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The piston-like (translation normal to the footplate) and rocking-like (rotation along the long and

short axes of the footplate) are generally accepted as motion components of the human stapes. It

has been of issue whether in-plane motions, i.e., transversal movements of the footplate in the oval

window, are comparable to these motion components. In order to quantify the in-plane motions the

motion at nine points on the medial footplate was measured in five temporal bones with the cochlea

drained using a three-dimensional (3D) laser Doppler vibrometer. It was found that the stapes

shows in-plane movements up to 19.16 8.7% of the piston-like motion. By considering possible

methodological errors, i.e., the effects of the applied reflective glass beads and of alignment of the

3D laser Doppler system, such value was reduced to be about 7.46 3.1%. Further, the in-plane

motions became minimal (� 4.26 1.4% of the piston-like motion) in another plane, which was

anatomically within the footplate. That plane was shifted to the lateral direction by 118lm, which

was near the middle of the footplate, and rotated by 4.7� with respect to the medial footplate plane.

VC 2012 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4756925]

PACS number(s): 43.64.Ha, 43.64.Bt [BLM] Pages: 3280–3291

I. INTRODUCTION

Measuring motions of the middle-ear structures is one

of the most widely-used techniques for experimental investi-

gations of middle-ear mechanics. Many previous investiga-

tions have focused on the physiological motion of the stapes

as an output of sound transmission through the middle ear

and a linkage between the middle and inner ears. A compari-

son of middle-ear transfer functions across several species

was performed by Ruggero and Temchin (2003), and vibra-

tion patterns of the stapes in the frequency domain differed

with species. In human subjects, while vibration amplitude

of the stapes were different depending on experimental

methods and temporal bone (TB) conditions (Rosowski

et al., 2004; Chien et al., 2006), the first resonance of the

middle-ear motion was similar. Silman and Silverman

(1991) reported that the first resonance of the middle-ear is

around 0.8 to 1.2 kHz, and measurements carried out by

Wada et al. (1998) on 275 ears from live human subjects

showed the mean resonance frequency of 1.176 0.27 kHz

for air conduction.

Though it has been assumed that the stapes moves

mainly in a piston-like manner, spatial modes of the stapes

vibration have been reported also. The stapes motion in

human TBs was described by von B�ek�esy (1960) under mod-

erate amplitudes of stimulation as rotating about the vertical

(i.e., in the superior–inferior direction) axis running through

a point near the posterior edge of the footplate. This observa-

tion corresponded with the anatomical feature of the annular

ligament, which is wide and thin in the anterior portion and

narrow and thick in the posterior portion. Kirikae (1960) per-

formed similar experiments and concluded that the vibration

pattern of the stapes footplate is a combination of three

movements: Piston-like motion, hinged motion around a

posterior axis, and rotation around the long axis. Both von

B�ek�esy and Kirikae used TBs with drained cochleae in their

studies. Gundersen (1972) showed that a piston-like motion

pattern is preserved up to 2 kHz but at higher frequencies

rocking-like motions become apparent. However, his mea-

surement technique of electromagnetically picking-up the

stapes vibrations may have influenced the vibrational modes

due to the added load by the pick-up needle contacting the

stapes. Recent developments in measurement techniques and

methods have confirmed spatial modes of the stapedial

vibrations. Using a video measuring system, Gyo et al.

(1987) observed predominant piston-like movements only at

low frequencies and complex movements at higher frequen-

cies. Other measurements with laser Doppler vibrometer

(LDV) systems have also shown spatial modes of the stapes

vibration in humans and animals, especially at high frequen-

cies such as reported by Decraemer and Khanna (1999),

Voss et al. (2000), Hato et al. (2003), Decraemer et al.

(2007), Ravicz et al. (2008), and Sim et al. (2010a). There-

fore, it has been generally accepted that at high frequencies

the stapes exhibits not only piston-like but also complex spa-

tial motions.

To describe the spatial motions of the stapes as a rigid

body, three translational and three rotational degrees of free-

dom are required. In our previous works (Sim et al., 2010a,

2010b) and in the work by Hato et al. (2003), for simplicity

of the measurement, only the piston-like motion and two
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rocking-like motions, which are rotations along the long and

short axes of the footplate, were considered as primary

motion components (e.g., in a human and a guinea pig). An

assumption made in those works was that the annular liga-

ment suppressed the in-plane motions of the stapes footplate.

However, Decraemer et al. (2007) found non-negligible in-

plane motions in the gerbil stapes, with the in-plane motions

of the footplate plane in a similar range to the piston-like

component. As for humans, no measurements showing the

full six-degrees-of-freedom stapes motion patterns have

been published. Due to the surface shape of the stapes foot-

plate, in-plane motions are presumed to have little effect on

the fluid-flux in the cochlea and thus little effect on hearing.

However, they may affect the calculation of the assumed pri-

mary motion components (i.e., the piston-like motion and

the two rocking-like motions).

This study aimed to identify the six-degrees-of-freedom

and the precise spatial vibration modes of the human stapes

by measuring spatial motion of selected points on the foot-

plate with a three-dimensional (3D) LDV system. For the best

estimation of the stapes orientation in the measurement frame,

footplate motions were captured from the vestibuli side with

the cochlea drained. The in-plane motion components were

compared to the piston- and rocking-like components. Fur-

thermore, how uncertainties in the relative alignment between

the laser and the stapes and uncertainties in the position of the

measurement points on the stapes footplate influenced the

reconstruction of the stapes motion and thus the magnitude of

the in-plane motion components was examined.

II. MATERIAL AND METHODS

A. Temporal bone preparation and experimental setup

Five fresh TBs were harvested from the right side of

human cadavers within 24 h after death and placed in Thio-

mersal solution at 4 �C. All measurements were performed

within one week of explantation. After removal of all con-

nective tissue and muscles, the external ear canal was drilled

down to 2mm from the tympanic annulus. An artificial ear

canal (AEC) approximately 0.5ml in volume was attached

to the bony rim of the former external ear canal. While the

middle-ear structures, including ligaments, tendons, and

the tympanic membrane, were kept intact, most parts of the

cochlea were removed to enable visualization of the vestibu-

lar side of the stapes footplate from the vestibuli side (i.e.,

the medial side of the footplate). The medial surface of the

footplate was completely coated with retro-reflective beads

(50lm diameter) to improve reflectivity of the laser beams

of the 3D LDV system. To prevent drying out of the speci-

men, pieces of paper towel soaked in water were placed all

around the specimen before it was enveloped in plastic wrap.

The TBs were mounted on a custom-made holder, and

alignment of the stapes footplate was performed with a sur-

gical microscope. The TB holder was placed in a test rig

such that the long axis (x-axis) and short axis (z-axis) of the

footplate were oriented along the axes of the test rig frame.

Figure 1 gives an overview of the measurement setup with

the stapes coordinate system. Further, a 3D LDV system

(CLV-3000, CLV-3D, Polytec, Germany) was mounted on

the test rig such that the optical axis of the laser system was

perpendicular to the visually approximated plane of the sta-

pes footplate’s surface. Using electrically driven translation

stages with internal displacement encoders, the location of

the 3D LDV could be positioned to any point on the stapes

footplate, with an accuracy of 1lm in both vertical and hori-

zontal directions. A USB microscopic camera (Digimicro

1.3, DNT, Germany) was coupled onto the optical axis of the

3D laser by means of a reflective prism to enable visual ob-

servation of the laser spot position on the medial surface of

the stapes footplate.

B. Measurement

Four sets of harmonic multi-frequency signal (0.1 to

1.5, 1.6 to 4.5, 4.75 to 7, and 7.5 to 10 kHz) were delivered

in sequence to a loud speaker (ER-2, Etymotic Research, Elk

Grove Village, IL) placed in the AEC. The frequency steps

were 100 Hz up to 2 kHz, 250Hz between 2 and 5 kHz, and

500Hz above 5 kHz. Thus, 15 frequencies were included in

each of the first 2 sets, and 6 frequencies in each of the other

2 sets, resulting in the total 42 frequencies in the frequency

range of 0.1 Hz to 10 kHz. The sound pressure level (SPL) in

the AEC was monitored by a microphone (ER-14C, Ety-

motic Research, Elk Grove Village, IL). AEC pressure levels

of greater than 90 dB SPL up to 6 kHz and 75 dB SPL above

6 kHz were obtained.

Motion of the stapes in response to each of the four sets

of harmonic multi-frequency signal was measured by the 3D

LDV system, sequentially at nine points on the stapes foot-

plate, including the center, four edge points (anterior, poste-

rior, superior, and inferior edges), and four intermediate

points between the edge points and the center of the stapes

footplate (see Fig. 1). First the laser spot was positioned on

the visually estimated centroid of the footplate, which was

considered as origin. Then, the coordinates of each measure-

ment point on the footplate were taken from the encoders.

The measurement was automatically performed by a

custom-made algorithm.

Measurement at each point was repeated 100 times

(100 measurement blocks). Constant and linear trends were

removed from the recorded velocity data using a built-in

FIG. 1. (Color online) Physiological motions of the stapes were measured

from the medial side at nine points of the footplate with a 3D LDV. The fig-

ure displays the measurement coordinate system with its origin in the cent-

roid of the footplate and its six-degrees-of-freedom. The optical axis of the

3D LDV was perpendicular to the approximated plane of the stapes foot-

plate. A loudspeaker and a microphone were placed in an AEC.
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function detrend provided by MATLAB (The Mathworks Inc.,

Natick, MA), and corrupted measurement blocks showing

large deviations from other data blocks were excluded. From

the remaining data sets, the transfer functions between the

pressure in the AEC (input) and the spatial velocities (out-

put) were calculated as the quotient of the cross power spec-

tral densities. The transfer functions were averaged, and

spatial displacements ui at the points Pi were obtained by

integration of the velocities with respect to time.

C. 3D components of stapes motion

Rigid body motions of the stapes can be described with

three translational components and three rotational compo-

nents about a reference point in a reference frame. These six

kinematical quantities of the stapes are called generalized

coordinates of a rigid body motion. In this section, we

describe how the rigid-body motion components of the spa-

tial stapes motion were derived in a reference frame based

on the medial surface of the stapes footplate.

The uneven medial surface of the stapes footplate was

approximately considered as planar which is further denoted

as the K0-plane. The corresponding frame (coordinate sys-

tem) was defined such that the origin O was at the centroid

of the approximated footplate surface, the xK0
-axis was along

the long axis of the footplate with the anterior direction as its

positive direction, the zK0
-axis running along the short axis

of the footplate with the superior direction as its positive

direction, and the yK0
-axis completing a right-handed refer-

ence system and thus being orthogonal to the K0-plane. The

K0-frame and the corresponding six rigid-body motion com-

ponents are shown in Fig. 1.

Denoting in the K0-frame the three translational dis-

placements of the origin as x0, y0, and z0, and the three rota-

tional displacements of the stapes as a0, b0, and c0, then the

linearized 3D displacement components uxi, uyi, and uzi at

a measurement point Pi are related to the six rigid-body

motion displacements of the stapes as

ui ¼ uO þ #K0
� rOPi

; (1)

with

ui ¼
uxi
uyi
uzi

2

4

3

5; uO ¼
x0
y0
z0

2

4

3

5; #K0
¼

a0
b0
c0

2

4

3

5 and rOPi
¼

x0i
y0i
z0i

2

4

3

5;

where rOPi
represents a body-fixed position vector pointing

from the origin O to the point Pi in the K0-frame as Fig. 2

illustrates.

With q0 denoting a vector with the six rigid-body

motion components, Eq. (1) can be rewritten as

ui ¼ Aiq0; (2)

with

Ai ¼
1 0 0 0 z0i �y0i
0 1 0 �z0i 0 x0i
0 0 1 y0i �x0i 0

2

4

3

5 and q0 ¼

x0
y0
z0
a0
b0
c0

2

6

6

6

6

6

6

4

3

7

7

7

7

7

7

5

:

Combining all n measurement points, this leads to

u ¼ Aq0; (3)

with u ¼ ½u1; u2;…; un�
T

and A ¼ ½A1;A2;…;An�
T
. The

vector u contains the measured displacements of the n ¼ 9

points and A is the matrix determined from the respective

coordinates x0i, y0i, and z0i of each of the n measurement

points.

Ideally, the six rigid-body motion components should be

able to be derived from 3D LDV measurements at three non-

collinear points on the footplate. However, due to unavoid-

able measurement inaccuracies, the measurements were

done at nine points, resulting in an over-determined system

in Eq. (3) allowing an error compensation. The method of

least squares error was used to calculate the six rigid-body

motion components as

q0 ¼ ðATAÞ�1
ATu: (4)

In the experiments, sets of multi-frequency harmonic sound

stimuli were used (see Sec. II B). As the middle ear is pre-

sumed to act as a linear system with applied SPL below

120 dB Voss et al. (2000), the measured displacements ui
and the resulting rigid-body motion component vector q0 by

harmonic stimulation can be regarded harmonic as well.

According to Eq. (4), the amplitude and phase of q0 were

then calculated separately for each of all 42 experimental

frequencies that were included in the stimulus signal.

D. Footplate-plane used for minimal in-plane motion
and in-plane motion parameter

Generally a point on an arbitrary cross-sectional plane

of the stapes performs a spatial motion. The point motion at

any instant can be decomposed into a motion component out

of the plane and a motion component in the plane. The mag-

nitudes of the decomposed components are dependent on the

position and orientation of the plane under focus. A specific

FIG. 2. (Color online) Description of the stapes rigid body motion with the

three translational displacements of the origin as x0, y0, and z0, and the three

rotational displacements of the stapes as a0, b0, and c0.
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plane can be found in which the in-plane motions are mini-

mal or even zero in some cases of reduced degrees of free-

dom such as a pure translation. In the following, this

particular plane is referred to as the K1-plane. The hypothe-

sis was proposed that the K1-plane is located within the sta-

pes footplate body, since the annular ligament surrounds the

stapes footplate and serves as a joint attenuating some of the

six rigid body motions.

In the K0-plane, as the position coordinate y0i of a mea-

surement point Pi equals zero, the in-plane motions uxi and

uzi depend only on the three rigid-body motion components

x0, z0, and b0, according to Eq. (2). Thus, the magnitudes of

these three rigid-body motion components were taken as a

measure of in-plane motions in the K0-plane.

Aiming to investigate the in-plane motions in the

K1-plane, the rigid body motion of the stapes is described

with respect to the corresponding stapes frame K1, whose

xK1
-zK1

plane represents the K1-plane. Figure 3 illustrates the

stapes and the two frames K0 and K1 from a superior view.

The K1-frame is characterized relatively to the K0-frame by

means of a translational vector rOO1
¼ ½xOO1

yOO1
zOO1

�T

from the origin O of the K0-frame to the origin O1 of the

K1-frame, and a rotational transformation matrix SK0K1
from

the K0-frame to the K1-frame. The rotational transformation

matrix contains the three Bryant angles aK0K1
, bK0K1

, and

cK0K1
, which are rotation angles of the K1-frame with respect

to x, y, and z axes in sequence.

In the K1-frame, the stapes motion is described in terms of

the translation uO1 ¼ ½x1 y1 z1�
T
and rotation #K1 ¼ ½a1 b1 c1�

T

of the origin O1. Having described the stapes motion in the

K1-frame, the in-plane motions of the K1-plane are represented

by the three rigid-body motion components x1, z1, and b1. In

the following, the relation between x0, z0, and b0 in the

K0-frame and x1, z1, and b1 in theK1-frame is derived.

The displacement uO1
of the origin O1 of the K1-frame

is represented by the translation uO and rotation #K0 in the

K0-frame as

uO1 ¼
x1
y1
z1

2

4

3

5 ¼ STK0K1
ðuO þ #K0

� rOO1
Þ; (5)

using Eq. (1) and the identity S�1
K0K1

¼ STK0K1
for orthogonal

matrices. The rotational components #K0 are of the first-

order approximation with their small magnitudes; therefore,

the transformation law can be applied for the rotational com-

ponents between K0- and K1-frames, and it yields

#K1
¼

a1
b1
c1

2

4

3

5 ¼ STK0K1
#K0

: (6)

Equations (5) and (6) show how the rigid body motion com-

ponents in the K1-frame can be calculated from the rigid-

body motion components in the K0-frame when the shift

rOO1
and the rotation SK0K1

for transformation between the

two frames are given.

Starting from the rigid-body motion components of the

K0-frame, the position and orientation of the K1-plane was

searched for such that the in-plane components x1, z1, and b1
were minimal. With the coordinates of the translation vector

rOO1
and the Bryant angles of the rotational transformation

matrix SK0K1
as design variables, a solution p� ¼ ½x�OO1

y�OO1

z�OO1
a�K0K1

b�K0K1
c�K0K1

� of a minimization problem was cal-

culated, which fulfilled the criterion

min
p

X

s

k¼1

jx1;kj þ jz1;kj þ jb1;kj

 !

; (7)

where the index k indicates the kth frequency from the

s ¼ 42 frequencies included in the stimulus signal. This

minimization problem was solved using a built-in function

fmincon in MATLAB (The Mathworks Inc., Natick, MA).

To assess magnitudes of the in-plane motion compo-

nents xi, zi, and bi, they were related to yi. In the case of the

K0-frame, y0 is commonly referred to as a “piston-like

motion.” The in-plane motion parameters were defined with

respect to the general frame Kj

Txj ¼
jxjj

jyjj
; Tzj ¼

jzjj

jyjj
and Tbj ¼

jbjj0:7mm

jyjj
: (8)

Regarding the length of the long (about 1.5mm) and short

(about 0.7mm) axes of the footplate, the angular rotation bj
was multiplied with a distance of 0:7 mm to get a corre-

sponding translational in-plane motion component. In Eq.

(8), j ¼ 0 and j ¼ 1 refer to the in-plane parameters of the

K0-plane and the K1-plane, respectively. These parameters

illustrate magnitude ratios of the in-plane motion compo-

nents in the plane to the motion component normal to the

plane.

1. Illustrative example

The following fictive example illustrates the idea of

introducing the K0- and K1-planes and the in-plane parame-

ters. For simplicity, the stapes was assumed to exhibit

FIG. 3. (Color online) Illustration of the stapes from a superior view. The

footplate thickness is scaled up for illustration purposes. Within the foot-

plate two frames of reference K0 and K1 are displayed. The rigid body

motion of the stapes can be described with respect to any frame of reference,

e.g., with respect to K0 or K1. This enables calculations of the corresponding

in-plane parameters in the K0- and K1-plane.
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only two non-zero rigid-body motion components in the

K0-frame: A translational motion along the yK0
-axis and a

small translational motion of the origin along the xK0
-axis.

Both motion components were assumed to be in phase. Since

the stapes exhibits no rotation, all points of the body move in

the same manner. Hence, the resultant displacement vector

ui of all points of the body has the same magnitude and

direction. Figure 4(A) illustrates the displacement compo-

nents uxi and uzi, and the resultant displacement vector ui of

three points of the K0-plane. Obviously, the points in the

K0-plane have an in-plane motion component uxi. In

Fig. 4(B), an inclined plane perpendicular to ui, denoted as

the K1-plane, is shown, in which the motion of all points

have no in-plane components. The inclination angle u

between the yK0
-axis and the yK1

-axis can be calculated ana-

lytically using the tangent of uxi by uyi . In the case that uxi is

a tenth of uyi , the angle u yields to 5.7�.In this case, Tx0
equals 0:1 (10%) and Tx1 equals 0. The two other in-plane

parameters Tzi and Tbi are obviously zero for both K0- and

K1-planes.

This example demonstrates that in-plane motions can

only be interpreted with respect to a specific plane. Under a

certain rigid body motion of the stapes, magnitudes of in-

plane motions are different depending on the cross-sectional

plane under consideration.

E. Error analysis

In this section, we provide a phenomenological discus-

sion on errors induced by the methods used in this study.

First, the uncertainties in the position of the measurement

points due to the presence of a retro-reflective glass bead

layer on the footplate are discussed. Next, we discuss how

uncertainties in the alignment of the 3D LDV with respect to

the stapes affect the determined in-plane motions. The math-

ematical description of the resulting errors in the in-plane pa-

rameters caused by these uncertainties is appended (see the

Appendix).

1. Uncertainties in the measurement positions caused
by the glass beads

The medial surface of the footplate was completely cov-

ered with retro-reflective glass beads of 50 lm diameter in

order to increase the reflectivity of the laser beam. Several

layers were required to ensure complete coverage of the

entire footplate. Thereby, it is presumed that the actual mea-

surement frame (denoted as the KO0-frame in this study) was

shifted toward the medial direction (i.e., positive yK0
-direc-

tion) by b� 50 to 300 lm with respect to the K0-frame, as

shown in Fig. 5. The unevenness of the actual measurement

surface was not considered here.

In order to illustrate the consequences of the shift

between the K0- and K00-planes exemplarily, Fig. 5 depicts

the displacements at three measurement points in the

K00-plane for a specific case where motion of the stapes has

only a rotation around the zK0
-axis (short axis of the foot-

plate) by an angle c0. While points on the K0-plane do not

have in-plane motions, points on the K00-plane move out of

the K00 -plane by uy0
i
and in the plane by ux0

i
, whereas

uxi0 ¼ bc0. Measurements by the 3D LDV picked up the dis-

placements uy0
i
and ux0

i
on the K00-plane instead of uyi and uxi

on the K0-plane. Therefore, if the offset b is not considered

in reconstruction of the stapes motion (i.e., b set to zero), the

K0-frame is treated as the actual measurement frame instead

of the K00 -frame, resulting in errors on the estimation of the

displacements uyi and uxi . As a result, the reconstruction

of motion indicates that there are in-plane motions in the

K0-plane, even when they do not exist.

To assess the consequences of the glass beads on the in-

plane motion parameter, a physiological stapes motion at

1000 Hz and 94 dB SPL with three-degrees-of-freedom,

without any in-plane motions in the K0-plane, was taken as

an example. Then Eqs. (14) and (15) deliver for b from 50 to

300 lm incorrect in-plane parameters: Tx from 0:7% to 4:4%
and Tz from 0:9% to 5:5% instead of Tx ¼ Tz ¼ 0. Tb was

not affected in this case.

2. Uncertainties in the laser alignment

To see the effect of misalignment of the laser on the

obtained in-plane motion, it was assumed that the K00-plane

FIG. 4. (Color online) The stapes exhibits a rigid body motion prescribed in

K0 by the generalized coordinates q0, whereby x0 and y0 are in phase. Since

the stapes exhibits no rotation, all points of the body move in the same man-

ner. Hence, the resultant displacement vector ui is pointing along the same

direction at all points. (A) and (B) illustrate the resulting displacement vec-

tors of three arbitrary points in the K0- and K1-planes, respectively. The

points of the K0-plane (A) obviously have an in-plane motion component

uxi , whereas the points of the inclined K1-plane (B) do not because ui stands

perpendicular to the plane. The angle u can be calculated using the tangent

of uxi divided by uyi .

FIG. 5. (Color online) The displacements at three measurement points in the

KO0 -plane for the specific case where the stapes is rotating around the zKO

axis by the angle c0 are depicted. Due to the retro-reflective glass beads the

actual measurement plane KO0 is possibly shifted toward the medial direc-

tion with respect to the K0-plane by b � 50 to 300lm. Without the offset b

considered, the recorded displacements uxi and uyi are incorrectly assigned

to the points in the K0-plane. Hence, it seems that there are in-plane motions

�uxi in the K0-plane, although they are not physically present in that plane.
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coincided with the K0-plane, i.e., the glass beads layer was

not present. Ideally, the optical axis (yL-axis) of the 3D LDV

is perpendicular to the K00-plane. However, due to inevitable

uncertainties in the alignment of the stapes to the TB holder,

as well as in the alignment of the holder and the 3D LDV to

the test rig, the actual optical axis (KL0 -frame) was possibly

rotated against the K00 -plane by the spatial angle u between

the yK00
-axis and the yKL0

-axis, as shown in Fig. 6.

In order to get an idea about realistic error bounds on

the misalignment of the 3D LDV system, accuracy of the

visual alignment was assessed. In the literature, the misalign-

ment between the LDV beam and the vertical axes of the sta-

pes footplate is often estimated to be within 65� (e.g., Hato

et al., 2003). For the purpose of determining the realistic

bounds of our setups, a scanning laser Doppler vibrometer

(SLDV) system (OFV-3001, Polytec, Germany) was

mounted in the test rig, and the deviation of the actual align-

ment to the assumed alignment was estimated using a

method that we have reported previously (Sim et al., 2010b,

2010a). The laser beam of the SLDV system had an azimuth

angle of 34.5� and an elevation angle of 3.7� from the nor-

mal position of the assumed stapes footplate. The azimuth

and elevation angles were measured with a lever meter and a

protractor. Four pieces of small wires were attached and

glued to the peripheral bones near the oval window using

instant glue gels (cyanoacrylate based fast-acting adhesives

in a jelly-like state), and their outlines were used as referen-

ces to obtain the relation between the SLDV measurement

frame and the footplate-fixed frame (i.e., K0-frame). The

coordinates of the outline of reference wires in the SLDV

measurement frame were recorded by the PSV V8.5 soft-

ware (Polytec GmbH, Germany) of the SDLV system. After

the motion measurements, the TBs with the reference wires

were scanned using a micro-CT machine (CT40, Scanco

Medical AG, Switzerland), from which the 3D features and

relative positions of the stapes and reference wires were

obtained and registered into the footplate-fixed frame. The

relation between the SLDV measurement frame and the

footplate-fixed frame calculated, the measured coordinates

of the outline in the SLDV measurement frame and real out-

lines of the reference wires obtained from micro-CT imag-

ing. Details of these methods have been described in our

previous work (Sim et al., 2012). Using this method, we

determined a mean deviation of 7.5� with a standard devia-

tion of 3.4� from all five TBs. This provided a reference

value of the accuracy of the visual alignment of the 3D LDV

with respect to the stapes.

The misalignment of the laser causes an error in the

positions of the measurement points Pi as well as the meas-

ured displacements ui at that point. The position error stems

from the fact that the location of the measurement point rOPi

was determined by reading the distance traveled by the posi-

tioning unit of the 3D LDV in the KL0 -frame. In reconstruc-

tion of the stapes motion without the misalignment

considered, it was assumed that the orientation of the

KL0 -frame and K00 -frame coincided, which served as an error

source. Thereby, the vector rL
0

O0Pi
, which is actually for a

point Pi in the KL0-frame, is assigned as the position vector

rO0Pi
of the measurement point Pi. Moreover, the displace-

ments uxi and uyi measured with respect to the KL0 -frame are

interpreted as �uxi and �uyi in the K00 -frame. As a result, uxi
and uyi of the point Pi in the KL0-frame is interpreted as �uxi
and �uyi of the point �Pi in the K00 -frame.

To assess the consequences of the misalignment on the

in-plane motion parameter, a physiological stapes motion at

1000 Hz and 94 dB SPL with three-degrees-of-freedom,

without any in-plane motions in the K00-plane, was also

taken as an example. Then, Eqs. (A6) and (A7) deliver for

a mean misalignment of 7.5� with a standard deviation of

3.4� the incorrect in-plane parameters: �T x ¼ 4:6� 13:9%,
�T z ¼ 4:4� 13:4%, and �Tb ¼ 0:7� 1:8%, although they are

actually all zero.

3. Conclusion of the error analysis

The uncertainties that we have described resulted in

unexpectedly high error boundaries of the determined in-

plane motions, particularly since the errors from the two

sources (i.e., glass beads on the measurement surface and

misalignment of the laser) could be superposed additively.

Such errors influenced the search for the K1-plane, which

was hypothesized to exist within the footplate. Thus in

searching for the K1-plane, the uncertainties b and the Bryant

angles of the transformation matrix SK0KL0
from the K0-frame

to the KL0-frame were used as additional design variables in

the minimization problem of Eq. (7). The hypothesis was

confirmed that the K1-plane is found to be within the foot-

plate for values of b and SK0KL0
within the mentioned uncer-

tainty bounds.

For the extended minimization problem with additional

consideration of error boundaries, the extended solution

p� ¼ ½x�OO1
y�OO1

z�OO1
a�K0K1

b�K0K1
c�K0K1

ba�K0L0
b�K0L0

c�K0L0
� was cal-

culated such that it fulfilled the criterion in Eq. (7). The

actual position vector rOPi
of a measurement point Pi and the

displacements uK00
at that point follow Eqs. (A1)–(A4) with

the shift vector rOO0 ¼ ½0 b 0�T . With rOPi
, the matrix AK00

was built according to Eq. (2), and the vector q0 of the

rigid-body motion components in the K0-plane was calcu-

lated by Eq. (4).

FIG. 6. (Color online) The 3D LDV frame KL was supposed to coincide

with the measurement frame K00 . Due to inevitable uncertainties in the

alignment, the actual LDV frame KL0 may be rotated against the assumed

frame K00 . Thus, the displacements uxi and uyi are measured at the point Pi

with respect to the laser frame but they are incorrectly assigned to the point
�P i and incorrectly interpreted as the vectors �uxi and �uyi with respect to the

K00 frame.
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III. RESULTS

In Sec. III A, first the measured stapes motion in the

y0-direction, typically referred to as the piston-like motion,

is compared to data reported in the literature. Next, the

six-degrees-of-freedom motion of the stapes and the in-plane

parameters are shown with respect to the actual measure-

ment frames K00 and KL0 , respectively, and with respect to

the identified K1-frame. Finally, the position and orientation

of the K1-plane with respect to K0 and the corresponding

uncertainty parameters b and SK0KL0
are given.

A. Comparison with data in the literature

Figure 7 illustrates the mean piston displacement of the

stapes normalized by the ear canal pressure in comparison

with the data of Asai et al. (1997), Hato et al. (2003),

Sim et al. (2010a), and the ASTM standard F2505.24930

(displacement limits 5%/95% percentile interval) for accep-

tance as mechanically normal human TBs). As drained coch-

leae were used in this study, the measurement was expected

to be different from the measurement with intact cochleae.

Hato et al. (2003) showed that the drainage affects mainly

the piston-like motion and only to a lesser extent the

rocking-like motions and reduces the mass and damping sig-

nificantly. That is why the first resonance gets more promi-

nent, is shifted a little toward higher frequencies, and thus

the displacement magnitude rises in the higher frequency

range. However, the qualitative behavior of the transfer

function stays the same concerning the low-frequency range

and the roll-off of about 40 dB/decade. According to Hato

et al. (2003), the rocking-like motions relative to the piston-

like motion are smaller with an intact cochlea than the corre-

sponding values for the drained cochlea. From a classical

theory of the viscous flow of Newtonian fluid, assuming the

medial surface of the footplate as flat, shear stress caused by

the in-plane motion of the stapes is presumed to be much

smaller than normal stress by the piston-like motion of the

stapes. Therefore, we expect in the case of an intact inner ear

a similar amount of in-plane motions or even slightly smaller

in-plane motions than in the considered case of drained

cochlea.

In our measurements, the first prominent resonance fre-

quency was at around 850 Hz varying between 800 Hz and

1100 Hz across the five TBs. This corresponds to the find-

ings of Silman and Silverman (1991) with the main reso-

nance frequency at around 0.8 to 1.2 kHz and to the findings

of Wada et al. (1998) with a mean value of 1.176 0.27 kHz

based on 275 ears.

The measured mean piston-like displacement along with

the corresponding standard deviation was within the ASTM

limits, indicating that the five TBs used in our study were

within a normal range. Since the ASTM standard relates to

an intact cochlea, it seems reasonable that our measurements

are at or slightly above the upper limit.

B. Motions of the stapes with respect to the actual
measurement frame (KL0 -frame)

Figure 8 illustrates the mean magnitude of the three

translational (A) and the three rotational (B) motions of the

stapes calculated from the measurements on the medial sur-

face of the stapes footplate in the five TBs. The magnitudes

of the motion components were normalized by the sound

pressure at the tympanic membrane and the corresponding

standard deviations are indicated by shaded error corridors.

The magnitudes were calculated as described in Sec. II C.

Motion of the medial-superior bony part outside the foot-

plate (1mm far from the annular ligament) was measured,

and it was considered as a noise level including the structural

vibration of the whole TB. In Fig. 8(A), the mean of all noise

levels in all five TBs was plotted together with the transla-

tional motion components. Concerning the piston motion y00 ,

the mean signal-to-noise ratio (SNR) was larger than 40 dB

across all frequencies and thus in a feasible range. Concern-

ing the other translational components x00 and z00 , whose

magnitudes were much smaller, the SNR was feasible (larger

than 20 dB) for frequencies from 300 to 7000 Hz with an

exception in the z00 component around 4000Hz.

Figure 9 illustrates the reconstructed in-plane motion

parameters of the KO0 -plane, which was presumed to include

errors of uncertainties from the glass beads and the laser mis-

alignment. The corresponding standard deviations are illus-

trated with shaded error corridors. It can be seen that with

some exceptions the in-plane motion parameters were nearly

constant from 300 to 7000Hz.

Table I lists the mean values of the in-plane motion pa-

rameter across the frequency range from 300 to 7000 Hz for

each TB. Moreover, the mean and the standard deviation

across all five TBs were stated. It is striking that x00 can

assume very high values; at some frequencies it was 30% of

the piston-like motion (Tx ¼ 0:3).
The phases of the transfer functions are not shown in

detail because our main focus is on the comparison between

in-plane and out-of-plane magnitudes. Basically, the phase

shift increased slowly below 1 kHz and then became faster

FIG. 7. (Color online) Measured mean (n ¼ 5) y0-displacement (piston-like)

of the stapes normalized by the sound pressure at the tympanic membrane in

comparison with the data of Sim et al. (2010a), Hato et al. (2003), Asai

et al. (1997), and the ASTM standard F2505.24930. The error bars represent

the standard deviation. Measurements with intact and drained cochlea are

differentiated.
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above leading to a phase shift of about 1.6 cycles around

10 kHz.

The reported spatial motion of the stapes at low frequen-

cies was confirmed by these measurements. While the stapes

head was moving inwards (medial direction), the motion

direction of the stapes head was pointing along the superior,

anterior direction. While the stapes head was moving out-

wards (lateral direction), the motion direction of the head

was pointing along the inferior, posterior direction.

C. Motions of the stapes with respect to the K1-frame

Figure 10 illustrates the measured stapes motion

described in the K1-frame. The three translations [Fig.

10(A)] and the three rotations [Fig. 10(B)] have been nor-

malized by the ear canal pressure and are displayed together

with the corresponding standard deviations. In order to track

the changes from the representation in the actual measure-

ment frames to the one in the K1-frame, the mean magni-

tudes of the motion components described in the KL0 -frame

are displayed in gray. It can be seen clearly that the in-plane

translations x1 and z1 were substantially lower, whereas the

piston-like motion and all rotational motion components

changed only slightly.

This finding is also mirrored by the in-plane motion pa-

rameters of the K1-plane illustrated in Fig. 11. The in-plane

parameters were reduced drastically, primarily in the fre-

quency range of 300 to 7000 Hz where the SNR was high.

The in-plane motion parameters did not change at frequen-

cies outside the 300 to 7000 Hz range, where the SNR was

low, and thus much measurement error was expected.

In Table I the mean in-plane motion parameters of the

K1-plane are listed in comparison to the corresponding val-

ues of the KO0-plane and the KO-plane. The average across

the frequency range between 300 and 7000 Hz is given for

each of the five TBs. Moreover, the standard deviations

among all five TBs are listed. Tx is reduced drastically from

19.1% to 2.9%, Tz from 10.8% to 4.9%, and Tb from 5.6% to

5.0%.

The in-plane motion parameters of the K1-plane allow

us to conclude that for the majority of measurements, the in-

plane motions in the K1-plane were negligible compared to

FIG. 9. (Color online) In-plane parameters of the K00 -plane including laser

misalignment errors and corresponding standard deviations with shaded

error corridors.

TABLE I. In-plane parameters of the K00 -plane including laser misalign-

ment errors and of the K1-plane and K0-plane in all five TBs. The values are

calculated for the frequency range from 300 to 7000 Hz in which a meaning-

ful SNR is guaranteed.

In-plane parameter In-plane parameter In-plane parameter

TB of K00 ½%� of K1½%� of K0½%�

No. Tx Tz Tb Tx Tz Tb Tx Tz Tb

1 25.0 15.0 7.4 2.5 3.7 7.3 9.2 8.2 7.4

2 22.4 15.9 6.7 3.6 8.6 5.7 9.2 9.0 6.1

3 21.0 7.1 4.1 2.8 4.0 4.2 8.6 9.6 4.4

4 3.8 7.1 4.1 2.2 3.3 3.3 5.2 7.3 4.3

5 23.5 8.8 5.7 3.6 5.0 4.7 10.3 6.6 5.4

Mean 19.1 10.8 5.6 2.9 4.9 5.0 8.5 8.1 5.5

Std 8.7 4.3 2.5 0.6 2.2 1.5 3.2 3.6 2.4

FIG. 8. Mean magnitude of the three translational (A) and the three rota-

tional (B) stapes motion components, calculated from measurements in five

TBs (see Sec. II C) with respect to the actual measurement frame KL0 . The

magnitudes are normalized by the sound pressure at the tympanic membrane

and the standard deviation is illustrated by shaded error corridors. The mean

of the structural vibrations in all TBs, representing the noise level, is also

displayed.
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the out-of-plane motions. The three in-plane motion parame-

ters were around 4%.

Table II provides the position and orientation of the

K1-frame with respect to the K0-frame for all five TBs. In

Table II, an angle w represents the spatial angle between the

yK0
-axis and the yK1

-axis, and a vector rOO1
represents the

shift of the origin of the K1-frame relative to the origin of

the K0-frame. Moreover, the thickness b of the glass bead

layer and the spatial angle u, which is an angle between the

yK00
-axis and the yKL0

-axis, and was determined by the trans-

formation matrix SK0KL0
, are also listed in Table II.

The mean of the x and z shifts in rOO1
were both positive

at around 281 lm and 146 lm, respectively. The shifts in the

yK0
-direction were around 118 lm pointing laterally. The

mean angle w between the K0-plane and the K1-plane was

4.7�.

In all cases except one, b was within the estimated

bounds of about 50 to 300 lm. The minimum value of 51 lm

was the approximate thickness of a single glass bead layer.

The values of the angle u were also feasible when taking

into account the uncertainty bounds for the laser misalign-

ment, which were around 7.5� with a standard deviation of

3.4�.

IV. DISCUSSION

A. Anatomical feasibility of the K1-plane

The decomposition of motions into in-plane and out-of-

plane components depends on the position and orientation of

the plane under consideration. The results of this study have

shown that the in-plane motions were large for the measure-

ment plane (i.e., KL0 -plane) but they became much smaller

(in-plane parameter around 4%) for the slightly shifted and

rotated K1-plane. Considering the hypothesis of this study

that the in-plane motions become minimal in a certain cross-

sectional plane of the stapes footplate, the question is: Can

the determined positions and orientations of the K1-planes be

anatomically feasible?

Concerning the position of the K1-plane, the x and z

shifts of the origin of 0.28mm in the x-direction and 0:15
mm in the z-direction were less than 10% considering the

lengths of the footplate along its long axis (approximately

3mm) and along its short axis (approximately 1.5mm) (see

Kirikae, 1960; Farahani and Nooranipour, 2008). Further-

more, the K1-plane was shifted to the lateral direction by

FIG. 10. Mean normalized magnitudes and the corresponding standard devi-

ations of the three translational (A) and the three rotational (B) stapes

motion components with respect to the stapes frame K1. By comparison, the

mean magnitudes of the stapes motions in KL0 (see Fig. 8) are displayed in

gray.

FIG. 11. (Color online) In-plane parameters related to the stapedial joint

frame K1 and corresponding standard deviations displayed with shaded error

corridors.

TABLE II. Position and orientation of the K1-frame with respect to the

K0-frame and the corresponding thickness b of the glass beads layer and the

laser orientation SK0KL0
. The relative orientation between K0- and K1-planes

is given by the spatial angle w and the relative orientation between K0- and

KL0 -planes by the angle u. The shift of the origin is given by the coordinates

of the shift vector rOO1
.

TB
rOO1

½lm�
w b u

No. x y z [8] [lm] [8]

1 259 –196 241 3.2 341 6.4

2 273 –58 266 4.7 59 9.8

3 298 –167 –268 5.7 252 7.4

4 287 –117 194 5.4 121 1.6

5 289 –51 297 4.5 51 7.1

Mean 281 –118 146 4.7 165 6.5

Std 15.3 –64 234.5 1.0 127 3
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118 lm on average, relative to the K0-plane (c.f. Table II).

Taking into account a footplate thickness of about 250 lm as

reported by Farahani and Nooranipour (2008), the K1-plane

is located near the middle of the stapes footplate.

Anatomical feasibility of the rotation of the K1-plane

relative to the K0-plane (4.76 1�) was examined with the 3D

feature of the stapes footplate reconstructed from micro-CT

images. Figure 12 displays the 3D feature of a male stapes

reconstructed from micro-CT images. The K0-plane (red

plane) was determined as a plane fitting to the medial surface

of the footplate with the centroid of the medial surface as

origin. The vertical axis of the stapes defined as a line con-

necting the origin of K0 and the stapes head, deviated by

7.56 1.3� from the normal (yK0
-axis) of the K0-plane in the

five TBs. Hence, the inclination of the K1-plane relative to

the K0-plane by 4.76 1� is feasible considering the anatomy

of the stapes footplate.

We can thus conclude that spatial motion of the stapes

exhibits negligible in-plane components in the K1-plane,

which is located near the middle of the footplate with a

mean distance of 118 lm from the K0-plane and an inclina-

tion of 4.7� relative to the K0-plane.

B. Reconstructed in-plane parameters in the
K0-plane

In Sec. III, the in-plane motions on the K1-plane were

shown in comparison to the in-plane motions on the mea-

surement plane (i.e., KL0-plane). Based on these findings,

the question of how large the in-plane motions are in the

K0-plane can be raised. The in-plane motions on the

K0-plane were calculated with mean relative position

between the K0-plane and the K1-plane and the stapes

motion in the K1-frame, which corresponds to Table II.

Equations (5) and (6) were used for the calculation.

Figure 13 illustrates the resulting in-plane motion

parameters for the K0-plane, which are listed as well in

Table I in detail. Tx and Tz were about 8:5% and 8:1%,

respectively, and Tb was about 5:5% in the frequency range

from 300 to 7000 Hz. While Tb showed similar values for

K00- and K1-planes, Tx and Tz on the K00 -plane were larger

than the corresponding values on the K1-plane.

C. Consequences of in-plane motions on
reconstruction of stapes motions from
measurements using 1D and scanning LDV

As in-plane motions are normally present in the

K0-plane as shown in Fig. 13, they will affect reconstructed

stapes motions when determined by measurements using a

one-dimensional (1D) or SLDV system, where reduced

degrees of freedom of the stapes motion are usually assumed.

As the 1D LDV or SLDV measures motion of the target only

along the laser beam direction, the full six-degrees-of-free-

dom motion of the stapes cannot be reconstructed if motions

of points on the medial or lateral surface of the footplate are

measured without changing relative angles between the foot-

plate and the laser beam of the LDV. In previous works by

Hato et al. (2003) and by Sim et al. (2010a, 2010b), piston-

and rocking-like motions of the stapes footplate were recon-

structed from their limited measurements, assuming no

in-plane motion of the footplate. However, the reconstructed

piston- and rocking-like motions contain a certain amount of

error due to the in-plane motions, which were ignored in their

reconstructions.

Figure 14 depicts two measurement situations. With no

in-plane motion, depicted on the left side, ui equals uyi and

the LDV measures um ¼ uicosðuÞ. When in-plane motions

are present, depicted on the right side, the displacement vec-

tor ui at a measurement point on the footplate contains the x

and z components uxi and uzi as well as the component uyi .

As illustrated in Fig. 14, this yields um ¼ cosðuÞðuxi þ uziÞ.
When measurements are made with the 1D LDV system, the

spatial motion components cannot be measured separately,

and it is generally assumed that uxi and uzi equals zero and

thus ui ¼ uyi ¼ um=cosðuÞ. As Fig. 14 illustrates, this is

obviously not true and leads to an inaccurate reconstruction

of the piston motion y0 and rocking motions a0 and c0.

FIG. 12. Red represents a plane fitting to the lateral surface of the footplate

surface with the centroid of the surface as the origin (K0-plane). Blue depicts

the shift of the plane to the lateral direction by 118lm relative to the K0-

plane and was rotated such that it became normal to a line connecting the

centroid of the medial footplate surface and the centroid of the stapes head

(blue line).

FIG. 13. (Color online) Reconstructed in-plane parameters of the K0-plane

(or lateral footplate plane) based on the stapes motion in the K1-plane. The

K1-plane was shifted 118lm in the lateral direction and rotated by 4.7� with

respect to the K0-plane.
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In order to estimate the induced error, the stapes motion

of Fig. 13 was prescribed in the K0-frame and a 1D SLDV

measurement on the medial surface was simulated. In the

simulation, it was assumed that KL0 ¼ K00 ¼ K0. While the

measured motion um along the direction of the laser beam

was actually simulated from uxi , uyi , and uzi , reconstruction

of uyi was done by uyi ¼ um=cosðuÞ with the assumption of

the reduced degrees of freedom (i.e., uxi ¼ uzi ¼ 0). Such

discrepancy served as an error source on the reconstructed

uyi and thus reconstructed rigid body motions.

The errors in y0, a0, and c0 were qualitatively and quan-

titatively very similar. With 0� inclination of the laser beam

(i.e., the laser beam is perpendicular to the K0-plane), no

error was induced to y0, a0, and c0 by the in-plane motions

because in-plane motions do not affect the measured

uyi-component of the point. With an inclination angle of 45�,

the error in the piston-like displacement y0 was 3.7 dB, the

error in a0 was 3.1 dB, and the error in c0 was 2.8 dB. Consid-

ering typical inclinations of less than 45�, it can be concluded

that the effect of in-plane motions on the reconstructed out-

of-plane motion components, which are generally measured

with 1D LDV or SLDV systems, is small.

V. CONCLUSIONS

In this study, the six-degrees-of-freedom stapes motions

were reconstructed from measurements on the medial

surface of the stapes footplate, and in-plane motions of the

footplate were investigated for the measurement plane

(KL0 -plane), the approximated plane of the medial footplate

surface (K0-plane), and the cross-sectional plane of the foot-

plate in which the in-plane motions became minimal

(K1-plane). For illustration of the in-plane motions, in-plane

motion parameters were defined as the ratio of the in-plane

motions (two translational and one rotational) to the transla-

tional out-of-plane motion. We determined the existence of

the K1-plane, which has in-plane motion parameters of less

than 5.0%. The position and orientation of the K1-plane were

in an anatomically feasible range. Simulated experiments

were carried out to see the effects of the in-plane motions on

reconstructions of stapes motions using 1D LDV or SLDV

systems. With typical inclinations of the laser relative to the

stapes footplate, errors on the reconstructed out-of-plane

motions caused by the in-plane motions are expected to be

less than 4.0 dB.
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APPENDIX: EFFECTS OF THE UNCERTAINTIES IN
THE MEASUREMENT POSITION AND IN THE
ALIGNMENT OF THE LASER ON THE IN-PLANE
PARAMETER

Uncertainties in the measurement position and in the

alignment of the 3D LDV affect the determined in-plane

parameter. Figure 15 depicts three frames of reference intro-

duced in this article: A frame based on the medial surface of

the footplate (K0-frame), a frame shifted from the K0-frame

due to glass beads (K00-frame), and a frame determined by

the laser beam of the LDV (KL0-frame). The K0-frame can be

considered as an ideal measurement frame without any offset

and alignment error of the laser beam.

As the shift from the K0-frame to the K00-frame is

defined by the vector rOO0 , the position vector rOPi
of a mea-

surement point Pi in the K0-frame is expressed as the corre-

sponding position vector rO0Pi
in the K00 -frame.

rOPi
¼ rOO0 þ rO0Pi

: (A1)

Then the corresponding position vector rL
0

O0Pi
represented in

coordinates of the KL0-frame is related to the position vector

rO0Pi
in the K00 -frame as

rL
0

O0Pi
¼ SK0KL0

rO0Pi
; (A2)

where SK0KL0
represents a rotational transformation matrix

from the K00-frame to the KL0 -frame. With the y-component

of rO0Pi
as zero, Eqs. (A1) and (A2) result in

rL
0

O0Pi
¼

S11ðx
0
i � xshiftÞ þ S13ðz

0
i � zshiftÞ

S21ðx
0
i � xshiftÞ þ S23ðz

0
i � zshiftÞ

S31ðx
0
i � xshiftÞ þ S33ðz

0
i � zshiftÞ

8

>

<

>

:

9

>

=

>

;

; (A3)

FIG. 15. (Color online) Due to uncertainties in the alignment of the stapes

and the 3D LDV, the assumed frame K0 and the actual frame KL0 and K00 do

not coincide. Consequently, there are errors in the positions of the measure-

ment points and in the measured displacements at those points.

FIG. 14. (Color online) Consequence of in-plane motions on reduced

1D/SLDV measurements. Except for the case of no in-plane motions,

the assumption ui ¼ uyi ¼ um=cosðuÞ introduces an error in the recon-

structed piston and rocking motions of the stapes, because the measured

displacement um generally consists of all three spatial components uxi , uyi ,

and uzi .
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with rOPi
¼ ½x0i y

0
i z

0
i�
T
and rOO0 ¼ ½xshift yshift zshift�

T
. Here, Sij

indicates an element of the matrix SK0KL0
in the ith row and

the jth column. Without the offset by the glass beads and mis-

alignment of the laser beam considered, x and z values of rL
0

O0Pi

are wrongly assigned to x and z coordinates of the measure-

ment point Pi in the K0-frame. Denoting the wrong position

vector of the measurement point Pi in the K0-frame as �rOPi

�rOPi
¼

S11ðx
0
i � xshiftÞ þ S13ðz

0
i � zshiftÞ

0

S31ðx
0
i � xshiftÞ þ S33ðz

0
i � zshiftÞ

8

<

:

9

=

;

: (A4)

Correspondingly, the incorrect matrix �AK0
is constructed

from the wrong position vector �rOPi
.

Without consideration of the misalignment of the laser

beam with respect to the K0-frame, the measured displace-

ment uKL0
in the KL0-frame is also incorrectly assigned to the

corresponding displacement ui in the K0-frame. Therefore,

the incorrect displacement vector �ui in the K0-frame becomes

�ui ¼

S11uxi þ S12uyi þ S13uzi
S21uxi þ S22uyi þ S23uzi
S31uxi þ S32uyi þ S33uzi

8

<

:

9

=

;

: (A5)

Consequently, by substituting the incorrect positions and dis-

placements of the measurement points in the K0-frame to

Eq. (4), an incorrectly estimated rigid body motion �q0 in the

K0-frame is obtained as

�q0 ¼ ð�A
T

K0

�AK0
Þ�1 �A

T

K0
�uK0

; (A6)

where �uK0
¼ ½�u1 �u2 � � � �un�

T
for nine measurement points

(n ¼ 9). With �u0 ¼ ½�x0 �y0 �z0 �a0
�b0 �c0�

T
, the incorrect in-plane

motion parameters are obtained as

�T x ¼
j�x0j
j�y0j

; �T z ¼
j�z0j

j�y0j
and �Tb ¼

j�b0j 0:7mm

j�y0j
: (A7)
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