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The proton disorder in ice has a key role in several properties such as the growth mode, thermo-
dynamical properties, and ferroelectricity. While structural phase transitions from proton disordered
to proton ordered ices have been extensively studied, much less is known about their electronic and
optical properties. Here, we present ab initio many body perturbation theory-based calculations of the
electronic and optical properties of cubic ice at different levels of proton disorder. We compare our
results with those from liquid water, that acts as an example of a fully (proton- and oxygen-)disordered
system. We find that by increasing the proton disorder, a shrinking of the electronic gap occurs in
ice, and it is smallest in the liquid water. Simultaneously, the excitonic binding energy decreases,
so that the final optical gaps result to be almost independent on the degree of proton disorder.
We explain these findings as an interplay between the local dipolar disorder and the electronic
correlation. C 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4929468]

I. INTRODUCTION

The phase diagram of H2O is probably the richest and
most intriguing in nature. The large variety of structures of
ice, its importance in many research fields, and the still open
questions concerning the local structure of water and ice and
its connection to their optical and X-ray spectra1–13 make this
system extremely interesting.

Ordinary water can solidify in 15 crystalline and several
amorphous forms.14 Among these, under mild temperature and
pressure conditions ice has a hexagonal crystal structure with
the oxygen atoms laying on a hexagonal wurtzite lattice and the
hydrogens disordered but obeying Bernal-Fowler ice rules.15

These rules state that each oxygen must be covalently bonded
to two hydrogen atoms, and hydrogen bonded to two other
hydrogen atoms. Moreover, there can be only one hydrogen
atom per bond. The excited state properties of the hexagonal
phase of ice (ice Ih) have been experimentally studied by
Kobayashi.16 Ice Ih is stable, at ambient pressure, down to
about 72 K; below this temperature, a proton ordered ferro-
electric phase, ice XI, becomes energetically more favorable.

At ambient pressure and temperatures between 113 and
153 K cubic ice (Ic), a metastable form, can be found. In
this case, the sublattice of the oxygen atoms has a simple
fcc diamond structure, while the hydrogens still obey to
the Bernal-Fowler ice rules. Beyond fulfilling these rules,
orientational disorder can be present and thus several different
configurations are possible. Many physical quantities such as
thermodynamical properties or ferroelectricity of the various

ice phases depend on the eventual presence of this orientational
disorder.

In this work we focus on ice Ic, investigating the electronic
and optical properties of configurations at different levels of
orientational order. We chose to investigate the ice Ic because
it is more isotropic than ice Ih, thus simplifying the analysis
and assignment of results to electronic effects only. In these ice
systems structural17–21 and electronic properties, such as band
structures and dielectric constants,21 have been studied within
the density functional theory (DFT) approach. Infrared spectra
of cubic ice have been recently experimentally measured
and calculated within DFT.22 Concerning the excited state
properties of ice Ic, these have been experimentally probed
many years ago by Watanabe.23 From a theoretical point of
view, these properties have been investigated within DFT24

and tight binding methods,25–27 but neither many-body effects
have been included nor the effects of the proton disorder on
these properties discussed in there.

Here, we analyze the influence of proton disorder on
the electronic states and on the excitonic effects in ice Ic

studying the fully proton-ordered polar structure and three
other, proton-disordered ones. We also compare the properties
of ice Ic with previous28–30 and new results related to the most
“disordered” phase, liquid water. We consider the different
molecular orientations that lead both to a geometrical disorder
and to a dipolar electrostatic disorder. We perform calculations
of the electronic band structures and of the excitonic effects
within many-body perturbation theory (MBPT) within the
self-energy and Bethe-Salpeter approaches, that have already
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shown their strength and predictive power (for a review, see,
for example, Ref. 31).

Apart from realizing another step toward the complete
comprehension of the H2O properties, we will also indicate a
new potential way to discriminate among proton ordered and
proton disordered structures with spectroscopic characteriza-
tion, opposed to traditional structural diffraction.

This paper is organized as follows: in Section II the
theoretical methods are briefly described together with the
details of the calculations. In Section III the results related to
the condensed phases of ice Ic are presented, grouped into
electronic and optical properties. These results are further
compared with those obtained from liquid water. Conclusions
are drawn in Section IV.

II. THEORETICAL METHODS AND CALCULATION
DETAILS

In this work, we compute excited state properties in
four configurations of cubic ice at different levels of proton
disorder, and in liquid water. By disorder we here refer to
the relative orientations of the dipole moments of the water
molecules, not in the entropic or statistical sense. For ice Ic, we
employ 8-molecule supercells with the hydrogens obeying the
Bernal-Fowler ice rules. With 8 molecules, we can have four
physically distinct configurations. These configurations have
a degeneracy of 6, 12, 24, 48 and macroscopic polarization
⟨100⟩, ⟨ 1

2
1
2 0⟩, ⟨000⟩, and ⟨ 1

2 00⟩, respectively.17 We choose one
of the possible structures in each case of polarization.

Out of the different dipole arrangements, in the apolar
configuration (⟨000⟩) the orientation of the water molecules is
the most proton-disordered one, leading to a total, or average
dipole of zero, whereas in the other configurations there is
more orientational ordering present. This point is important
when we look at the microscopic local screening and at
the excited state properties of these systems. In Table I, we
show the local dipole orientation of each ice molecule and
the average total dipole in all four considered structures. In
practice, we evaluate the value and direction of the local dipole

TABLE I. Orientation of dipoles of each H2O molecule in ice 8-molecule
supercell of Ic in the four symmetry-unique structures. On the second row,
the total dipole moment per molecule D of each supercell is given. In the first
column, the oxygen position of each of the 8 water molecules of the supercell
is reported in relative units. The orientation of the dipoles of each molecule
is given with triangles, empty and dotted spheres referring to left, right, into,
and out of the plane, respectively.

Ice Ic model ⟨100⟩ ⟨ 1
2

1
2 0⟩ ⟨ 1

2 00⟩ ⟨000⟩

D 1 1√
2

1
2 0

O= (0,0,0) ◃ △ ⊙ ◃

O= ( 1
2 ,

1
2 ,0) ◃ ◃ ▹ ◃

O= ( 1
2 ,0,

1
2 ) ◃ △ ◃ ▹

O= (0, 1
2 ,

1
2 ) ◃ ◃ ⊙ ▹

O= ( 1
4 ,

1
4 ,

1
4 ) ◃ ◃ △ ⊙

O= ( 3
4 ,

3
4 ,

1
4 ) ◃ △ ▽ ⊙

O= ( 3
4 ,

1
4 ,

3
4 ) ◃ ◃ ⊙ ⃝

O= ( 1
4 ,

3
4 ,

3
4 ) ◃ △ ⊙ ⃝

FIG. 1. Simulation cells of the four cubic ice models and liquid water. (a)
Ice Ic(⟨100⟩), (b) Ic(⟨

1
2

1
2 0⟩), (c) Ic(⟨

1
2 00⟩), (d) Ic(⟨000⟩), (e) one of the liquid

water snapshots.

moments using the maximally localised Wannier functions
from the DFT electronic structure.32,33

In this study, liquid water is the most disordered system,
with both the hydrogens and the oxygens free of lattice
constraints, but still forming a hydrogen bond network among
the molecules. For the study of its excited state properties,
we use the same strategy that was successfully tested in our
previous work:28 we perform classical molecular dynamics
(MD) simulations with the TIP4P50 water model and extract
20 snapshots from the trajectory.34 Subsequently, we calculate
the excited state properties in these configurations and average
the results. In the present case, the water box includes 32 H2O
molecules with periodic boundary conditions imposed. The
simulation cells of the four ice Ic models and liquid water are
shown in Fig. 1.

For all ice systems and for liquid water, we perform
electronic and spectroscopic calculations at three levels:

1. We start with DFT35,36 to obtain the Kohn-Sham (KS)
eigenvalues and eigenvectors.

2. In the second step, we correct the KS eigenvalues using
the Green’s function perturbation approach, within the
GW approximation, where G is the single particle Green
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function and W the screened Coulomb interaction.37 In
the following, we always refer to the GW energies, like
energy gaps and densities of states (DOS), unless explicitly
mentioned.

3. The excitonic binding energy and the optical gap are
finally calculated by solving the Bethe-Salpeter equation
(BSE),31,51 fully including local-field effects and the
electron-hole interaction.

Within the single-particle (i.e., DFT-RPA) approach we also
calculate the macroscopic dielectric constant, ϵM, at two
different levels of theory: with local field effects included
(LF), that is, fully taking into account the microscopic
inhomogeneity of the system through the evaluation of
ϵm(r⃗ , r⃗ ′), and without local fields included (NLF), hence
approximating the microscopic dielectric function as ϵm(r⃗ , r⃗ ′)
∼ ϵm(r⃗ − r⃗ ′), that neglects the inhomogeneity of the sys-
tem. The macroscopic dielectric constant ϵM is thus ob-

tained as either ϵLF
M
= 1/

 �
ϵ
G⃗G⃗′(q,ω)

�−1���G⃗,G⃗′,q,ω=0



or ϵNLF
M

= ϵ
G⃗G⃗′=0(q = 0,ω = 0), where G⃗ and G⃗′ are reciprocal lattice

vectors, and q andω are the transferred momentum and energy,
respectively.

In all the DFT simulations we exploit the Quantum
ESPRESSO code,38,39 with generalized gradient approxima-
tion Perdew-Wang (GGA-PW91) exchange-correlation func-
tional.40 In the MBPT calculations, the exchange-correlation
self-energy Σ is calculated within the G0W0 approximation
(Σ = iG0W0, where G0 is the one-particle Green’s function and
W0 = ϵ−1v is the screened Coulomb interaction).31,37,41 In the
last step, the solution of the Bethe-Salpeter equation, we use
the exc code42 and we adopt the Haydock algorithm43 to avoid
the direct diagonalization of the excitonic Hamiltonian.44

In the liquid water, we have previously demonstrated28

that the GW corrections to the KS eigenvalues are almost iden-
tical in all the snapshots and that the same screened Coulomb
potential ϵ

G⃗,G⃗′(q,ω) can be used for all the configurations;
therefore, we calculate the ϵ−1 and the GW corrections only
for one snapshot and apply them in the subsequent ones.

III. RESULTS AND DISCUSSION

A. Electronic properties

The DFT underestimation of the electronic gap between
the valence and conduction bands is a well-known issue and
is relevant also in our H2O systems. In Fig. 2, we show the
electronic gap of liquid water at the Γ point: in the left panel
the DFT valence band maximum (VBM) and conduction band
minimum (CBM) are reported at all the 20 MD snapshots,
showing small variation (tenths of eV) in the value of the gap
among the configurations. In the right panel, we show the
average value of the VBM and CBM levels both within DFT
and GW. The opening of the bandgap is evident when the self-
energy contribution is included within the GW approximation.

The values of the electronic bandgaps in ice Ic and liquid
water are reported in Table II. Three of the ice Ic structures
have a direct electronic gap at Γ, with the only exception of
configuration Ic(⟨

1
2 00⟩) that has an indirect X-Γ gap; it is,

FIG. 2. Valence Band Maximum (VBM) and Conduction Band Minimum
(CBM) of liquid water (32 molecules) at the Γ point. Left panel: the KS
energy levels in the 20 chosen MD configurations. Right panel: the average
values from the DFT and the GW calculations.

however, only 0.05 eV smaller that the direct one (which is
located at Γ). We observe a clear trend: the gaps decrease
with an increasing level of proton disorder, as expected, for
example, in amorphous systems.45 The trend is in agreement
with the one seen previously in Ref. 21; the quantitative
differences are probably due to fully relaxed structures in that
work, whereas we used idealised geometries.

It is interesting to notice that the shrinking of the gap
in structures with proton disorder is larger at the GW level
than at the DFT one. We attribute this finding to the effects of
the microscopic, dipolar electrostatic disorder: the larger the
dipolar disorder, the smaller the electronic correlation and the
screened potential W. The proton disorder does not, however,
affect the long range electron-electron correlation, since the
macroscopic dielectric functions εM (with or without LF) are
practically the same in all cases (Table II).

We present in Fig. 3 the electronic band structure of
ice Ic along high symmetry lines in the Brillouin zone. For
more clarity, we show it only in two ice configurations: the
most-dipole-ordered system Ic(⟨100⟩) and the most-dipole-
disordered Ic(⟨000⟩). We observe a reduction of the electronic
gap in the latter one, but small differences are also present in
the deeper valence states. If we align band structures at the

TABLE II. DFT and GW electronic gaps at the Γ point, optical gaps and
exciton binding energies (in eV) and the macroscopic electronic dielectric
constant, calculated both with (LF) and without (NLF) local field effects. In
the Ic(⟨

1
2 00⟩) configuration, the minimum electronic gap is indirect from X to

Γ and its value is 5.65 eV at DFT and 9.08 eV at GW level.

Ice Ic

⟨100⟩ ⟨ 1
2

1
2 0⟩ ⟨ 1

2 00⟩ ⟨000⟩ Liquid water

DFT gap 5.76 5.72 5.70 5.56 4.40
GW gap 9.5 9.2 9.1 9.0 7.7
Optical gap 7.5 7.4 7.4 7.5 7.2
Binding energy 2.0 1.8 1.7 1.5 0.5

ϵLF
M

1.94 1.94 1.94 1.93 2.07
ϵNLF
M

1.06 1.06 1.05 1.05 1.28
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FIG. 3. Electronic band structure, calculated within the GW framework, in
ice Ic(⟨100⟩) (continuous black lines) and ice Ic(⟨000⟩) (red dashed lines).
Bands are aligned to the top of the VBM.

CBM, we see that the conduction bands are very similar in
the two structures. The top eight bands of the valence band
have a larger dispersion in Ic(⟨000⟩) than in Ic(⟨100⟩), partially
explaining the reduction of the bandgap in the former.

Similarly, we show in Fig. 4 the total density of states
(TDOS) and the projected DOS (PDOS) on the atomic orbitals
of the H and O atoms at these two ice configurations. Both
the TDOS and the PDOS in the proton ordered and disordered

FIG. 4. GW DOSs of ice Ic(⟨100⟩) (black lines) and ice Ic(⟨000⟩) (red lines).
Top panel: total densities of states (TDOS), O-PDOS (middle), and H-PDOS
(bottom panel). Energies are aligned so that the TDOS due to VBM vanishes
at zero. Gaussian broadening with σ = 0.13 eV was applied on the energy
eigenvalues.

FIG. 5. Expectation value of the exchange part of the self-energy for increas-
ing proton disorder. The red squares are correctly obtained summing over all
the filled bands. The black circles are the values obtained considering only
the VBM in the sum.

phases are very similar, and in general the features in the
proton disordered phase are broadened, consistent with the
larger dispersion in the band structure in the latter. The main
difference is seen at high energies, where the peak mainly due
to the H-s states is shifted.

For the gas-phase H2O molecule and the liquid water
dipole moments,32,33 we find the (average) values of 1.75 D
and 2.76 D, respectively, where the statistic fluctuation in the
liquid is ±0.22 D.46 In the cubic bulk ice, the dipole moment
is 3.11 D at each H2O molecule in all the configurations;
this suggests that the effect of the solvation among the other
molecules is large, but the relative orientation of the dipoles at
the neighbouring molecules is irrelevant for the local dipole.

In order to understand better the effect of the proton
disorder on the electronic structure, we have evaluated the

FIG. 6. Optical absorption spectrum of liquid water from the BSE approach
obtained by averaging over an increasing number of snapshots (cf. Ref. 28).
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FIG. 7. GW electronic gap at the Γ point (black circles), optical gap (red
diamonds), and excitonic binding energy (blue triangles) in the cubic ice
structures and liquid water. Lines are guides for the eye.

electron localization function (ELF)47 in the four ice systems.
We show in Fig. S1 (please see the supplementary material48)
the results in the same two ice cells as analysed above (the
most proton-ordered, Ic(⟨100⟩), and -disordered, Ic(⟨000⟩)). It
is evident that the differences are negligible and thus the ELF
does not provide us a way to explain the trends seen upon
varying proton disorder. Hence, we decided to use an indirect
method to analyze the electron localization at different degrees
of proton disorder: we calculated what is the contribution of
the highest occupied level to the exchange part of the self-
energy, Σx. In other words, in the calculation of Σx, instead
of summing over all the filled states we limit the sum only
to the VBM state. These values are shown in Fig. 5 for
all the systems studied. We find that the VBM contribution
to the expectation value of Σx is quite important (around
one fourth of the total summation) and varies significantly
with orientational disorder: from −4.0 eV in ice Ic(⟨100⟩)

to −5.9 eV in ice Ic(⟨000⟩), and to −7.7 eV in liquid water
(see Fig. 5). This is a clear indication that the electronic
wavefunction of the highest occupied band is more localized
upon increasing proton disorder. Again this agrees well with
the amount of band dispersion in the band structure, being
the smallest in the most proton-ordered structure, or that the
electronic states in this structure are most localised.

B. Optical properties

The inclusion of self-energy corrections and electron-hole
interactions within the MBPT framework in the calculation of
optical properties is essential in our case as already evidenced
in previous works on similar systems;24,28 in fact the first
important feature in the optical spectrum, reported in the
literature to reside in the range 8-9 eV in different aqueous
systems,16,23,24,49 does not get reproduced with single-particle
approaches.24

In the calculations of the optical properties of liquid water,
we limit the computation to only 9 MD snapshots. This choice,
forced by the computational cost of the BSE simulations, can
be validated by investigating the convergence of the average
as a function of the number of considered configurations. In
Fig. 6, we show the optical absorption spectra of liquid water
obtained by averaging over an increasing number of snapshots
and indeed only small differences are found.

In Table II, we report the values obtained in the four
ice configurations and liquid water for the optical gap, here
identified as the energy position of the maximum of the first
excitonic peak, and the binding energy Eb which is defined as
the difference between the electronic and optical gaps.

In all the systems there is a strongly bound exciton, with
a binding energy decreasing from 2.0 eV in the most dipole-
ordered phase to 1.6 eV in the most proton-disordered one.
The binding energy in liquid water is much lower, with a
value of 0.5 eV. The reduction in the exciton binding energy
with increasing proton disorder is related to the reduction of
the electron-hole interaction. These differences in the exciton
binding energies counterbalance the corresponding differences
in the electronic quasi-particle gaps, and as a result the optical
gaps are almost independent of the local dipole disorder. This
trend is seen in Fig. 7, where these values are plotted in the
order of decreasing average total dipole (that is, increasing
local dipolar disorder).

FIG. 8. Plot of the excitonic wavefunction in (a) ice Ic(⟨100⟩), (b) ice Ic(⟨000⟩), and (c) in one snapshot of liquid water. The symbol “h” indicates the oxygen
atom at which the hole is fixed.
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From the values of the macroscopic dielectric constant in
Table II, we see that the local field effects are important in the
ice and liquid water since the values of ϵLF

M
and ϵNLF

M
differ

nearly by a factor of two. On the other hand, both at either
NLF or LF level, the value is practically the same in all the
ice structures considered. From the negligible variation in ϵM,
we conclude that the macroscopic averages of the electronic
polarizability are the same, and the differences in the electronic
and optical properties are due to the short- and intermediate-
range variations in the dipolar disorder.

We investigate the variation in the excitonic wavefunction
between different structures, focusing on the states contrib-
uting most to the first bound exciton. We fix the hole on
an oxygen atom (identified in the pictures with an “h”) and
look at the electronic probability distribution. The plots of
the excitonic wavefunctions are reported in Fig. 8 in two
ice systems and in liquid water. We see that the electron-
hole pair is mainly localized on the H2O molecule on which
the hole is fixed, and partially on the first neighbouring
molecules. We confirmed that a slight shift of the hole
toward the maximum of the O-pz orbital or using a larger,
3 × 3 × 3, cell does not change these conclusions. This finding
supports the conclusion above drawn from the small variations
in the macroscopic dielectric function: since the electron-
hole interaction is practically limited to the first shell of
neighbouring molecules, only the short range orientational
order/disorder affects the electron-hole binding energy.

IV. CONCLUSIONS

In conclusion, we have calculated, within MBPT, the
electronic and optical properties of cubic ice in a fully proton-
ordered and polar structure, an apolar configuration, and two
intermediate cases. We have compared the results at this
varying level of proton disorder and also in liquid water, the
latter acting as an example of an entirely (proton- and oxygen-)
disordered system. We have focused on the geometrical
disorder and in particular on the electrostatic disorder due
to different molecular dipole orientations.

We find that upon increasing proton disorder, an expected
shrinking of the electronic DFT gap appears. This effect
is strengthened by the self-energy corrections, or moving
from the DFT to the GW gap. Simultaneously, the exciton
binding energy decreases also. We attribute the reduction
in both the electronic gap and the exciton binding energy
to the effects of the local dipolar disorder in the screened
potential W: the larger the electrostatic disorder, the smaller
the electronic correlation and hence W. The simultaneous
decrease of the electronic gap and of the exciton binding
energy counterbalances each other so that the final optical
gaps result to be almost independent on the degree of proton
disorder. Nevertheless, from an accurate measurement of the
excitonic binding energies, and/or of the electronic gaps, it
would be possible to discriminate among proton-ordered and
-disordered structures.

When we study the excitonic wavefunction and fix the
hole on one molecule, the electronic probability of the exciton
is localized at the molecule on which the hole is fixed and
on the first shell of neighbouring molecules in both ice and

liquid waters. Also the macroscopic dielectric function, related
to the long-range screening, remains almost constant despite
the changing proton disorder. Therefore, we conclude that
only the short range orientational order/disorder, due to the
different local dipole orientations, has important effects on the
excited state properties.
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