal current spectral
function,

CL(k,ω) =
ω2

k2
S(k,ω). (1)

Relation (1) is a consequence of the continuity equation.
Transverse collective excitations are not sustained by liquids
on macroscopic length scales (or small wave numbers);

however, transverse non-hydrodynamic collective excitations
called shear waves emerge at some non-zero wave number
ks

3,4 and can manifest at larger wave numbers as a peak on the
shape of the transverse current spectral function CT(k,ω).

Upon the success of the hydrodynamic theory in expla-
nation of the three-peak shape of the scattered intensity of
light in liquids,5,6 several generalized schemes were proposed
to describe the dynamic structure factors of pure liquids
on the boundary and outside the hydrodynamic regime
obtained from the inelastic neutron scattering (INS) and X-
ray scattering (IXS) experiments as well as by molecular
dynamics (MD) simulations.7–9 Local and non-local mode
coupling approaches10–13 were applied to explanation of a
deviation of the dispersion of the longitudinal collective modes
with increasing wave numbers from the hydrodynamic linear
dispersion ωhyd(k) = csk, where cs is the adiabatic speed of
sound. Intensive theoretical studies based on extended kinetic
theory14–16 and viscoelastic memory function approach17–19

revealed features of the short-wavelength longitudinal collec-
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tive excitations, which can even exist outside the first pseudo-
Brillouin zone in liquids and were also obtained from the
analysis of the inelastic neutron scattering experiments.20,21

Only recently have experimental,22–26 theoretical,27–29 and
simulation studies30–33 started to focus on revealing the non-
hydrodynamic modes in collective dynamics of liquids that
can be observed in the shape of dynamic structure factors only
outside the hydrodynamic region. The hydrodynamic regime
of collective dynamics of liquids means relaxation and propa-
gating processes that are constrained by local conservation
laws valid on sufficiently large spatial and time scales.34,35 In
the hydrodynamic regime, the liquid behaves as continuum
without revealing its atomistic structure, while outside the
hydrodynamic region, on spatial scales comparable with
mean interatomic distance, the effects of non-hydrodynamic
structural relaxation as well as non-hydrodynamic propagating
modes like shear and heat waves become very important for
the collective dynamics.36

Recently, there have appeared reports on possible mani-
festation of non-hydrodynamic shear waves on dynamic
structure factors S(k,ω) of liquid Ga, measured in inelastic
scattering experiments,23,37 and longitudinal current spectral
function CL(k,ω) of liquid Sn, calculated from ab initio
molecular dynamics (AIMD) simulations.38 Later on, an
analysis of the IXS experiments on liquid Sn39 gave evidence
that a superposition of two damped harmonic oscillator
(DHO) spectral shapes describes the experimental spectra
better than a single DHO fit, and additional analysis of the
experimental current spectral functions CL(k,ω), performed
with a two-Gaussian fit, showed good agreement with the
ab initio simulation results. Note that in Refs. 23 and 37,
the observed signal from the supposed shear waves to the
shape of experimental S(k,ω) was deduced from a simple
comparison of dispersions of longitudinal (L) and transverse
(T) collective excitations obtained in AIMD simulations. No
theoretical analysis of the possibility for transverse excitations
in the shape of the dynamic structure factor was performed in
Refs. 23 and 37. Although the possible emergence of a signal
from shear waves in the light scattering spectrum in molecular
liquids was discussed in the 1970s,35,40–43 there have appeared
no simulation studies to support this phenomena. Only in
water, the coupling between longitudinal and transverse
collective excitations and their manifestations in both L and T
current spectral functions were studied by MD simulations44

which were supported in recent experimental study.45 Hence,
the case of L-T coupling in single-component liquid metals is
very exotic and so far, there are neither models for the analysis
nor explanations of its origin.

In simple liquid alkali metals, there have been no indica-
tions at all of possible L-T coupling, like it was suggested in
polyvalent metals.23,37,38 Although recent ab initio simulation
studies of liquid metals under high pressures46–48 revealed
numerous features in structural, electronic, and single-particle
dynamic properties, the dynamic structure and dispersion of
collective excitations in liquid metals under high pressure
remain completely unexplored. Especially interesting is the
case of liquid Li, where for a liquid alkali metal, an exotic tetra-
hedral clustering at pressures above 150 GPa was observed.47

So far, no studies have been performed to clarify how the

pressure-induced changes in structure affect the collective
dynamics in liquid metals. Only recently there appeared a
report on a dynamical crossover in liquid Rb at pressures
∼13 GPa;49 however, a detailed analysis of the spectra of
collective excitations was not performed. For the case of solids,
the studies of the phonon spectra at high pressures are of great
interest, especially for iron at the earth’s core pressures.50

Another motivation for this combined simulation and
theoretical study is in the absence of theoretical schemes which
would satisfactorily describe contributions from two types of
collective excitations in spectral functions either measured in
experiments or calculated from simulations. The suggested
from IXS experiment contributions of the transverse excita-
tions to the dynamic structure factors23,37 are not based on some
theory, and it is not clear which cross-correlations would be
responsible for this new effect, because for simple liquids, the
longitudinal and transverse currents are statistically indepen-
dent with zero cross-correlators. Therefore, even application of
simplest dynamical models to analysis of collective dynamics
of liquid systems, where the L-T coupling can be visible, is of
great interest because they can point out the direction of future
theoretical studies in order to disclose the mechanism respon-
sible for emergence of the L-T coupling at some conditions
in pure liquids. Even account for the higher number of exact
sum rules will be interesting to apply in this study of collective
dynamics in liquid metal under high pressure.

Hence, the aim of this study is to evaluate pressure-
induced features in the longitudinal and transverse collective
excitation spectra of liquid Li, which is a simple liquid
metal at ambient pressure and undergoes at the pressure
∼150 GPa a structural transition to a liquid with tetrahedral
short-range order47,51 with very non-uniform distribution of
electron density.53 Such a strong change in structure of the
liquid Li with pressure should be reflected in the dynamic
properties of the systems and in particular in the behavior
of collective excitations. We will rationalize the spectra of
collective excitations using the direct estimation of the L/T
dispersion from the corresponding current spectral functions
calculated in AIMD as well as from the models of generalized
hydrodynamics. The remaining paper is organized as follows.
In the next section we give the details of the ab initio
simulations and direct estimation of the dispersion of L and T
collective excitations in the studied pressure range. Theoretical
analysis of the AIMD-derived time correlation functions are
reported in “Theoretical Analysis of Collective Dynamics”:
we will apply the thermo-viscoelastic (VE) model for analysis
of the longitudinal dynamics, as well as the standard and
extended viscoelastic (EVE) models for the transverse case.
The Conclusions of this study are given in the last section.

AB INITIO SIMULATIONS

We have performed ab initio molecular dynamics simula-
tions for liquid Li at temperature 1000 K and seven pressures
ranging from 1 atm to 186 GPa. The highest studied pressure
was chosen to be higher than the pressure of the reported, in
Ref. 47, tetrahedral clustering in liquid Li. For comparison,
at the high pressure of ∼180 GPa and temperature 1000 K,
ab initio simulations of fluid hydrogen52 gave evidence of
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rapidly increasing DC electronic conductivity that implied
metallization of hydrogen fluid. In simulations, we used
systems of 300 particles (at pressures up to 68 GPa) and
600 particles (at higher pressures) in the NVT ensemble.
Production runs over 12 000 time steps (the time step in
simulations was 1 fs) were performed for each pressure
after equilibrations over 3-4 ps. The electron-ion interactions
were represented by the all-electron projector augmented-
wave (PAW) potentials.54,55 For all pressures, the generalized
gradient approximation in the Perdew-Burke-Ernzerhof (PBE)
version56 was applied in order to account for exchange-
correlation effects in the strongly non-uniform (all-electron)
density of molten Li. The cut-off energy for the expansion of
wave functions in plane waves was 271.65 eV. The electron
density was constructed using the single Γ point in the
Brillouin zone that is justified by quite large box size.

For calculations of the k-dependent static and time
correlation functions up to sixty wave numbers k were sampled
with all possible directions of the corresponding wave vectors.
The smallest wave numbers in our simulations ranged from
kmin = 0.353 Å−1 for liquid Li at ambient pressure to kmin =

0.442 Å−1 at pressure of 186 GPa. The calculated k-dependent
static and time correlation functions were averaged over all
possible directions of wave vectors with the same absolute
value.

The calculated density-density and L/T current-current
time correlation functions as well as their Fourier transforms
contain all the information about the collective dynamics in
the studied systems. The side peak at non-zero frequency
ω of the dynamic structure factor S(k,ω) or the peaks of
the longitudinal and transverse current spectral functions
CL,T(k,ω) are usually used for a simple numerical estimate
of the dispersion law of L and T collective excitations. In
Fig. 1, we show the qualitative change of the current spectral
functions CL,T(k,ω) at low and high pressures: 1 atm and
186 GPa.

The longitudinal current spectral functions CL(k,ω) tend
to zero in the zero-frequency limit according to (1), while
the transverse current spectral functions CT(k,ω) at zero fre-
quency start from finite values, defined by the wavenumber-
dependent shear viscosity η(k) via

CT(k,0) =
kBT

m

ρ

k2η(k)
,

where kB, ρ, and m denote Boltzmann constant, mass density,
and atomic mass, respectively. In the long-wavelength limit,
the generalized shear viscosity η(k) tends to the macroscopic
value of η for the studied liquid. The longitudinal current
spectral functions CL(k,ω) in the range of wave numbers
k < 3 Å−1 at all pressures show well-pronounced single peak,
which for larger wavenumbers gets very smeared out. Only at
the very high pressure (186 GPa) and wave numbers k > 3 Å−1,
CL(k,ω) contains a shoulder at frequency ∼200 ps−1. The
transverse current spectral functions CT(k,ω) in the long-
wavelength region do not contain any peak because long-
wavelength transverse excitations cannot be sustained by
liquids. Fig. 1 gives evidence of the present shear waves in
liquid Li at the ambient pressure with increasing frequency:
∼30 ps−1 at k = 1.06 Å−1 and ∼55 ps−1 at k = 2.39 Å−1,

while at higher wave numbers, the peaks of CT(k,ω) were
not observed. Increasing pressure caused interesting changes
in the peak location of CT(k,ω): in Fig. 1, one can see that at
the pressure of 186 GPa, there exist low-frequency peaks (even
lower in frequency than for the comparable wave numbers at
ambient pressure), while at wave numbers 1.53 and 2.42 Å−1,
there is clearly visible shoulder in the high-frequency region,
which transforms into well-defined high-frequency peak for
higher wave numbers. Interestingly, the longitudinal current
spectral functions CL(k,ω) at the highest studied pressure
show weak high-frequency shoulders right in the region of
frequencies where a well-pronounced high-frequency peak
of CT(k,ω) is observed. This can be an indication of the
emergence of L-T coupling in liquid Li with pressure.

The dispersion of collective excitations obtained from
the peak positions of the longitudinal and transverse current
spectral functions CL,T(k,ω) in liquid Li at pressures 1 atm,
68, 125, and 186 GPa are shown in Fig. 2. At ambient
pressure, there is nothing unusual in the behaviour of L and
T dispersions. At wave numbers k > 2.4 Å−1, the shape of
CT(k,ω) slowly changes to a structure with a weak shoulder
and higher wave number; the CT(k,ω) is of almost Gaussian
shape as it is shown in Fig. 1. This behaviour did not allow
us to estimate the dispersion of T excitations for k > 2.4 Å−1,
that however does not mean the absence of the transverse
excitations. Their contribution to CT(k,ω) is simply much
smaller than the one of relaxation processes, centered at zero
frequency. The increasing pressure should cause the shift of
the peak positions of CL,T(k,ω) towards higher values. This
is the case of longitudinal dispersion curve. In transverse
excitations, we instead observe at P = 68 GPa and wave
numbers k < 2.0 Å−1 only low-frequency peaks of CL,T(k,ω),
which rapidly increased at higher wave numbers. This implies
a crossover between two different low- and high-frequency
dispersion curves. At pressure 125 GPa, we clearly observed
at high wave numbers two branches of collective excitations
contributing to CT(k,ω), which become very pronounced
at P = 186 GPa. In the right frames of Fig. 2, we show
the Fourier-transformed velocity autocorrelation function
(VACF) Z̃(ω), which is a sum of low-frequency relaxation
contributions due to diffusion and of vibrational density of
states (VDOS). One can see that the main peak of VDOS
shifts towards higher frequencies, while at P = 186 GPa, the
VDOS contains a pronounced low-frequency peak, which
corresponds to the low-frequency branch of transverse excita-
tions.

THEORETICAL ANALYSIS OF COLLECTIVE
DYNAMICS

Up to this point, we have performed a standard direct
estimation of the dispersion of collective excitations from the
apparent peak positions of CL,T(k,ω). Such a methodology
is, however, not very accurate because it ignores the other
contributions than the ones from propagating modes: the peak
position is exactly ascribed to the frequency of the propagating
L/T excitation. However, even in the case of observation of
the side peaks or corresponding shoulders on the shape of
dynamic structure factors S(k,ω), it is obvious that one has

 Reuse of AIP Publishing content is subject to the terms: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  130.60.47.22 On: Thu, 12 May

2016 10:37:04



104502-4 Bryk et al. J. Chem. Phys. 143, 104502 (2015)

FIG. 1. Longitudinal (L) and trans-
verse (T) current spectral functions of
liquid Li at pressures 1 atm (left frames)
and 186 GPa (right frames) at five wave
numbers. The current spectral functions
were normalized by the square of ther-
mal velocity kBT /m.

to separate first contributions from the central peak (relaxing
modes) and side peaks that in simplest approximation can be
done by making use of DHO-type fit2 to ascribe the correct
position of the side peak to the frequency of collective excita-
tion. Namely, the main task of the generalized collective modes
(GCM) methodology is in estimation of separate contributions
from different relaxing and propagating modes based on
eigenmode analysis. Especially important a proper theoretical
analysis is in the case of transverse dynamics, because in
contrast to the longitudinal case for transverse current, there

does not apply the continuity equation which automatically
forces the condition CL(k,ω = 0) ≡ 0. Advanced generalized
hydrodynamic methodologies can make use of the exact sum
rules on frequency moments of dynamic structure factor
S(k,ω): there exist standard approaches which satisfy the
sum rules up to the fourth frequency moment in pure10 and
binary57 liquids, as well as more sophisticated ones valid
up to the eighth frequency moment of S(k,ω).58,59 Another
possibility is to improve the low-frequency behaviour of
the model S(k,ω) in order to get better agreement with the
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FIG. 2. Dispersion of longitudinal (L) and transverse (T) collective excitations in liquid Li at pressures 1 atm, 68, 125, and 186 GPa. The dashed line corresponds
to hydrodynamic dispersion law with adiabatic speed of sound. The right frames show the Fourier-transformed VACFs, which contain beyond the low frequencies
the vibrational density of states.

MD-derived one as suggested in Ref. 60 by making use of
the time moments of the density-density time correlation
function. A methodology of calculation of the spectra of
collective excitations in liquids, known as the GCM, is based
on calculation of relaxing and propagating eigenmodes of
the system using a matrix form of the generalized Langevin
equation, which is the master equation for time correlation
functions. This methodology was proposed in Refs. 61 and
62 and developed for practical applications in connection
with classical and ab initio simulations.63,64 It permits to
recover from the eigenvectors associated with relaxing and
propagating eigenmodes the shape of the simulation-derived
time correlation functions, hence yielding information about
the dispersion of collective excitations and contributions of
different relaxing and propagating processes to the spectral
functions of interest. Another advantage of the GCM approach
is in many analytical results obtained for relaxing and
propagating modes outside the hydrodynamic region,36 which
allow the interpretation of general MD data on dynamic
properties.

Thermo-viscoelastic model for longitudinal dynamics

The longitudinal dynamics in simple liquids outside the
hydrodynamic regime can be well described by a thermo-
viscoelastic five-variable dynamic model,

A
(5)(k, t) =

�
n(k, t), JL(k, t),e(k, t), J̇L(k, t), ė(k, t)

	
, (2)

where n(k, t), JL(k, t), and e(k, t) are the Fourier-components
of hydrodynamic variables of particle density, density of
longitudinal component of mass current, and energy density,
respectively. The overdots in the extended dynamic variables

in (2) correspond to the first time derivatives of hydrodynamic
variables. Since the static equilibrium average of cross-
correlations between a dynamic variable and its first time
derivative is equal to zero—they are statistically independent
and the extension of the hydrodynamic basis set with the
time derivatives of hydrodynamic variables can be useful in
describing non-hydrodynamic processes. Thermo-viscoelastic
model (2) is practically equivalent to the memory-function
approach within the account for the second-order memory
function for density fluctuations and the first-order memory
function for energy fluctuations, although additional sum rules
for the zeroth time-moments of corresponding density-density,
density-energy, and energy-energy time correlation make the
GCM approach more precise from the point of view of the
number of exact sum rules satisfied.62

In general, within the GCM approach,62 the chosen
extended set of N dynamic variables is used for construction of
an N × N generalized hydrodynamic matrix T(k), eigenvalues
z j(k) of which correspond to wave-number dependent collec-
tive modes. Analytical solutions of the thermo-viscoelastic
dynamic model in long-wavelength limit were reported in
Ref. 28. The generalized hydrodynamic matrix T(k) is
expressed in the following way:62

T(k) = F(k, t = 0)F̃−1(k, z = 0) (3)

via the N × N matrices of static correlation functions F(k, t
= 0) and of Laplace-transformed time correlation functions in
Markovian approximation F̃(k, z = 0).

For the case of the five-variable set of dynamic variables
of thermo-viscoelastic model (2), one has to calculate directly
from AIMD for each sampled wave number k the 5 × 5
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matrices,

F(k, t = 0) =

*........
,

fnn 0 fne −ik fJJ 0

0 fJJ 0 0 −i f J̇ e
fne 0 fee −i f J̇ e 0

ik fJJ 0 i f J̇ e f J̇ J̇ 0

0 i f J̇ e 0 0 f ėė

+////////
-

(4)

and

F̃(k, z = 0) =

*...........
,

τnn fnn
i

k
fnn τne fne 0 fne

i

k
fnn 0

i

k
fne fJJ 0

τnn fne
i

k
fne τee fee 0 fee

0 − fJJ 0 0 i f J̇ e
− fne 0 − fee i f J̇ e 0

+///////////
-

, (5)

where the indices in matrix elements correspond to dynamic
variables from set (2). For simplicity, we show explicitly
imaginary matrix elements in (4) and (5). Almost all matrix
elements are the static correlation functions, which should be
estimated from AIMD, and only three quantities in the matrix
F̃(k, z = 0) keep information on time-dependent processes in
the system—these are the so-called wave-number-dependent
correlation times,

τi j(k) =
1

Fi j(k, t = 0)

 ∞

0
Fi j(k, t)dt, i, j = n,e.

Hence, having the trajectories, velocities, and forces on
particles during the AIMD run, we can easily calculate the
static correlators between n(k, t), JL(k, t), and J̇L(k, t) as well
as the correlation time τnn(k). The other matrix elements
fne(k), fee(k), f J̇ e(k), and f ėė and two correlation times
τne(k) and τee(k) can be calculated directly from AIMD
only when dynamic variables e(k, t) and ė(k, t) were directly
sampled in simulations, that is, extremely time consuming
in contrast to classical MD simulations with effective pair
potentials.59 Therefore, these six quantities can be treated as
fitting parameters. The fitting procedure used in this study was
described in detail in Ref. 63. The pairs of complex-conjugated
eigenvalues z±

j
(k) = σ j(k) ± iω j(k) of the generalized hydro-

dynamic matrix T(k) correspond to the collective excitations
(propagating eigenmodes) with dispersion ω j(k) and damping
σ j(k).

In Fig. 3, we show the dispersion of the acoustic longitu-
dinal collective excitations in liquid Li at pressure 125 GPa.
The propagating eigenmodes of the thermo-viscoelastic model
(star symbols) perfectly agree with the observed peaks of
the longitudinal current spectral function CL(k,ω) up to the
wave numbers ∼2.6 Å−1. For higher wave numbers, the fitting
procedure based on the thermo-viscoelastic dynamic model
A(5) became unstable with large deviations for eigenvalues
with increasing k-values. One of the reasons of the observed
failure of the fitting procedure at large wave numbers can be
the effect of the transverse collective excitations, which for the
pressure 125 GPa is observed on the shape of CT(k,ω) as two
branches for wave numbers higher than ∼2.1 Å−1—see Fig. 2.
In case of the emerging with pressure coupling between short-
wavelength L and T collective modes, the thermo-viscoelastic

FIG. 3. Dispersion of collective excitations in liquid Li at pressure 125 GPa
as follows from the analysis of CL(k,ω) (plus symbols with error bars) and
from the complex eigenmodes of the thermo-viscoelastic model A(5) (star
symbols). The dashed line corresponds to hydrodynamic dispersion law with
adiabatic speed of sound.

dynamic model A(5), which does not take into account coupling
to transverse dynamics, is unable to correctly describe the
complex collective dynamics in the highly pressurized liquid
Li. In fact, in case of the liquid Li at the ambient pressure (see
Fig. 2), the regular decoupled behavior of the L and T branches
was observed, and the GCM results for liquid Li at ambient
pressure reported in Ref. 63 showed the ability of the thermo-
viscoelastic dynamic model A(5) to describe the longitudinal
collective excitations in the short-wavelength region. By date,
there is no theoretical description of the possible coupled L-
T dynamics in liquids, only a few simulation observations
were reported in the literature23,38 for liquid polyvalent metals.
Below, we will suggest an extended viscoelastic model for
the transverse dynamics, which will be able to describe
the existence of the two branches of collective excitations
contributing to the shape of the corresponding time correlation
functions.

Another important feature of the application of the
thermo-viscoelastic dynamic model A(5) in connection with
ab initio simulation is a possibility to estimate the adiabatic
speed of sound and hydrodynamic dispersion law (straight
dashed line in the long-wavelength region in Fig. 3) using the
extrapolation of the k-dependent ratio of

cs =



kBT

m
lim
k→0



γ(k)

S(k)
,

where the wave-number-dependent ratio of specific heats
γ(k) = Cp(k)/Cv(k) is expressed via the matrix elements
f i j(k) in the following way:61,62

γ(k) = 1 +
1
k2

[ f J̇ e(k) fnn(k) − k fne(k)]2

fee(k) fnn(k) − f 2
ne(k)

,

and fnn(k) = S(k) is the structure factor. This methodology
of the ab initio calculation of the macroscopic adiabatic speed
of sound was proposed in Ref. 63 and used for the case of
liquid Li at ambient pressure and liquid Rb in a wide range of
pressures.49 Note that the existing methodology of the ab initio
estimation of the adiabatic speed of sound for fluids via the
numerical calculation of the Landau-Placzek ratio67 is quite
sophisticated and requires smooth dynamic structure factors
S(k,ω) and a methodology how to separate contributions to

 Reuse of AIP Publishing content is subject to the terms: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  130.60.47.22 On: Thu, 12 May

2016 10:37:04



104502-7 Bryk et al. J. Chem. Phys. 143, 104502 (2015)

FIG. 4. Pressure dependence of the adiabatic cs and high-frequency (elastic)
c∞ speeds of sound for the liquid Li.

the central and side peaks. In Fig. 4, the pressure dependence
of the adiabatic speed of sound cs is shown together with the
values of the high-frequency speed of sound c∞ calculated
directly from the AIMD data in the standard way from the
relation,

lim
k→0

⟨ J̇L(−k) J̇L(k)⟩

⟨JL(−k)JL(k)⟩
∝ c2
∞k2.

The existence of two characteristic for liquids macroscopic
values of the speed of sound is the important feature of the
viscoelasticity of liquids. In particular, a viscoelastic effect
known as the positive sound dispersion depends on the ratio
c∞/cs.28 The ratio of the high-frequency speed to the adiabatic
speed of sound in liquid Li is a little higher than unity, slightly
decreases with pressure from ∼1.2 at the ambient pressure to
∼1.16 at P = 186 GPa, that according to Ref. 28 gives evidence
of a small positive dispersion in liquid Li in a wide pressure
range.

Viscoelastic model for transverse dynamics

In order to rationalize the pressure-induced changes in
the transverse dynamics, being more pronounced than the
ones in longitudinal case, we first make a check of the
regular viscoelastic behaviour in the ambient pressure state.
The viscoelastic behaviour in transverse dynamics means
purely exponential shear relaxation on macroscopic distances,
i.e., absence of the macroscopic transverse acoustic modes,
while on nanoscales, the shear wave propagation can take
place. Hydrodynamic model is unable to describe shear
waves, because on macroscopic scale, there exists only a
single transverse conserved quantity—transverse component
of momentum density and corresponding single balance
equation for it. In order to obtain propagating solutions for
transverse dynamics, one has to consider at least a system of
two coupled balance equations.65

The standard VE model for transverse dynamics in
liquids3,4,65 is based on the simplest extension of the hydrody-
namic approach by improving the short-time behaviour of the
transverse current autocorrelation functions FT

JJ
(k, t) up to the

precision of the second frequency moment of CT(k,ω). This
is done by considering a system of two equations: in addition
to the hydrodynamic equation for the conserved transverse

component of mass-current JT(k, t), one considers another
balance equation for its first time derivative,

J̇T(k, t) ≡ ikσT(k, t),

where σT(k, t) are the transverse components of the stress
tensor. The transverse components were taken from micro-
scopic expressions for the mass-current and its first time
derivative,

J(k, t) =
m
√

N

N


i=1

vi(t)e
−ikri(t),

J̇(k, t) =
1
√

N

N


i=1

[Fi(t) + im(kvi)vi(t)]e
−ikri(t),

where m is the atomic mass of Li, ri(t), vi(t), and Fi(t) are the
position, velocity, and force acting on the ith particle along
the AIMD trajectories. Hence, the first time derivative of
the transverse current being a dynamic variable statistically
independent with JT(k, t) because of the general properties of
dynamic variables A(k, t) in classical statistical mechanics34

⟨A(−k, t)
∂

∂t
A(k, t)⟩ = ⟨A(−k, t)Ȧ(k, t)⟩ ≡ 0 (6)

permits treatment of dynamic processes which are completely
absent in the hydrodynamic viscous regime. Moreover, since
J̇T(k, t) contains microscopic forces acting on the particle, it
enables description of the elastic properties of the fluids and
correct treatment of viscoelastic transition. The generalized
hydrodynamic matrix T(k) of the two-variable viscoelastic
model of transverse dynamics is very simple,

T
(2T )(k) = *

,
0 −1

ω2
bare(k) ω2

bare(k)τ
T
JJ(k)

+
- . (7)

Here, the square of “bare” (as for a non-damped process)
transverse frequency is30

ω2
bare(k) = k2G(k)/ρ ≡

⟨ J̇T(−k) J̇T(k)⟩

⟨JT(−k)JT(k)⟩
,

with G(k) being the wave number-dependent high-frequency
shear modulus. The correlation time τT

JJ
(k) is estimated at

each k-point from AIMD-derived time correlation functions,
and at the long-wavelength limit, its asymptotic behaviour
is τT

JJ
(k → 0) ∼ k−2. Calculation of the dynamic eigenmodes

of generalized hydrodynamic matrix the system of two
equations results in two relaxing modes in the long-wavelength
region (viscous regime) or a pair of damped shear waves
(elastic regime).3,4 The wave number ks, at which propagating
eigenmodes emerge in the system, defines the propagation gap
for shear waves in liquid, because for k < ks, shear waves are
not sustained by the liquid,3,68

ks =

√
ρG

2η
.

Here G, η, and ρ are the macroscopic high-frequency shear
modulus, shear viscosity, and mass density, respectively.
Hence, the viscoelastic theory of transverse dynamics yields
viscous behaviour without any transverse (sound) propagating
modes on macroscopic length scales and emergence of shear
waves at nonzero wave number ks. The dispersion of the shear
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FIG. 5. “Bare” frequencies, peak positions of CT (k,ω), and viscoelastic (VE) GCM eigenvalues for transverse dynamics in liquid Li at 1000 K and at ambient
pressure. The transverse current spectral functions CT (k,ω) do not show any peak at non-zero frequency at k > 2.39 Å−1.

waves is defined by the elastic high-frequency shear modulus
and in general form is expressed as a renormalization of a
“bare” frequency due to dissipation processes which cause
damping of oscillations,

ωT(k) =
�
ω2

bare(k) − σ
2(k)

�1/2
. (8)

Here, σ(k) is the damping of shear waves due to coupling of
“bare” transverse propagating modes with shear relaxation.
Hence, the dispersion of shear waves is always lower in
frequency than the dispersion of “bare” modes. In Fig. 5,
we show the dispersion of “bare” modes, peak positions of
CT(k,ω), and GCM eigenvalues in VE model, calculated from
the AIMD and classical MD simulations with effective pair
potentials performed with 3300 particles. One can see that
the both kinds of simulations are in perfect agreement for
“bare” frequencies, peak positions, and GCM eigenvalues. The
VE theory works perfectly in liquid Li at ambient pressure:
the peak positions of CT(k,ω) and GCM eigenvalues have
lower frequencies than the elastic “bare” dispersion, and
there exists a propagation gap for shear waves in the long-
wavelength region because the long-wavelength transverse
sound excitations are not supported in liquids.

Qualitatively different results are obtained from the
comparison of the “bare” dispersion, VE eigenvalues, and
peak positions of CT(k,ω) at high pressures. The behaviour
of the VE eigenvalues at pressure 125 GPa (cf. Fig. 6) is in
disagreement at k > 0.8 Å−1 with the observed peak positions
of CT(k,ω). Moreover, the second, or high-frequency branch
of collective excitations, that is observed at k > 2 Å−1 as
high-frequency peaks of CT(k,ω), is located at frequencies
that are higher than the “bare” elastic dispersion. This is
possible only if another branch of collective excitations exists,
which due to coupling to the transverse one shifts it toward
higher frequencies. Hence, the breakdown of the regular
VE description of transverse dynamics at high frequencies
is a consequence of two branches of collective excitations
contributing to transverse dynamics.

Extended viscoelastic model for transverse dynamics

In order to rationalize the AIMD findings and the inability
of the viscoelastic model to describe the observed peak
positions of CT(k,ω) at high pressures, we have applied
more sophisticated extended dynamic models with more

coupled dynamic variables for transverse dynamics. Within the
standard memory-function approach,65 one can systematically
improve a theoretical expression for a time correlation function
by taking into account higher-order memory functions that is
equivalent to better reproduction of the short-time behaviour
of the time correlation function constraining it to the corre-
sponding higher number of exact sum rules. Within the GCM
approach, which is essentially based on the same memory-
function formalism in matrix form, the higher-order sum rules
will be fulfilled by extension of the set of dynamic variables by
their time derivatives.62 In the analysis of transverse dynamics
of liquid Li at high pressure, it appeared that the further
extension of the VE model with “fast” dynamic variables
generated via the higher (second and third) time derivatives
of the transverse current, like it was done in Refs. 59 and 68,
leads to further improvement of short-time behaviour of the
transverse current-current time correlation functions; however,
this improvement of the short-time behaviour does not allow to
recover the correct oscillations of FT

JJ
(k, t) at high pressures.

Another possibility for generalized hydrodynamic treatment
is to improve the low-frequency behaviour of the theoretical
description of dynamic structure factors or current spectral
functions by adding into the GCM scheme some “slow”
dynamic variables.60 This generalisation was successfully
applied in the study of low-frequency dynamics in a binary
metallic glass.66

FIG. 6. Frequencies of transverse collective excitations in liquid Li at P
= 125 GPa and T= 1000 K: directly obtained from AIMD “bare” frequencies
and peak positions of CT (k,ω), and GCM eigenvalues obtained within the
regular viscoelastic (VE) theory and extended viscoelastic (EVE) theory with
two types of collective excitations.
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In order to represent the non-hydrodynamic “slow” vari-
ables (for transverse dynamics, the only conserved quantity
is the transverse component of total momentum), we can
represent them by making use of integral relations in the
following hierarchy:

I1JT(k, t) ≡ I JT(k, t) =

 t

C1

JT(k, t ′)dt ′,

I2JT(k, t) =

 t

C2

I JT(k, t ′)dt ′,

...

I sJT(k, t) =

 t

Cs

I s−1JT(k, t ′)dt ′,

(9)

where Cs are arbitrary constants.60 This way of construction of
“slow” dynamic variables corresponds to the general relations
between slower and faster statistically independent dynamic
variables in GCM approach as

Afast(k, t) =
∂

∂t
Aslow(k, t)

that permits to extend the hierarchy of collective processes
like in Eq. (6) in the case when the “fast” dynamic variable
Afast(k, t) is the hydrodynamic one of particle density or
transverse mass-current density. It is obvious that the “slow”
dynamic variables one cannot sample directly in MD simula-
tions because of integral relations (9). However, all the static
averages and relevant time moments60 can be calculated from
the MD-derived time correlation functions simply as

⟨I JT
∗
(k)JT(k)⟩ =

 ∞

0
FT
JJ(k, t)dt ≡ τTJJ(k),

⟨I2JT
∗
(k)JT(k)⟩ = −⟨I JT

∗
(k)I JT(k)⟩

(10)

=

 ∞

0
tFT

JJ(k, t)dt ≡ τ2T
JJ (k).

The way of construction of slow dynamic variables (9) permits
to obtain for the time correlation function identically the same
expression as in the regular GCM approach as the sum of
separable Nv mode contributions.66 In the case of the Nv-
variable dynamic model for glass systems, the GCM replica
has the following expression

F(Nv)

i j
(k, t) =

Nv


α=1

Gα
i j(k)e

−zα(k)t . (11)

In our case of the transverse dynamics in high-pressure
liquid Li one can extend the initial transverse viscoelastic
model (two-variable dynamic model) by several “slow”
dynamic variables (9). It appears that one can introduce
a transverse analogy for the regular density-density time
correlation functions, which can be a time correlation function
constructed on simplest slow extended transverse dynamic
variables

FT
I I(k, t) = ⟨I JT∗(k,0)I JT(k, t)⟩. (12)

It is obvious that this time correlation function is connected via
the second time derivative to the standard transverse current
autocorrelation function:

−
∂2

∂t2
FT
I I(k, t) ≡ FT

JJ(k, t),

and the time Fourier-transform of FT
I I
(k, t) is right the trans-

verse analogy of dynamic structure factor ST(k,ω) suggested
in Ref. 69.

We applied the EVE scheme with five (Nv = 5) dynamic
variables,

A(5T )(k, t) = {I3JT(k, t), I2JT(k, t), I JT(k, t), JT(k, t), J̇T(k, t)}

(13)

for calculations of the dynamic eigenmodes contributing to
the shape of FT

JJ
(k, t) via (11). Note that a basis set of at

least four dynamic variables is needed in order to obtain two
pairs of complex eigenvalues corresponding to propagating
eigenmodes with the purpose of checking our suggestion that
the effect of unusually high-frequency transverse excitations
comes from the coupling with another branch of collective
excitations. Set (13) containing five dynamic variables allows
for another purely real eigenvalue contributing at low frequen-
cies in CT(k,ω). In general, the proposed theoretical scheme
EVE of analysis of AIMD-derived time correlation functions
allows to recover three (0th, 1st, and 2nd) frequency moments
of CT(k,ω) (as in the regular VE approach) and additionally
seven (from the 0th to the 6th) time moments

⟨tn⟩(k) =
1
n!

 ∞

0
tnFT

JJ(k, t)dt

of the AIMD-derived time correlation function FT
JJ
(k, t).60,66

The generalized hydrodynamic matrix T(5T )(k) generated for
transverse five-variable dynamic model (13) was used in the
analysis of dynamic eigenvalues and eigenvectors contributing
to corresponding time correlation functions (11).

In Fig. 7, we show how accurately this EVE scheme
permits to recover the AIMD-derived transverse time corre-
lation functions in the example case of liquid Li at P
= 125 GPa. In contrast to the regular VE description, which
results in only one type of transverse collective excitations
with wrong dispersion law (star symbols in Fig. 6) and
corresponding wrong minimum location of the transverse
current autocorrelation function FT

JJ
(k, t) (long-dashed line in

the right frame of Fig. 7), the extended GCM scheme (EVE)
with five dynamic variables perfectly recovers the AIMD-
derived FT

JJ
(k, t) and results in two types of propagating

modes with frequencies (open squares in Fig. 6) which

FIG. 7. Transverse current autocorrelation functions obtained from AIMD
(solid line), the VE (long-dashed line) and EVE (short-dashed line) models
of generalized hydrodynamics for liquid Li at P= 125 GPa and T= 1000 K.
The time scale τ is equal to 0.218 126 ps.
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FIG. 8. The pressure dependence of a shift from viscoelastic (VE) frequency
(8) to the observed high-frequency peak position of the CT (k,ω) that can be
treated as an intensity of coupling between the two types of collective modes.

correspond well to the peak positions of the CT(k,ω). Hence,
the theoretical scheme based on the extended viscoelastic
theory is able to recover the AIMD-derived transverse current
autocorrelation functions by means of contributions from two
types of collective excitations.

In general, one can treat the up shift of the frequency
of transverse excitations from its viscoelastic value as a
consequence of coupling with another low-frequency branch
of collective excitations. In Fig. 8, the pressure dependence
of this shift shows a rapid increase with pressure that
gives evidence of the pressure-induced intensity of coupling
between the two types of collective modes.

CONCLUSIONS

In summary, we have obtained by ab initio simulations
and generalized hydrodynamic models, the dispersion of
longitudinal and transverse collective excitations in liquid Li
at T = 1000 K in the pressure range up to 186 GPa. Our results
enable one to observe the pressure-induced, strongly non-
spherical change in the dispersions and macroscopic values of
the adiabatic and elastic speeds of sound. We have observed the
emergence of the two contributions (low- and high-frequency
ones) from collective excitations to transverse current spectral
function CT(k,ω) in liquid Li with increasing pressure. These
AIMD findings are supported by the pronounced two-peak
structure of the vibrational density of states at pressure
186 GPa.

We have shown that only in the low-pressure liquid, the
regular viscoelastic model of transverse dynamics is able
to yield correctly GCM eigenvalues in agreement with the
peak positions of CT(k,ω), while at high pressures, only
the extended viscoelastic model with two types of coupled
collective excitations explains the unusually high-frequency
transverse current correlations in liquid Li. The observed
weak shoulders of CL(k,ω) at high pressures nearly at
the frequencies corresponding to the location of the high-
frequency transverse branch implied the mutual effect also
for the L-branch of collective excitations, i.e., the possible
pressure-induced emergence of the L-T coupling in liquid Li.
The mechanism causing the L-T coupling in liquid Li at high
pressure can be connected to pressure-induced strongly non-

spherical distributions of electron density around ions reported
in Ref. 53. The emergence of unusually high-frequency
transverse modes was observed only at quite large wave
numbers that can be an evidence of their localized nature.
It is obvious that in liquids with short-living covalent bonds,
like liquid Ga or Sn, there can exist localized excitations with
finite lifetime which have analogy with optic-like excitations
because of the motion of bonded neighbors with opposite
phases. Emergence of this kind of excitations in a liquid alkali
metal under high pressure was not expected before. So far, the
theory of L and T optic-like excitations was developed only for
binary liquids68,70 and by date, it is not clear how one can treat
theoretically short-time bonded units in dynamical models for
pure one-component liquids. One of the possibilities is to treat
such a one-component metal as a two-component chemically
reacting system.35 The development of the extended dynamical
models in this direction together with simulation data can
reveal new types of collective excitations in liquids under high
pressure.

We proposed a methodology of analysis of transverse
dynamics based on extended hydrodynamics that explicitly
takes into account frequency moments of CT(k,ω) and time
moments of the transverse current autocorrelation function.
In contrast to the regular viscoelastic model of transverse
dynamics, which is unable to correctly describe the AIMD-
derived FT

JJ
(k, t) at high pressures, the five-variable extended

model results in two branches of coupled collective excitations
and perfectly reproduces the simulation data. The obtained
two branches of eigenvalues show nice agreement with the
observed peak positions of the CT(k,ω). We stress that
the proposed methodology is based on frequency and time
moments for only transverse dynamics and does not account
explicitly for the cross-correlations between the L and T
excitations. This is the first step in theoretical analysis of the
transverse dynamics showing the presence of contributions
from two propagating modes. Another GCM methodology
for explicit treatment of coupled L and T dynamics in liquid
metals under pressure will be reported elsewhere.
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