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The role of Λ in the cosmological lens equation
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The cosmological constant Λ affects cosmological gravitational lensing. Effects due to Λ can be studied in

the framework of the Schwarzschild-de Sitter spacetime. Two novel contributions, which can not be accounted

for by a proper use of angular diameter distances, are derived. First, a term 2mbΛ/3 has to be added to the

bending angle, where m is the lens mass and b the impact parameter. Second, Λ brings about a difference in the

redshifts of multiple images. Both effects are quite small for real astrophysical systems.

PACS numbers: 95.30.Sf, 04.70.Bw, 98.62.Sb

The cosmological constant Λ plays a central role in gravita-

tional physics and observational cosmology, with a fine-tuned

Λ ∼ 10−52m−2 favored by large scale structure observations

as a possible choice for dark energy [1]. Λ should take part in

all kinds of gravitational phenomena on very different scale-

lengths and investigations have been performed on planetary

systems [2, 3], gravitational equilibrium of structures [4] and

discs orbiting rotating black holes [5]. Actual upper bounds

from stellar tests give Λ <
∼

10−42m−2 [3].

The role of Λ in gravitational lensing is still debated. It

is well known that Λ and other cosmological homogeneous

constituents enter the lens equation through the angular di-

ameter distances [6]. The cosmological lens equation is

usually derived combining local results on light deflection,

which are based on some asymptotically flat metric which

describes the neighborhood of the lens, with considerations

on global geometry and angular diameter distances, which

are on turn based on the global Friedmann-Robertson-Walker

(FRW) spacetime in which the system is embedded [6]. The

main contribution of Λ is connected to the propagation of light

rays in the nearly homogeneous regions among source, de-

flector and observer and should be seen as global. A proper

use of angular diameter distances [8–10] can then account for

the effect of Λ on the process of measurement [11–13]. The

fact that the exact differential equation for a light path in the

Schwarzschild-de Sitter (SdS) spacetime, i.e. the spherically

symmetric Schwarzschild vacuum solution with a cosmolog-

ical constant, can be written in a form that does not involve

Λ [2], differently from other dark energy models [7], further

suggests that any local effect should be small. Here, we are

interested in local effects of Λ.

The role of Λ in a cosmological gravitational lensing can be

properly studied in the framework of the SdS metric [14],

ds2 = fΛ(r)dt2 −
dr2

fΛ(r)
− r2

(

dθ2 − sin2 θdφ2
)

, (1)

where

fΛ(r) ≡

(

1 −
2m

r
−

Λr2

3

)

, (2)

and m is the black hole mass. We are using units G = c = 1.

The SdS metric is a special case of the Mc Vittie metric, which

provides an exact description of a point-like lens embedded in

a FRW spacetime. In the SdS spacetime, the global expansion

is driven only by Λ. The strong advantage of working with the

SdS solution is that lightlike geodesics are very well known in

those coordinates.

Due to spherical symmetry, photon trajectories can be re-

stricted to the central θ = π/2 plane. Let us consider an

observer in {ro, φo = 0}, where φo has been fixed without

loss of generality, and a light source in {rs, φs}. The orbital

equation of a light ray can then be written in terms of the first

integral of motion b(≡ φ̇r2) as

φs = ±

∫

dr

r2

[

1

b2
+

1

r2
Λ

−
1

r2
+

2m

r3

]−1/2

, (3)

where the sign of the integral changes at the inversion points in

the r-motion; rΛ(≡
√

3/Λ) is the outer horizon in the de Sit-

ter metric.

We consider the weak deflection limit, where the source and

the observer lie in remote regions very far from the lens and

photons pass by the lens center at a minimum distance which

is much larger than the gravitational radius, i.e. m/b ≡ ǫm ≪
1. In a cosmological scenario, ro ∼ rs <

∼
rΛ. Quantities of

interest can then be expanded according to the parameters ǫm
and ǫΛ ≡ b/rΛ. For the sake of brevity, we will produce our

results up to a given formal order in ǫ, collecting terms coming

from any combination of the two expansion parameters [8,

15]. Combining such terms is further motivated since b/ro ∼
b/rs ∼ ǫm [16]. The expansion technique is similar to [8]

with the main difference that a different expansion scheme is

used [24].

The integral in Eq. (3) can then be solved approximately

following standard methods and procedures [8, 15, 16]. For

b > 0, we get

φs = −π −
4m

b
+ b

(

1

rs
+

1

ro

)

−
15m2π

4b2
−

128m3

3b3
(4)

+
b3

6

(

1

r3
s

+
1

r3
o

)

−
2mb

r2
Λ

−
b3

2r2
Λ

(

1

rs
+

1

ro

)

+ O(ǫ4).

Terms of three kinds show up in the azimuthal deflection.

Contributions like (m/b)i represent the usual bending angle

by a Schwarzschild lens and the well known higher order

corrections. Both (b/ri)
i- and b/rΛ-factors are geometrical
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terms. The (b/ri)
i terms are related to the angles in the ob-

server’s sky, ϑ ∼ b/ro, and in the associated system without

the lens, β ∼ b/(ro + rs); the (b/rΛ)i-factors account for

the presence of an outer horizon. The specific form of the

geometrical factors in Eq. (4) reflects that the associated sys-

tem is a FRW spacetime and not the flat Minkowski space.

Finally, the term δα̂Λ ≡ 2bm/r2
Λ describes the coupling be-

tween the lens and the cosmological constant. Neither the

source or the observer position enter in δα̂Λ, which is clearly

local. In what follows, we will make the case that such a local

coupling should be considered in the lens equation. On a di-

mensional basis, Λmb is the first dimensionless combination

in which all the quantities describing a local bending, i.e. the

impact parameter and the lens mass, appear together with the

cosmological constant.

The lens equation is a mapping relating the position of the

source and the observed position of its images. It is usually

given in terms of the apparent angular position of the image

in the sky, i.e. the angle ϑ between the tangent to the photon

trajectory at the observer and the radial direction to the lens

as measured in the locally flat observer’s frame [8, 17]. In a

cosmological scenario, observer, lens and source are receding.

The frame of reference of the moving observer can be oriented

parallely to the local flat three-space of the static frame. In

terms of the tetrad components of the four momentum P of

the photon, cosϑ = P [r]/P [t]. Neglecting deviation from

the Hubble flow, the motion has to be radial (vr = dr/dt 6=
0, dφ/dt = 0). In the the SdS metric

sin ϑ =

√

1 − v[r]2(ro)

1 − v[r](ro)
√

1 − (b/ro)2fΛ(ro)

b

ro

√

fΛ(ro), (5)

with v[r] = (−grr)/gtt)
1/2vr. The radial motion of a comov-

ing observer expressed in SdS coordinates can be derived by

referring to the corresponding Mc Vittie form, where an ob-

server in the Hubble flow has constant spatial coordinates. By

means of standard coordinate transformations [18], we get

v[r](ro) =
ro

rΛ

1
√

1 − 2m/ro

. (6)

The associated reference spacetime without the lens is crucial

in writing the lens equation, since the angular diameter dis-

tances as well as the source position β are defined there [19].

The natural choice is the de Sitter metric, obtained by tuning

the lens mass to zero and one of the few cases in which the

RW metric can be put in a static form [20]. We will consider

the spatially flat RW model and the corresponding coordinate

transformations to the dS solution [20]. Distances can be eas-

ily computed in the associated RW spacetime, and then ex-

pressed in SdS coordinates. Since the azimuthal coordinate of

the source is not known a-priori by the observer, we have to

assume the source to be aligned with the line of sight from the

observer to the lens.

The angular diameter distance between a comoving source

at z2 and a comoving observer at z1 can be written as D12 =

rΛ(z2 − z1)/(1 + z2). The distances between the observer

and the lens, Dd, the deflector (r = 0) and the source Dds and

the observer and the source Ds can then be written in terms

of radial coordinates plugging in the corresponding redshifts

in the associated spacetime, zd = ro/rΛ and zs = (ro +
rs)/(rΛ − rs).

The angle β at which the source would be seen in absence

of the lens is also defined in the associated spacetime. In anal-

ogy with Eq. (5), β is then given by sin β = sin ϑ(bs, m = 0)
with bs being a fictitious constant of motion which solves the

geodesic motion in Eq. (3) for the actual source and observer

coordinates but for m = 0 [8].

Since the lens equation is written in terms of angles, a nat-

ural expansion parameter ε is based on the angular Einstein

ring, ϑE ≡
√

4mDds/(DdDs): ε ≡ ϑE/(4D) [15, 16] where

D ≡ Dds/Ds. The lens equation is then obtained by writing

φs as a function of either ϑ or β and equating the two ex-

pressions [8]. Let us consider source positions β ≥ 0 and

an observer radial motion as in Eq. (6). Once we expand

the lens equation as a series in ε, the solutions take the form

ϑ ≃ ϑE

{

θ0 + θ1ε + θ2ε
2
}

[8, 15, 16]. Up to including terms

of order of O(ε2), the image positions ϑ solve the standard

lens equation,

β ≃ ϑ − Dα̂, α̂ ≃
4m

b0
+

15π

4

m2

b2
0

, (7)

where the bending angle is the Schwarzschild one up to

O(ε2); b0(≡ Ddϑ) is the approximated impact parameter.

There are two solutions, ϑ+ and ϑ−. Up to this order the

cosmological constant enters only through the cosmological

distances and there is not any additional contribution to the

deflection.

Gravitational coupling effects between the central mass and

Λ show up at the next order, giving rise to additional contribu-

tions to the deflection that can not be accounted for by using

angular diameter distance. In order to illustrate the effect of Λ
while still keeping expressions simple, let us consider a source

aligned to the line of sight (β = 0). In this symmetric config-

uration, a critical tangential circle shows up in the observer’s

sky, with an angular radius of

ϑt = ϑE

{

1 +
15π

32
ε +

[

4 −
4D2

3
−

675π2

2048

+
1

4

(

1 −
1

D

)

1

r2
Λε

+
1

rΛε

]

ε2

}

, (8)

where rΛε ≡ rΛ/(4DDd). At this order, the cosmologi-

cal constant affects the image position. The term δϑΛ
t =

ϑEε2/(4r2
Λε) = (1/4)(Dd/rΛ)2ϑ3

E comes directly from the

azimuthal deflection.

Since the image positions depend on the observer motion,

one might as well consider an observer comoving in the asso-

ciated RW spacetime, where v[r] = ro/rΛ or even other radial

peculiar motions. Let us then consider a generic radial veloc-

ity v[r] ≃ ro/rΛ(1 + δv(2)ε2). The corresponding critical
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circle forms at

ϑt = ϑt(Λ = 0) +

{

1

4

(

1 −
1

2D

)

1

r2
Λε

(9)

+
1

4rΛε(1 − 2DrΛε)

(

1 +
1 − 4DrΛε

2D
δv(2)

)}

ε2,

which reduces to Eq. (8) for a Mc Vittie comoving observer,

δv(2) = 4D − 1/rΛε, see Eq. (6). For a particular choice

of δv(2), the peculiar velocity can null out the effect of Λ.

Whereas some contributions to the angular radius depend on

the choice of the radial motion, the δϑΛ
t contribution does not

depend on v[r].

The choice of the angular diameter distance might hide

some other effects. What an observer really measures is the

redshift of the source zs, which is then plugged in the FRW

expression for the distance. The very general formula for the

redshift is 1 + zs = gαβkα
s Uβ

s /gαβkα
o Uβ

o , with kα
o and kα

s the

wavevectors of the light ray at the observer and at the source,

respectively, and Uα
o and Uα

s the four-velocities of the ob-

server and of the source, respectively. Assuming Mc Vittie

comoving players, we get

zObs
s =

fΛ(ro)

fΛ(rs)

√

1 − 2m
rs

+ rs

rΛ

√

1 − b2

r2
s

fΛ(rs)
√

1 − 2m
ro

− ro

rΛ

√

1 − b2

r2
o

fΛ(ro)
− 1. (10)

The dependence on the impact factor, which would disappear

in absence of Λ, makes the redshifts of the two images differ-

ent. The difference in the measured redshift of the two images

can be written by expressing b in terms of ϑ and then expand-

ing,

∆zObs
s ≃

ro

rΛ

1 + ro/rs

(1 + ro/rΛ) (1 − rs/rΛ)

ϑ2
+ − ϑ2

−

2
, (11)

with ϑ2
+ −ϑ2

− ≃ β
√

β2 + 4ϑ2
E. Note that such redshift effect

depends on the light ray directions at the source and at the

observer and is not linked to the total travel time delay. For

β ∼ ϑE, the redshift difference is proportional to the square

of the Einstein radius (∝ m), that is really small. For β ∼ ϑE,

ro ∼ rs ∼ rΛ/2 and a galaxy cluster lens with M ∼ 1015M⊙,

∆zs ∼ 10−7.

In our model of universe the light source and the observer

are both massless. Due to gravitational redshift, the mea-

sured redshift of the deflector will also differ from the as-

sociated zd. However, redshift measurements are based on

spectra which integrate on all of the emitting regions of the

lens along the line of sight. Since we do not know the ef-

fective radial coordinate we should use in the evaluation of

the redshift, it is then safe to still consider for the redshift

the associated value. The angular diameter distances based

on the measured redshifts, and the corresponding Einstein ra-

dius ϑObs
E ≡ (4mD(zd, z

Obs
s )/[D(0, zd)D(0, zObs

s )])1/2, dif-

fer from the expressions based on the associated ones. It can

be easily checked that ϑObs
E does not embody the Λ-correction

due to the azimuthal deflection.

As a further check we could consider static observers in the

SdS spacetime, dr/dt = 0. In this case the the expression for

the distances in terms of radial coordinates are the same used

in [8, equations (15-17)]. Up to orderO(ε2), the lens equation

has still the form of Eq. (7). Up to the next order, the critical

circle forms at

ϑSt
t = ϑSt

E

{

1 +
15π

32
εSt +

[

4 −
4DSt

2

3
−

675π2

2048

+
1

4

1

rΛε
2
St

−

√

1 + 16DSt
2rΛε

2
St

16DSt
2rΛε

3
St



 ε2
St







, (12)

where the index St reminds that the distances to be used are

those for the static case. The term δϑΛ
t is still there. Equa-

tion (12) agrees with [8] via a proper consideration of the dif-

ferent expansion scheme.

We have considered either static or moving observers in a

SdS spacetime. For the moving case, we have considered ob-

servers comoving either in the Mc Vittie metric or in the asso-

ciated RW background; effects of peculiar motions have been

also discussed. The common outcome is that the local cou-

pling of Λ with the lens mass give rise to an azimuthal shift

whose effect can not be embodied by using angular diame-

ter distances. This has been verified considering either dis-

tances in the associated RW metric or distances based on the

observed redshifts.

After comparing the different results it emerges that the

δα̂Λ bending has a local origin and can be distinguished form

other global contributions, which vary with different assump-

tions on the distances and the radial motion, and are connected

to the presence of an outer horizon in the SdS spacetime. In a

general ΛCDM model of universe with dark matter, only the

δα̂Λ term should be retained, whereas the other global effects

of the cosmological constant are embodied by the angular di-

ameter distances. The cosmological lens equation can then be

written as

β ≃ ϑ −
Dds

Ds
(α̂ + δα̂Λ), δα̂Λ ≡

2mb0

r2
Λ

≃
1

2
ϑ2

E

(

Dd

rΛ

)2

ϑ.

(13)

The perturbed image positions are

ϑ ≃ ϑ0

{

1 +
D2

d

2r2
Λ

ϑ2
0

1 + ϑ2
0/ϑ2

E

}

, (14)

with ϑ0 = (β ±
√

β2 + 4ϑ2
E)/2 the 0-th order solutions.

The consequent correction to the critical angular circle is

δϑΛ
t = (1/4)(Dd/rΛ)2ϑ3

E. The effect on the observed angles

is really small, ∼ ϑ3
E. For a source at zs = 1 behind a lens

with M ∼ 1015M⊙ at zd = 0.3 in a standard ΛCDM model,

δϑΛ ∼ 0.1µarcsec. Note that the local coupling gives rise to

an attractive gravitational effect which can not be associated

with the repulsive force due to Λ, whose effect is incorporated

in the cosmological distances.

Whereas the SdS metric provides a proper framework for

the spacetime near the lens, its main shortcoming is that it
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can not reproduce the shear and focusing due to other matter

inhomogeneities. Apart from the very neighbourhood of the

lens, such lensing effects are much larger than the deflector

action and should be accounted for by using properly modi-

fied expressions for the distances [6, 21]. Noteworthily, Λ is

supposed to dominate the energy budget of the universe in the

very far future so that the SdS spacetime is going to provide a

very realistic description of the universe.

Let us now briefly review some previous results prompted

by a recent paper [11]. All of the results we are going to

discuss seem to be correct, with some apparent disagree-

ment due to different frameworks for interpretation. Even

if the geodesic equations in either the SdS metric or the

Schwarzschild metric can be formally the same, observers

measure Λ-dependent real angles and not coordinate angles

[11, 13]. Such an effect can be viewed as an additional con-

tribution ∝ −Λbro to the bending angle, if the lens equation

is written in terms of radial coordinates instead of angular di-

ameter distances. The point that such a contribution can be

incorporated by the distances, as stated in our Eq. (7), has

been made in [8, section 4], where a static observer in a local

system was considered, in [9], who perturbatively integrated

the null geodesics in the Mc Vittie metric, and in [10], who

considered quantities in RW coordinates. However, [8, 10]

adopted expansion schemes in which the Λmb term in the

geodesic equation discussed here was considered of higher

order and then neglected. On the other hand, [9, see equa-

tion (30)] likely missed such a term since he considered the

distance Dds to be much smaller than the horizon rΛ, an hy-

pothesis that is correct for local systems but breaks down in a

cosmological context.

Approaches adopting the Einstein-Strauss method were

also followed. In [22], a SdS vacuole was matched into a

FRW background. Assuming that once the light transitions

out of the vacuole all the Λ-bending stops, the authors ob-

tained a contribution −Λbrv/3, in which rv, the radial SdS

coordinate of the vacuole boundary, replaces ro. As previ-

ously discussed, this contribution is related to the distance

from the vacuole boundary to the lens center and do not

spring from coupling effects so that it should be incorpo-

rated in the distance Dd from the observer to the lens. Using

proper matching conditions, the contribution takes the form

of −(Λb/3)[m/(4πρm)]1/3: the presence of the cosmologi-

cal matter density ρm further suggests that the contribution

is not local. Finally, Schucker [23] discussed lensing in the

Einstein-Strauss solution with positive Λ integrating the light

motion piecewise in a flat FRW solution and in the SdS metric

and then pasting the geodesics together at the vacuole radius.

In this case the comparison is not easy since a lens equation

was not provided and the contribution of Λ to the deflection

was not singled out. Furthermore, some higher-order terms

were dropped out in the integration in the SdS metric. The

2mbΛ/3 contribution to the bending and the source redshift

difference are then novel features of this paper.
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