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Abstract

We present the simplest non-abelian version of Seiberg-Witten the-
ory: Quaternionic monopoles. These monopoles are associated with
Spinh(4)-structures on 4-manifolds and form finite-dimensional mod-
uli spaces. On a Kähler surface the quaternionic monopole equations
decouple and lead to the projective vortex equation for holomorphic
pairs. This vortex equation comes from a moment map and gives rise
to a new complex-geometric stability concept. The moduli spaces of
quaternionic monopoles on Kähler surfaces have two closed subspaces,
both naturally isomorphic with moduli spaces of canonically stable
holomorphic pairs. These components intersect along Donaldsons in-
stanton space and can be compactified with Seiberg-Witten moduli
spaces. This should provide a link between the two corresponding
theories.
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0 Introduction

Recently, Seiberg and Witten [W] introduced new 4-manifold invariants, es-
sentially by counting solutions of the monopole equations. The new invariants
have already found nice applications, like e.g. in the proof of the Thom con-
jecture [KM] or in a short proof of the Van de Ven conjecture [OT2]. In this
paper we introduce and study the simplest and the most natural non-abelian
version of the Seiberg-Witten monopoles, the quaternionic monopoles.

Let (X, g) be an oriented Riemannian manifold of dimension 4. The
structure group SO(4) has as natural extension the quaternionic spinor group
Spinh(4) := Spin(4) ×Z2 Sp(1):

1 −→ Sp(1) −→ Spinh(4) −→ SO(4) −→ 1 .

The projection onto the second factor Sp(1) = SU(2) induces a ”determinant
map” δ : Spinh(4) −→ PU(2).

A Spinh(4)-structure on (X, g) consists of a Spinh(4)-bundle over X
and an isomorphism of its Sp(1)-quotient with the (oriented) orthonormal
frame bundle of (X, g). Given a Spinh(4)-structure on X, one has a one-one
correspondence between Spinh-connections projecting onto the Levi-Civita
connection and PU(2)-connections in the associated ”determinant” PU(2)-
bundle. The quaternionic monopole equations are:

{

6DAΨ = 0
Γ(F+

A ) = (ΨΨ̄)0 ,

where A is a PU(2)-connection in the ”determinant” of the Spinh(4)-structure
and 6DA the induced Dirac operator; Ψ is a positive quaternionic half-spinor.
The Dirac operator satisfies the crucial Weitzenböck formula :

6D2
A = ∇∗

Â
∇Â + Γ(FA) +

s

4
id

It can be used to show that the solutions of the quaternionic monopole
equations are the absolute minima of a certain functional, just like in the
Spinc(4)-case [JPW].

The moduli space of quaternionic monopoles associated with a fixed
Spinh(4)-structure h is a real analytic space of virtual dimension

mh = −
1

2
(3p1 + 3e+ 4σ) .
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Here p1 is the first Pontrjagin class of the determinant, e and σ denote the
Euler characteristic and the signature of X.

Note that mh is an even integer iff X admits an almost complex structure.
The moduli spaces of quaternionic monopoles contain the Donaldson in-

stanton moduli spaces as well as the classical Seiberg-Witten moduli spaces,
which suggests that they could provide a method of comparing the two the-
ories. We study the analytic structure around the Donaldson moduli space.

Much more can be said if the holonomy of (X, g) reduces to U(2), i.e.
if (X, g) is a Kähler surface. In this case we use the canonical Spinc(4)-
structure with Σ+ = Λ00 ⊕Λ02 and Σ− = Λ01 as spinor bundles. The data of
a Spinh(4)-structure h in (X, g) is then equivalent to the data of a Hermitian
2-bundle E with detE = Λ02. The determinant δ(h) coincides with the
PU(2)-bundle P (E) associated with E. A positive spinor can be written
as Ψ = ϕ + α, where ϕ ∈ A0(E∨) and α ∈ A02(E∨) are E∨-valued forms.
To give a PU(2)-connection in P (E) means to give a U(2)-connection in E
inducing the Chern connection in Λ02, or equivalently, a U(2)-connection C
in E∨ inducing the Chern connection in KX = Λ20. A pair (C, ϕ+ α) solves
the quaternionic monopole equation iff C is a connection of type (1, 1), one
of α or ϕ vanishes while the other is ∂̄C-holomorphic, and a certain projective
vortex equation is satisfied. This shows that in the Kähler case the moduli
space decomposes as a union of two Zariski closed subspaces intersecting
along the Donaldson locus. The two subspaces are interchanged by a natural
real analytic involution, whose fixed point set is precisely the Donaldson
moduli space.

The projective vortex equation comes from a moment map which corre-
sponds to a new stability concept for pairs (E , ϕ) consisting of a holomorphic
bundle E with canonical determinant det E = KX and a holomorphic section
ϕ. We call such a pair canonically stable iff either E is stable, or ϕ 6= 0 and
the divisorial component Dϕ of the zero locus satisfies the inequality

c1
(

OX(Dϕ)⊗2 ⊗K∨
X

)

∪ [ωg] < 0 .

Our main result identifies the moduli spaces of irreducible quaternionic
monopoles on a Kähler surface with the algebro-geometric moduli space of
canonically stable pairs.

In the algebraic case, moduli spaces of quaternionic monopoles can easily
be computed using our main result (Theorem 7.3) and Lemma 5.5. The mod-
uli spaces may have several components: Every component contains a Zariski
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open subset which is a holomorphic C∗-bundle. For some components, this
C∗-bundle consists only of pairs (E , ϕ) with E stable as a bundle; components
of this type can be obtained by compactifying the corresponding C∗-bundle
with a Donaldson moduli space at infinity. In the other direction, the compo-
nent is not compact, but has a natural compactification obtained by adding
spaces associated with Seiberg-Witten moduli spaces. The other components
can also be naturally compactified by using Seiberg-Witten moduli spaces in
both directions.

This compactification process, as well as the corresponding differential
geometric interpretation will be the subject of a later paper. 1

1 Spinh-structures

The quaternionic spinor group is defined as

Spinh := Spin×Z/2 Sp(1) = Spin×Z/2 SU(2) ,

and fits in the exact sequences

1 −→ Sp(1) −→ Spinh π
−→ SO −→ 1

1 −→ Spin −→ Spinh δ
−→ PU(2) −→ 1

(1)

These can be combined in the sequence

1 −→ Z/2 −→ Spinh (π,δ)−−−→ SO × PU(2) −→ 1 (2)

In dimension 4, Spinh(4) has a simple description, coming from the split-
ting Spin(4) = SU(2) × SU(2):

Spinh(4) = SU(2) × SU(2) × SU(2)/
Z/2

with Z/2 = 〈(−id,−id,−id)〉. There is another useful way to think of
Spinh(4): let G be the group

G := {(a, b, c) ∈ U(2) × U(2) × U(2)| det a = det b = det c} .
1 After having completed our results we received a manuscript by Labastida and Marino

[LM] in which related ideas are proposed from a physical point of view, and physical
implications are discussed
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One has an obvious isomorphism Spinh(4) = G/S1 , and a commutative
diagram with exact rows

1 → Z2 −→ SU(2) × SU(2) × SU(2) −→ Spinh(4) → 1
↓ ↓ ‖

1 → S1 −→ G −→ Spinh(4) → 1
(3)

Definition 1.1 Let P be a principal SO-bundle over a space X. A Spinh-
structure in P is a pair consisting of a Spinh bundle P h and an isomorphism
P ≃ P h ×π SO. The PU(2)-bundle associated with a Spinh-structure is the
bundle P h ×δ PU(2).

Lemma 1.2 A principal SO-bundle admits a Spinh-structure iff there exists
a PU(2)-bundle with the same second Stiefel-Whitney class.

Proof: This follows from the cohomology sequence

−→ H1(X,Spinh) −→ H1(X, SO × PU(2)) beta−−−→ H2(X,Z/2)

associated to (2), since the connecting homomorphism β is given by taking
the sum of the second Stiefel-Whitney classes of the two factors.

In this paper we will only use Spinh-structures in SO(4)-bundles whose
second Stiefel Whitney class admit integral lifts. Then we have:

Lemma 1.3 Let P be a principal SO(4)-bundle whose second Stiefel-Whitney
class w2(P ) is the reduction of an integral class.

Isomorphism classes of Spinh(4)-structures in P are in 1-1 correspon-
dence with equivalence classes of triples consisting of a Spinc(4)-structure
P c

/
S1 ≃ P in P , a U(2)-bundle E, and an isomorphism detP c ≃ detE,

where two triples are equivalent if they can be obtained from each other by
tensoring with an S1-bundle.

Proof: The cohomology sequence associated with the second row in (3)
shows that Spinh-structures in bundles whose second Stiefel-Whitney classes
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admit integral lifts are given by G-structures modulo tensoring with S1-
bundles. On the other hand, to give a G-structure in P simply means to give
a triple (Σ+,Σ−, E) of U(2)-bundles together with isomorphisms

det Σ+ ≃ det Σ− ≃ detE .

This is equivalent to giving a triple consisiting of a Spinc(4)-structure
P c

/S1 ≃ P in P , a U(2)-bundle, and an isomorphism detP c ≃ detE.

In the situation of this lemma, we get well defined vector bundles

H± := Σ± ⊗ E∨

depending only on the Spinh-structure and not on the chosen G-lifting. These
spinor bundles have the following intrinsic interpretation: identify SU(2)×Z/2

SU(2) with SO(4), and denote by

πij : Spinh −→ SO(4)

the projections of Spinh(4) = SU(2) × SU(2) × SU(2)/
Z/2 onto the indi-

cated factors (π = π12). Using the inclusion SO(4) ⊂ SU(4), we can form
three SU(4)-vector bundles P h ×πij

C4, (i, j) ∈ {(1, 2), (1, 3), (2, 3)}.
Under the conditions of the previous lemma we have

H+ = P h ×π13 C
4 , H− = P h ×π23 C

4 , Σ+ ⊗ (Σ−)∨ = P h ×π C
4 .

The PU(2)-bundle P h ×δ PU(2) associated with the Spinh-structure
P c

/S1 ≃ P has in this case a very simple description: it is the projectivization

P (E) of the U(2)-bundle E.

2 The quaternionic monopole equations

Let (X, g) be an oriented Riemannian 4-manifold with orthonormal frame
bundle P . The exact sequence (2) in the previous section shows two things:
first, isomorphism classes of PU(2)-bundles with second Stiefel-Whitney class
equal to w2(P ) are in 1-1 correspondence with orbits of Spinh(4)-structures
in P under the action of H1(X,Z/2); second, Spinh(4)-connections in a
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Spinh(4)-bundle P h which induce the Levi-Civita connection in P correspond
bijectively to connections in the associated PU(2)-bundle P h ×δ PU(2).

Now it is well known that w2(P ) = w2(X) is always the reduction of
an integral class [HH], so that we can think of a Spinh-structure in P as a
triple (Σ+,Σ−, E) of U(2)-bundles with isomorphisms det Σ+ ≃ det Σ− ≃
detE modulo tensoring with unitary line bundles. We denote the Spinh(4)-
connection corresponding to a connection A ∈ A(P (E)) in the associated
PU(2)-bundle by Â.

Remark 2.1 Given a fixed U(1)-connection c in detE, the elements in
A(P (E)) can be identified with those U(2)-connections in E, which induce
the fixed connection c.

Now view a Spinh(4)-structure in P as a Spinc(4)-structure P
c
/
S1 ≃ P

together with a U(2)-bundle E and an isomorphism detP c ≃ detE . Recall

that the choice of P
c
/
S1 ≃ P induces an isomorphism

γ : Λ1 ⊗ C −→ (Σ+)∨ ⊗ Σ−

which extends to a homomorphism

Λ1 ⊗ C −→ End0(Σ
+ ⊕ Σ−) ,

mapping the bundle Λ1 of real 1-forms into the bundle of trace-free skew-
Hermitian endomorphisms. The induced homomorphism

Γ : Λ2 ⊗ C −→ End0(Σ
+ ⊕ Σ−)

maps the subbundles Λ2
± ⊗ C isomorphically onto the bundles End0(Σ

±),
and identifies Λ± with the trace-free, skew-Hermitian endomorphisms ([H],
[OT1]).

Definition 2.2 Let P h ×π SO(4) ≃ P be a Spinh(4)-structure in P with
spinor bundle H := H+ ⊕H− and associated PU(2)-bundle P (E). Choose a
connection A ∈ A(P (E)), and let Â be the corresponding Spinh(4)-connection
in P h. The associated Dirac opearor is defined as the composition

6DA : A0(H)
∇

Â−−→ A1(H) γ−→ A0(H) ,

where ∇Â is the covariant derivative of Â and γ the Clifford multiplication.
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Note that the restricted operators

6DA : A0(H±) −→ A0(H∓)

interchange the positive and negative half-spinors.
Let s be the scalar curvature of (X, g).

Proposition 2.3 The Dirac operator 6DA : A0(H) −→ A0(H) is an elliptic,
selfadjoint operator whose Laplacian satisfies the Weitzenböck formula

6D2
A = ∇∗

Â
∇Â + Γ(FA) +

s

4
idH (4)

Proof: Choose a Spinc(4)-structure P
c
/
S1 ≃ P and a S1-connection c in the

unitary line bundle detP c. The connection A ∈ A(P (E))lifts to a unique
U(2)-connection C in the bundle E∨ which induces the dual connection of c
in detE∨ = (detP c)∨. In [OT1] we introduced the Dirac operator

6DC,c : A0(Σ ⊗ E∨) −→ A0(Σ ⊗ E∨) ;

by construction it coincides with the operator 6DA : A0(H) −→ A0(H), and
its Weitzenböck formula reads

6D2
C,c = ∇∗

Â
∇Â + Γ(FC,c) +

s

4
idH ,

where FC,c = FC + 1
2
FcidE∨ ∈ A2(EndE∨). Substituting

FC =
1

2
Tr(FC)idE∨ + FA

and using 1
2
Tr(FC) = −1

2
Fc we get the Weitzenböck formula (4) for 6DA.

Consider now a section Ψ ∈ A0(H±). We denote by

(ΨΨ̄)0 ∈ A0(End0Σ
± ⊗ End0E

∨)

the projection of Ψ ⊗ Ψ̄ ∈ A0(EndH±) onto the fourth summand in the
decomposition

End(H±) = Cid ⊕ End0Σ
± ⊗ End0E

∨ ⊗ (End0Σ
± ⊗ End0E

∨) .

(ΨΨ̄)0 is a Hermitian endomorphism which is trace-free in both factors.
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Definition 2.4 Choose a Spinh(4)-structure in P with spinor bundle H and
associated PU(2)-bundle P (E). The quaternionic monopole equations for the
pair (A,Ψ) ∈ A(P (E)) ×A0(H) are the following equations:

{

6DAΨ = 0
Γ(F+

A ) = (ΨΨ̄)0 .
(SW h)

The following result is the analog of Witten’s formula in the quaternionic
case (see [W], §3 ):

Proposition 2.5 Let Ψ ∈ A0(H+) be a positive half-spinor, A ∈ A(P (E))
a connection in P (E). Then we have

‖ 6DAΨ ‖2 +
1

2
‖ Γ(F+

A ) − (ΨΨ̄)0 ‖
2=

=‖ ∇ÂΨ ‖2 +
1

2
‖ F+

A ‖2 +
1

2
‖ (ΨΨ̄)0 ‖

2 +
1

4

∫

X

s|Ψ|2. (5)

Proof: The pointwise inner product (Γ(FA)Ψ,Ψ) for a positive half-
spinor Ψ simplifies: (Γ(FA)Ψ,Ψ) = (Γ(F+

A )Ψ,Ψ) = (Γ(F+
A ), (ΨΨ̄)0), since

Γ(F−
A ) vanishes on A0(H+), and since Γ(F+

A ) is trace-free in both arguments.
Using the Weitzenböck formula (5), we find

( 6DAΨ,Ψ) = (∇∗
Â
∇ÂΨ,Ψ) + (Γ(F+

A ), (ΨΨ̄)0) +
s

4
|Ψ|2 , (6)

which shows that

( 6D2
AΨ,Ψ)+

1

2
|Γ(F+

A )−(ΨΨ̄)0|
2 = (∇∗

Â
∇ÂΨ,Ψ)+

1

2
|F+

A |2+
1

2
|(ΨΨ̄)0|

2+
s

4
|Ψ|2

The identity (5) follows by integration over X.

3 Moduli spaces of quaternionic monopoles

Let E be U(2)-bundle with w2(P ) ≡ c1(E) (mod 2), and let c be a fixed
S1-connection in detE∨. We identify A(P (E)) with the space Ac(E

∨) of
U(2)-connections in E∨ which induce the fixed connection in detE∨, and we
set:

A := Ac(E
∨) × A0(H+)

8



The natural gauge group is the group G consisting of unitary automorphisms
in E∨ which induce the identity in detE∨. G acts on A from the right in a
natural way. Let A∗ ⊂ A be the open subset of A consisting of pairs (C,Ψ)
whose stabilizer G(C,Ψ) is contained in the center Z/2 = {±idE} of the gauge
group.

Remark 3.1 A pair (C,Ψ) does not belong to A∗ iff Ψ = 0 and C is a
reducible connection.

Indeed, the isotropy group of G acting only on the first factor Ac(E
∨) is the

centralizer of the holonomy of C in SU(2). The latter is S1 if C is reducible,
and Z/2 in the irreducible case.

A pair belonging to A∗ will be called irreducible. Note that the stabilizer
of any pair with vanishing second componenent Ψ contains Z/2.

From now on we also assume that A and G are completed with respect to
suitable Sobolev norms L2

k, such that G becomes a Hilbert Lie group acting

smoothly on A. Let B := A/G be the quotient, B∗ := A∗
/G , and denote the

orbit-map [ ] : A −→ B by π.
An element in A∗ will be called strongly irreducible if its stabilizer is

trivial. Let A∗∗ ⊂ A∗ be the subset of strongly irreducible pairs, and put

B∗∗ := A∗∗
/G .

Proposition 3.2 B is a Hausdorff space. B∗∗ ⊂ B is open and has the
structure of a differentiable Hilbert manifold. The map A∗∗ −→ B∗∗ is a
differentiable principal G-bundle.

Proof: Standard, cf. [DK], [FU].

Fix a point p = (C,Ψ) ∈ A. The differential of the map G −→ A given
by the action of G on p is the map

D0
p : A0(su(E∨)) −→ A1(su(E∨)) ⊕ A0(Σ+ ⊗ E∨)

f 7−→ (DC(f),−fΨ)

Setting

Np(ε) := {β ∈ A1(su(E∨)) ⊕ A0(Σ+ ⊗ E∨)| D0
p
∗
β = 0, ||β|| < ε} ,

9



for ε > 0 sufficiently small, one obtains local slices for the action of G on A∗∗

and charts π|Np(ε) : Np(ε) −→ B∗∗ for B∗∗.

Note that the curvature FA of a connection in P (E) equals the trace-free
part F 0

C of the curvature of the corresponding connection C ∈ Ac(E
∨).

Using the identification A(P (E)) = Ac(E
∨), we can rewrite the quater-

nionic monopole equations in terms of pairs (C,Ψ) ∈ A. Let ASW h

⊂ A be
the space of solutions.

Definition 3.3 Fix a Spinh-structure in P . The moduli space of quater-

nionic monopoles is the quotient M := ASW h

/G . We denote by M∗∗ :=

(ASW h

∩ A∗∗)/G , M∗ := (ASW h

∩ A∗)/G the subspaces of (strongly) irre-
ducible monopoles.

The tangent space to ASW h

at p = (C,Ψ) ∈ A is the kernel of the operator

D1
p : A1(su(E∨)) ⊕ A0(Σ+ ⊗ E∨) −→ A0(su(Σ+) ⊗ su(E∨)) ⊕ A0(Σ− ⊗ E∨)

defined by

D1
p((α, ψ)) =

(

Γ(D+
C(α)) − [(ψΨ̄)0 + (Ψψ̄)0], 6DC,cψ + γ(α)Ψ

)

,

where we consider γ(α) as map γ(α) : Σ+ −→ Σ−⊗su(E∨). ClearlyD1
p◦D

0
p =

0, since the monopole equations are gauge invariant.
Using the isomorphism Γ−1 : A0(su(Σ+)) −→ A2

+, we can consider D1
p as

an operator D1
p : A1(su(E∨))⊕A0(Σ+⊗E∨) −→ A2

+(su(E∨))⊕A0(Σ−⊗E∨).
Let σ(X) and e(X) be the signature and the topological Euler character-

istic of the oriented manifold X.

Proposition 3.4 For a solution p = (C,Ψ) ∈ ASW h

, the complex

0 → A0su(E∨)
D0

p−−→ A1su(E∨) ⊕ A0H+ D1
p−−→ A2

+su(E
∨) ⊕ A0H− → 0 (Cp)

is elliptic and its index is

3

2
(4c2(E

∨) − c1(E
∨)2) −

1

2
(3e(X) + 4σ(X)) . (7)
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Proof: The complex Cp has the same symbol sequence as

0 → A0su(E∨)
(DC ,0)
−→ A1su(E∨) ⊕ A0H+ (D+

C
, 6DC,c)
−→ A2

+su(E
∨) ⊕ A0H− → 0

which is an elliptic complex with index

2(4c2(E
∨) − c1(E

∨)2) −
3

2
(σ(X) + e(X)) + index 6DC,c .

The latter term is

index 6DC,c = [ch(E∨)e
1
2
c1(E∨)Â(X)]4 = −2c2(E

∨) +
1

2
c1(E

∨)2 −
1

2
σ(X) .

Remark 3.5 The integer in (7) is always an even number if X admits al-
most complex structures.

Our next step is to endow the spaces M∗∗ (M∗) with the structure of a
real analytic space (orbifold).

In the first case (compare with [FU], [DK], [OT1], [LT]), we have an
analytic map σ : A −→ A2

+(su(E∨)) ⊕A0(H−) defined by

σ(C,Ψ) =
(

(F 0
C)+ − Γ−1(ΨΨ̄)0, 6DC,cΨ

)

which gives rise to a section σ̃ in the bundle A∗∗×G
(

A2
+(su(E∨)) ⊕ A0(H−)

)

.
We endow M∗∗ with a real analytic structure by identifying it with the
vanishing locus Z(σ̃) of σ̃, regarded as a subspace of the Hilbert manifold
B∗∗ (in Douady’s sense) ([M], [LT]).

Now fix a point p = (C,Ψ) ∈ A∗. We put

Sp(ε) := {p+β| β ∈ A1su(E∨)⊕A0H+, D0
pD

0
p
∗
β+D1∗

pσ(p+β) = 0, ||β|| < ε} .

Claim 3.6 For sufficiently small ε > 0, Sp(ε) is a finite dimensional sub-
manifold of A which is contained in the slice Np(ε) and whose tangent space
at p is the first harmonic space H1

p of the deformation complex Cp.

11



To prove this claim, we consider the map

sp : A1(su(E∨)) ⊕ A0(H+) −→ im(D0
p) ⊕ im(D1

p)
∗

given by the left hand terms in the equations defining Sp(ε). The derivative
of sp at 0 is the first Laplacian

∆1
p : A1(su(E∨)) ⊕ A0(H+) −→ im(D0

p) ⊕ im(D1
p)

∗

associated with the elliptic complex Cp, hence sp is a submersion in 0. This
proves the claim.

The intersection ASW h

∩ Np(ε) = Z(σ) ∩ Np(ε) of the space of solutions
with the standard slice through p is contained in Sp(ε) and can be identified
with the finite dimensional model

Z(σ) ∩Np(ε) = Z(σ|Sp(ε)) .

If p ∈ A∗∗ is strongly irreducible, then the map

π|Z(σ|Sp(ε)) : Z(σ|Sp(ε)) −→ M∗∗

is a local parametrization of M∗ at p, hence Z(σ|Sp(ε)) is a local model for
the moduli space around p.

If p ∈ A∗ \ A∗∗ is irreducible but not strongly irreducible, then neces-
sarily Ψ = 0, and the isotropy group Gp = Z/2 acts on Sp(ε). Since σ
is Z/2-equivariant, we obtain an induced action on Z(σ|Sp(ε)). In this case

π|Z(σ|Sp(ε)) induces a homeomorphism of the quotient Z(σ|Sp(ε))/
Z/2 with an

open neighbourhood of p in M∗, and M∗ becomes an orbifold at p, if we use
the map

π|Z(σ|Sp) : Z(σ|Sp(ε)) −→ M∗

as an orbifold chart.

Remark 3.7 Using a real analytic isomorphism which identifies the germ of
Sp(ε) at p with the germ of H1

p = Tp(Sp(ε)) at 0, we obtain a local model of
Kuranishi-type for M∗ at p.

12



Remark 3.8 The points in D∗ := M∗ \M∗∗ have the form [(C, 0)], where
C is projectively anti-self-dual, i.e (F 0

C)+ = 0. There is a natural finite map

D∗ −→ M(P (E∨))

into the Donaldson moduli space of PU(2)-instantons in P (E∨), which maps
D∗ isomorphically onto M(P (E∨)∗ if H1(X,Z/2) = 0. In general D∗ and
M(P (E∨)∗ cannot be identified. The difference comes from the fact that our
gauge group is SU(E∨), whereas the PU(2)-instantons are classified modulo
PU(E∨).

For simplicity we shall however refer to D∗ as Donaldson instanton moduli
space.

Concluding, we get

Proposition 3.9 M∗∗ is a real analytic space. M∗ is a real analytic orbi-
fold, and the points in M∗ \ M∗∗ have neighbourhoods modeled on Z/2-
quotients. M∗ \ M∗∗ can be identified as a set with the Donaldson moduli
space D∗ of irreducible projectively anti-self-dual connections in E∨ with fixed
determinant c.

The local structure of the moduli space M in reducible points, which
correspond to pairs formed by a reducible instanton and a trivial spinor, can
also be described using the method above (compare with [DK]).

Let MSW ⊂ M be the subspace of M consisting of all orbits of the form
(C,Ψ) · SU(E∨), where C is a reducible connection and Ψ belongs to one of
the summands. Let L := det Σ± = detE. It is easy to see that

MSW ≃
⋃

S summand

of E∨

MSW
L⊗S⊗2 ,

where MSW
M denotes the rank-1 Seiberg-Witten moduli space associated to

a Spinc(4)-structure of determinant M .
The fact that the moduli spaces of quaternionic monopoles contain Don-

aldson moduli spaces as well of Seiberg-Witten moduli spaces suggests that
they could provide a method for comparing the invariants given by the two
theories.
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4 Quaternionic monopoles on Kähler surfaces

Let (X, g) be a Kähler surface with canonical Spinc(4)-structure; in this
case Σ+ = Λ00 ⊕ Λ02, and Σ− = Λ01. A Spinh(4)-structure in the frame
bundle is given by a unitary vector bundle E together with an isomorphism
detE ≃ Λ02. A Spinh(4)-connection Â corresponds to a PU(2)-connection
A in the associated bundle P (E), or alternatively, to a unitary connection C
in E∨ which induces a fixed S1-connection c in Λ20. Recall that the curvature
FA of A equals the trace-free component F 0

C of FC .
If we choose c to be the Chern connection in the canonical bundle Λ20 =

KX , then the Spinh(4)-connection in H = Σ ⊗ E∨ is simply the tensor
product of the canonical connection in Σ = Σ+ ⊕ Σ− and the connection C.

A positive quaternionic spinor Ψ ∈ A0(H+) can be written as Ψ = ϕ+α,
with ϕ ∈ A0(E∨), and α ∈ A02(E∨).

Proposition 4.1 Let C be a unitary connection in E∨ inducing the Chern
connection c in detE∨ = KX. A pair (C, ϕ + α) solves the quaternionic
monopole equations if and only if FC is of type (1, 1) and one of the following
conditions holds

1. α = 0 , ∂̄Cϕ = 0 and iΛgF
0
C + 1

2
(ϕ⊗ ϕ̄)0 = 0 ,

2. ϕ = 0 , ∂Cα = 0 and iΛgF
0
C − 1

2
∗ (α⊗ ᾱ)0 = 0 .

(8)

Proof: Using the notation in the proof of the Weitzenböck formula,
we have FC,c = 1

2
(TrFC + Fc)idE∨ + FA = FA = F 0

C ∈ A2(su(E∨)). By
Proposition 2.6 of [OT1] the quaternionic Seiberg-Witten equations become



















F 20
A = −1

2
(ϕ⊗ ᾱ)0

F 02
A = 1

2
(α⊗ ϕ̄)0

iΛgFA = −1
2
[(ϕ⊗ ϕ̄)0 − ∗(α⊗ ᾱ)0]

∂̄Cϕ = iΛg∂Cα .

Note that the right-hand side of formula (5) is invariant under Witten’s
transformation (C, ϕ+ α) 7−→ (C, ϕ− α). Therefore, every solution satisfies
F 20

A = F 02
A = 0, and (ϕ ⊗ ᾱ)0 = (α ⊗ ϕ̄)0 = 0. Elementary computations

show that this can happen only if ϕ = 0 or α = 0. On the other hand, since
the Chern connection in KX is integrable, we also get F 20

C = F 02
C = 0.
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Remark 4.2 The second case in this proposition reduces to the first: in fact,
if ϕ = 0 and α ∈ A02(E∨) satisfies iΛg∂α = 0, we set ψ := ᾱ ∈ A20(Ē∨) =

A0(Λ20 ⊗ E) = A0(E∨), and we obtain ∂̄Cψ = ∂C ψ̄ = ∂Cα = 0. Here we
used the fact that Λg : Λ12 −→ Λ01 is an isomorphism, the adjoint of the
Lefschetz isomorphism · ∧ ωg [LT]. A simple calculation in coordinates gives
− ∗ (α⊗ ᾱ)0 = (ᾱ⊗ ᾱ)0 = (ψ ⊗ ψ̄)0.

5 Stability

Let (X, g) be a compact Kähler manifold of arbitrary dimension, E a differ-
entiable vector bundle, and let L be a fixed holomorphic line bundle, whose
underlying differentiable line bundle is L := detE.

Definition 5.1 A holomorphic pair of type (E,L) is a pair (E , ϕ) consist-
ing of a holomorphic bundle E and a section ϕ ∈ H0(X, E) such that the
underlying differentiable bundle of E is E and det E = L.

Note that the determinant of the holomorphic bundle E is fixed, not only its
isomorphism type.

Two pairs (Ei, ϕi), i = 1, 2 of the same type are isomorphic if there exists
an isomorphism f : E1 −→ E2 with f ∗(ϕ2) = ϕ1 and det f = idL.

In other words, (Ei, ϕi) are isomorphic iff there exists a complex gauge
transformation f ∈ SL(E) with f ∗(ϕ2) = ϕ1 such that f is holomorphic as
a map f : E1 −→ E2.

Definition 5.2 A holomorphic pair (E , ϕ) is simple if any automorphism of
it is of the form f = εidE , where εrkE = 1. A pair (E , ϕ) is strongly simple if
its only automorphism is idE .

Note that a simple pair (E , ϕ) with ϕ 6= 0 is stongly simple, whereas a
pair (E , 0) is simple iff E is a simple bundle.

Note also that (E , ϕ) is simple iff any trace-free holomorphic endomor-
phism f of E with f(ϕ) = 0 vanishes.

For a nontrivial torsion free sheaf F on X, we denote by µg(F) its slope
with respect to the Kähler metric g. Given a holomorphic bundle E over X
and a holomorphic section ϕ ∈ H0(X, E), we let S(E) be the set of reflexive
subsheaves F ⊂ E with 0 < rk(F) < rk(E), and we define

Sϕ(E) := {F ∈ S(E)| ϕ ∈ H0(X,F)} .
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Recall the following stability concepts [B2]:

Definition 5.3

1. E is ϕ-stable if

max

(

µg(E), sup
F ′∈S(E)

µg(F
′)

)

< inf
F∈Sϕ(E)

µg(
E/F ) .

2. Let λ ∈ R be a real parameter. The pair (E , ϕ) is λ-stable iff

max

(

µg(E), sup
F ′∈S(E)

µg(F
′)

)

< λ < inf
F∈Sϕ(E)

µg(
E/F ) .

3. (E , ϕ) is called λ-polystable if E splits holomorphically as E = E ′ ⊕ E ′′,
such that ϕ ∈ H0(X, E ′), (E ′, ϕ) is a λ-stable pair, and E ′′ is a polystable
vector bundle of slope λ.

From now on we restrict ourselves to the case rk(E) = 2.

Definition 5.4

1. A holomorphic pair (E , ϕ) of type (E,L) is called stable if one of the
following conditions is satisfied:
i) E is ϕ-stable.
ii) ϕ 6= 0 and E splits in direct sum of line bundle E = E ′ ⊕ E ′′, such that
ϕ ∈ H0(E ′) and the pair (E ′, ϕ) is µg(E)-stable.
2. A holomorphic pair (E , ϕ) of type (E,L) is called polystable if it is stable,
or ϕ = 0 and E is a polystable bundle.

Note that there is no parameter λ in the stability concept for holomorphic
pairs of a fixed type. The conditions depend only on the metric g and on the
slope µg(E) of the underlying differentiable bundle E.

Lemma 5.5 Let (E , ϕ) be a holomorphic pair of type (E,L) with ϕ 6= 0.
There exists a uniquely determined effective divisor D = Dϕ and a commu-
tative diagram

0 −→ OX(D) ϕ̂−→ E −→ L(−D) ⊗ JZ −→ 0 ,
D· ↑ ϕ ր
OX

(9)

with a local complete intersection Z ⊂ X of codimension 2. The pair (E , ϕ)
is stable if and only if µg(OX(D)) < µg(E).
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Proof: D = Dϕ is the divisorial component of the zero locus Z(ϕ) of E
which is defined by the ideal im(ϕ∨ : E∨ −→ OX), and ϕ̂ is the induced map.
The set Sϕ(E) consists precisely of the line bundles F ⊂ OX(D), so that

inf
F∈Sϕ(E)

µg(
E/F ) = 2µg(E) − µg(OX(D)) .

Suppose (E , ϕ) is stable. If E is ϕ-stable, we have µg(E) < 2µg(E) −
µg(OX(D)), which gives the required inequality. If E is not ϕ-stable, then
Z = ∅, the extension (9) splits, and the pair (OX(D), ϕ) is µg(E)-stable, i.e.
µg(OX(D)) < µg(E).

Conversely, suppose µg(OX(D)) < µg(E), and assume first that the ex-
tension (9) does not split. In this case E is ϕ-stable: in fact, if F ′ ⊂ E is an
arbitrary line bundle, either F ′ ⊂ OX(D), or the induced map F ′ ⊂ E −→
JZ ⊗L(−D) is non-trivial. But then F ′ ≃ L⊗OX(−D−∆) for an effective
divisor ∆ containing Z, and we find

µg(F
′) = 2µg(E) − µg(D) − µg(∆) ≤ 2µg(E) − µg(OX(D)) .

Furthermore, strict inequality holds, unless Z = ∅ and the extension (9)
splits, which it does not by assumption.

In the case of a split extension, we only have to notice that a pair (E ′, ϕ)
is λ-stable for any parameter λ > µg(E

′) [B1].

Remark 5.6 Consider a pair (E , ϕ) of type (E,L) with ϕ 6= 0 and associated
extension (9). E is ϕ-stable iff µg(OX(D)) < µg(E), and the extension does
not split.

Indeed, if the extension splits, then E is not ϕ-stable, since

µg(L(−D)) = inf
F∈Sϕ(E)

µg(
E/F ) .

6 The projective vortex equation

Let E be a differentiable vector bundle over a compact Kähler manifold
(X, g). We fix a holomorphic line bundle L and a Hermitian metric l in L.
Let (E , ϕ) be a holomorphic pair of type (E,L).
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Definition 6.1 A Hermitian metric in E with det h = l is a solution of
the projective vortex equation iff the trace free part F 0

h of the curvature Fh

satisfies the equation

iΛgF
0
h +

1

2
(ϕϕ̄h)0 = 0 . (V )

Theorem 6.2 Let (E , ϕ) be a holomorphic pair of type (E,L) with rk(E) =
2. Fix a Hermitian metric l in L.

The pair (E , ϕ) is polystable iff E admits a Hermitian metric h with
det h = l which is a solution of the projective vortex equation. If (E , ϕ)
is stable, then the metric h is unique.

Proof: Suppose first that h is a solution of the projective vortex equation
(V ). Then we have

iΛFh +
1

2
(ϕϕ̄h) =

1

2
(iΛTrFh +

1

2
|ϕ|2)idE ,

i.e. h satisfies the weak vortex equation (Vt) associated to the real function
t := 1

2
(2iΛTrFh + |ϕ|2). Therefore, by [OT1], the pair (E , ϕ) is λ-polystable

for the parameter λ = (n−1)!
4π

∫

X
tvolg = µg(E) + (n−1)!

8π
||ϕ||2.

Let A be the Chern connection of h, and denote by E ′ the minimal A-
invariant subbundle which contains ϕ. If E ′ = E , then E is ϕ-stable and the
pair (E , ϕ) is stable.

If E ′ = 0, hence ϕ = 0, then h is a weak Hermitian-Einstein metric, E is
a polystable bundle, and the pair (E , ϕ) is polystable by definition.

In the remaining case E ′ is a line bundle and ϕ 6= 0. Let E ′′ := E ′⊥ be
the orthogonal complement of E ′, and let h′ and h′′ be the induced metrics
in E ′ and E ′′. We put s := iΛgTrFh. Then, since h = h′ ⊕ h′′, the projective
vortex equation can be rewritten as:

{

iΛFh′ + 1
2
(ϕϕ̄h′

) = 1
2
(s+ 1

2
|ϕ|2h′)idE ′

iΛFh′′ = 1
2
(s+ 1

2
|ϕ|2h′)idE ′′ .

The first of these equations is equivalent to

iΛFh′ +
1

4
(ϕϕ̄h′

) =
s

2
idE ′ ,
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which implies that (E ′, ϕ√
2
) is µg(E)-stable by [OT1].

Conversely, suppose first that (E , ϕ) is stable. We have to consider two
cases:
Case 1: E is ϕ stable.

Using Bradlow’s existence theorem, we obtain Hermitian metrics in E
satisfying the usual vortex equations associated with suitable chosen λ , and,
of course these metrics all satisfy the equation (V ). The problem is, however,
to find a solution with an a priori given determinant l.

In order to achieve this stronger result, Bradlow’s proof has to modified
slightly at some points:

One starts by fixing a background metric k such that det k = l. Denote
by S0(k) the space of trace-free k-Hermitian endomorphisms of E, and let
Met(l) be the space of Hermitian metrics in E with det h = l. On

Met(l)p
2 := {kes| s ∈ Lp

2(S0(k))}

we define the functional Mϕ : Met(l)p
2 −→ R by

Mϕ(h) := MD(k, h) + ||ϕ||2h − ||ϕ||2k .

Here MD is the Donaldson functional, which is known to satisfy the identity
d
dt
MD(k, h(t)) = 2

∫

X
Tr[h−1(t)ḣ(t)iΛgFh] for any smooth path of metrics h(t)

[Do], [Ko]. Since h−1(t)ḣ(t) is trace-free for a path in Met(l), we obtain

d

dt
|MD(k, h(t)) = 2

∫

X

Tr[h−1ḣ(t)iΛgF
0
h ] .

Similarly, for a path of the form h(t) = hets, with s ∈ S0(h), we get

d

dt |t=0

||ϕ||2ht
=

d

dt |t=0

〈etsϕ, ϕ〉h =

〈

d

dt |t=0

etsϕ, ϕ

〉

h

=
〈

s, ϕϕ̄h
〉

h
=
∫

X

Tr[s(ϕϕ̄h)0] .

This means that, putting mϕ(h) := iΛF 0
h + 1

2
(ϕϕ̄h)0, we always have

d

dt |t=0

Mϕ(hets) = 2
∫

X

Tr[s mϕ(hets)] ,

so that solving the projective vortex equation is equivalent to finding a critical
point of the functional Mϕ (compare with Lemma 3.3 [B2]).
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Claim 6.3 Suppose (E , ϕ) is simple. Choose B > 0 and put

Met(l)p
2(B) := {h ∈ Met(l)p

2| ||mϕ(h)||Lp ≤ B} .

Then any h ∈ Met(l)p
2(B) which minimizes Mϕ on Met(l)p

2(B) is a weak
solution of the projective vortex equation.

The essential point is the injectivity of the operator s 7−→ ∆′
h(s)+ 1

2
[(ϕϕ̄)s]0

acting on Lp
2S0(h). But from

〈

∆′
hs+

1

2
[ϕϕ̄h)s]0, s

〉

h
= ||∂̄h(s)||

2
h + ||sϕ||2h

we see that this operator is injective on trace-free endomorphisms if (E , ϕ) is
simple.

Now we can follow again Bradlow’s proof : if E is ϕ-stable, then there exist
positive constants C1, C2 such that for all s ∈ Lp

2S0(k) with kes ∈ Met(l)p
2(B)

the following ”main estimate” holds:

sup |s| ≤ C1Mϕ(kes) + C2 .

This follows by applying Proposition 3.2 of [B2] to an arbitrary τ ∈ R with

max

(

µg(E), sup
F ′∈S(E)

µg(F
′)

)

<
(n− 1)!τV olg(X)

4π
< inf

F∈Sϕ(E)
µg(

E/F ) ,

since Bradlow’s functional Mϕ,τ coincides on Met(l) with Mϕ .
It remains to be shown that the existence of this main estimate implies

the existence of a solution of the projective vortex equation.
The main estimate implies that for any c > 0, the set

{s ∈ Lp
2S0(k)| ke

s ∈ Met(l)p
2(B), Mϕ(kes) < c}

is bounded in Lp
2. Let (si) be a sequence in Lp

2S0(k) such that kesi ∈
Met(l)p

2(B) is a minimizing sequence for Mϕ, and let s be weak limit. Then
h := kes is a weak solution of the projective vortex equation, which is smooth
by elliptic regularity [B2].

Finally, we have to treat
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Case 2: ϕ 6= 0, E = E ′ ⊕ E ′′, with ϕ ∈ H0(E ′), and the pair (E ′, ϕ) is
µg(E)-stable.

We wish to find metrics h′ and h′′ in E ′ and E ′′, such that for s := iΛFl

the following equations are satisfied:











h′ · h′′ = l
iΛFh′ + 1

4
(ϕϕ̄h′

) = 1
2
sidE ′

iΛFh′′ = 1
2
(s+ 1

2
|ϕ|2h′)idE ′′ .

Since the pair (E ′, 1√
2
ϕ) is µg(E)-stable, there exists by [OT1] a unique Hermi-

tian metric h′ in E ′ solving the second of these equations. With this solution
the third equation can be rewritten as

iΛgFh′′ = s− iΛgFh′ .

Since
∫

X
(s − iΛgFh′) = deg(E ′′), we can solve this weak Hermitian-Einstein

equation by a metric h′′, which is unique up to constant rescaling. The pro-
duct h′ ·h′′ is a metric in E ′⊗E ′′ = L which has the same mean curvature s as
l, and therefore differs from l by a constant factor. We can now simply rescale
h′′ by the inverse of this constant, and we get a pair of metrics satisfying the
three equations above.

7 Moduli spaces of pairs

Let E be a differentiable vector bundle of rank r over a Kähler manifold
(X, g), and let L be a holomorphic line bundle whose underlying differentiable
bundle is L := detE.

Proposition 7.1 There exists a possibly non-Hausdorff complex analytic
orbifold Ms(E,L) parametrizing isomorphism classes of simple holomor-
phic pairs of type (E,L). The open subset Mss(E,L) ⊂ Ms(E,L) con-
sisting of strongly simple pairs is a complex analytic space, and the points in
Ms(E,L) \Mss(E,L) have neighbourhoods modeled on Z/r-quotients.
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Proof: Since we use the same method as in the proof of Proposition 3.9,
we only sketch the main ideas.

Let λ̄ be the semiconnection defining the holomorphic structure of L,
and put Ā := Āλ̄(E) × A0(E), where Āλ̄(E) denotes the affine space of
semiconnections in E inducing λ̄ in L = detE. The complex gauge group
SL(E) acts on Ā, and we write Ās (Āss) for the open subset of pairs whose
stabilizer is contained in the center Z/r of SL(E) ( is trivial). After suitable
Sobolev completions, Āss becomes the total space of a holomorphic Hilbert

principal SL(E)-bundle over B̄ss := Āss
/SL(E).

A point (δ̄, ϕ) ∈ Ā defines a pair of type (E,L) iff it is integrable, i.e. iff
it satisfies the following equations:

{

F 02
δ̄ = 0
δ̄ϕ = 0 .

(10)

Here F 02
δ̄ := δ̄2 is a (0, 2)-form with values in the bundle End0(E) of trace-free

endomorphisms. Moreover, isomorphy of pairs of type (E,L) corresponds to
equivalence modulo the action of the complex gauge group SL(E).

Let σ̄ be the map A −→ A02(End0(E))⊕A01(E) sending a pair (δ̄, ϕ) to

the left hand sides of (10). We endow the sets Mss
X(E,L) = Z(σ) ∩ Āss

/SL(E)

( Ms
X(E,L) = Z(σ) ∩ Ās

/SL(E) ) with the structure of a complex analytic

space (orbifold) as follows:
Mss

X(E,L) is defined to be the vanishing locus of the section ˜̄σ in the
Hilbert vector bundle Āss ×SL(E) (A02End0(E) ⊕A01E) over B̄ss which is
defined by σ̄.

To define the orbifold structure in Ms
X(E,L), we use local models derived

from a deformation complex:
Let p̄ = (δ̄, ϕ) ∈ Ā an integrable point. The associated deformation

complex D̄p̄ is the cone over the evaluation map ev∗ϕ:

evq
ϕ : A0q(End0(E)) −→ A0q(E) ,

and has the form

0 → A0(End0(E))
D̄0

p̄−−→ A01(End0(E)) ⊕ A0(E)
D̄1

p̄−−→
D̄1

p̄−−→ A02(End0(E)) ⊕ A01(E)
D̄2

p̄−−→ . . .
(D̄p̄)
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(compare with [OT1] §4). We define

S̄p̄(ε) := {p̄+β|β ∈ A01End0(E)⊕A0E, D̄0
p̄D̄

0
p̄
∗
(β)+D̄1

p̄
∗
(σ̄(p̄+β)) = 0, ||β|| < ε}.

The same arguments as in the proof of Proposition 3.9 show that for suf-
ficiently small ε > 0, S̄p̄(ε) is a submanifold of Ā, whose tangent space in
p̄ coincides with the first harmonic space H̄1

p̄ of the elliptic complex (D̄p̄).
Therefore, we get a local finite dimensional model Z(σ̄|S̄p̄(ε)) for the intersec-
tion Z(σ̄) ∩ N̄p̄(ε) of the integrable locus with the standard slice

N̄p̄(ε) := {p̄+ β|β ∈ A01(End0(E)) ⊕ A0(E), D̄0
p̄
∗
(β) = 0, ||β|| < ε}

through p̄. The restriction

π̄|Z(σ̄|S̄p̄(ε))
: Z(σ̄|S̄p̄(ε)) −→ Ms

X(E,L)

of the orbit map is étale if [p̄] ∈ Mss
X(E,L), and induces an open injection

Z(σ̄|S̄p̄(ε))/
Z/r −→ Ms

X(E,L)

if [p̄] ∈ Ms
X(E,L)\Mss

X(E,L). We define the orbifold structure of Ms
X(E,L)

by taking the maps π̄|Z(σ̄|S̄p̄(ε))
as orbifold-charts.

Our next purpose is to compare the two types of moduli spaces con-
structed in this paper. Let (X, g) be a Kähler surface endowed with the
canonical Spinc-structure c. Let E be a U(2) bundle with detE = KX , and
denote by M∗(E) the moduli space of irreducible quaternionic monopoles
associated to the Spinh(4)-structure defined by (c, E∨) (Lemma 1.3)

It follows from Proposition 4.1 that M∗(E) has a decomposition

M∗(E) = M∗(E)α=0 ∪M∗(E)ϕ=0 ,

where M∗(E)α=0 ( M∗(E)ϕ=0 ) is the Zariski closed subspace of M∗(E) cut
out by the equation α = 0 ( ϕ = 0 ). The intersection

M∗(E)α=0 ∩M∗(E)ϕ=0

is the Donaldson instanton moduli space D∗ of irreducible projectively anti-
self-dual connections in E, inducing the Chern connection in KX .
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Proposition 7.2 The affine isomorphism A ∋ (C, ϕ) 7−→ (∂̄C , ϕ) ∈ Ā in-
duces a natural real analytic open embedding

J : M∗(E)α=0 →֒ Ms(E,KX)

whose image is the suborbifold of stable pairs of type (E,KX).

Proof: Standard arguments (cf. [OT1]) show that J is an étale map which
induces natural identifications of the local models.

A point [(δ̄, ϕ)] lies in the image of J iff the SL(E)-orbit of (δ̄, ϕ) intersects
the zero locus of the map

m : Ā −→ A0(su(E)), (∂̄C , ϕ) 7−→ ΛgF
0
C −

1

2
(ϕϕ̄)0 .

Let (E , ϕ) be the holomorphic pair of type (E,KX) defined by (δ̄, ϕ). We
can reformulate the condition above in the following way: [(E , ϕ)] lies in the
image of J iff there exists a Hermitian metric h in E inducing the Kähler
metric in KX = det E which satisfies the projective vortex equation (V ). But
we know already that this holds iff (E , ϕ) is stable. Moreover, the unicity of
the solution of the projective vortex equation is equivalent to the injectivity
of J .

Using the remark after Proposition 4.1, we can now state the main result
of this paper:

Theorem 7.3 Let (X, g) be a Kähler surface with canonical bundle KX, and
let E be a U(2)-bundle with detE = KX . Consider the Spinh-structure as-
sociated with the canonical Spinc(4)-structure and the U(2)-bundle E∨. The
corresponding moduli space of irreducible quaternionic monopoles is a union
of two Zariski closed subspaces. Each of these subspaces is naturally isomor-
phic as a real analytic orbifold to the moduli space of stable pairs of type
(E,KX). There exists a real analytic involution on the quaternionic moduli
space which interchanges these two closed subspaces. The fixed point set of
this involution is the Donaldson moduli space of instantons in E with fixed
determinant, modulo the gauge group SU(E). The closure of the complement
of the Donaldson moduli space intersects the moduli space of instantons in
the Brill-Noether locus.

The union MSW of all rank 1-Seiberg-Witten moduli spaces associated
with splittings E = E ′ ⊕ E ′′ corresponds to the subspace of stable pairs of
type ii).
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[W] Witten, E.: Monopoles and four-manifolds, Mathematical Research Let-
ters 1, 769-796 (1994)

Authors addresses:

Mathematisches Institut, Universität Zürich,
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