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ABSTRACT

We study the covariance of the cross-power spectrum of different tracers for large-scale
structure. In the first part, we use the counts-in-cells framework to derive expressions
for the full non-Gaussian covariance matrix, including all contributions to the errors
arising from the discreteness of matter. In the analysis, we pay attention to the as-
sumed sampling distribution: besides the usual Poisson model, we also consider the
toy-model scenario where one tracer is simply a sub-sample of the other and results
are presented for both cases. This is instructive, since it is likely that not all galaxies
are equally good tracers of the mass – in particular those hosted in the same halo.
We then compare the efficiency of the cross-spectrum with the simple auto-statistic.
In the limits of Gaussian statistics and large survey volumes, we find that the cross-
spectrum approach can out perform the standard auto-spectrum approach, provided
one is cross-correlating a high-density sample with a rare sample.

In the second part, we confront theory with estimates of the fractional errors in the
mass-mass, halo-mass, and halo-halo power spectra measured from the zHORIZON-I

simulations – total volume ∼ 100 h−3 Gpc3. Good agreement is found on large-scales
k < 0.07 h Mpc−1 and there is no obvious advantage gained from the different estima-

tors, since σP /P ∝ Vµ
−1/2 in all cases. On smaller scales there is an increase in the

errors for all spectra. This can be attributed to increasing importance of Poisson sam-
pling fluctuations and the generation of non-Gaussian error terms from gravitational
mode coupling. The Gaussian plus Poisson sampling model captures these trends rea-
sonably well until k ∼ 0.2 h Mpc−1. For halo clustering studies, we also find that there
is roughly ∼ 2 advantage to be gained from using the cross-spectrum approach. All
of the analysis was then repeated in configuration space, and the main difference is
that, on very large scales, there is roughly a factor ∼ 2 improvement in the signal-to-
noise for halo clustering from the cross-correlation method. This work points the way
towards the design of improved estimators for large-scale structure and is expected to
be of most use in future studies of primordial non-Gaussianity.

Key words: Cosmology: theory – large-scale structure of Universe

1 INTRODUCTION

The power spectrum of matter fluctuations is of prime con-
cern in cosmology, since it contains detailed information
about the underlying world model and provides a method
for probing the initial conditions of the universe. Moreover,
if the statistical properties of the initial fluctuations form
a Gaussian Random Field, as is the case for most infla-
tionary models, then the power spectrum provides a com-
plete description for the spatial statistics of the density
field. One reflection of this, is that over the last few years
a large fraction of observational and theoretical effort has

⋆ res@physik.unizh.ch

been given over to estimating the power spectrum from large
galaxy surveys and also to devising methods for extracting
as much cosmological information from the signal as possible
(Percival et al. 2001; Tegmark et al. 2004; Cole et al. 2005;
Tegmark et al. 2006; Percival et al. 2007).

In order to obtain robust cosmological constraints from
such data sets, one, however, requires additional knowledge
about the signal covariance matrix – or the correlation func-
tion of power fluctuations. Unlike the power spectrum, which
is the Fourier transform the two-point correlation of fluctu-
ations in the density field, the covariance has had relatively
little attention. This mainly stems from the fact that in order
to estimate this quantity from a galaxy survey, or to compute
it theoretically, one is required to investigate the four-point
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function of Fourier modes, more commonly the trispectrum
of galaxies, and this is a substantially more complex quan-
tity to deal with.

The first study of power spectrum covariance, in the
modern context, was performed by Feldman et al. (1994),
who showed, under the assumption of Gaussianity, that
the matrix was diagonal and that the variance per band-
power was proportional to the square of the power in the
band (see also Stirling & Peacock 1996). This result gave
impetus to those advocating the use of power spectra for
large-scale structure work, over the simpler two-point cor-
relation function, ξ, since under these same assumptions ξ
possessed correlated errors (Bernstein 1994). However, later
on, both Scoccimarro et al. (1999) and Meiksin & White
(1999) independently showed that the real situation was
much more complicated than the Gaussian calculation would
lead one to believe. They recognised that non-linear grav-
itational instability would cause different Fourier modes
to become coupled together, thus breaking the Gaussian-
ity. In Scoccimarro et al. (1999), this mode coupling be-
haviour was demonstrated by using higher-order perturba-
tion theory to calculate the trispectrum and by an anal-
ysis of results from an ensemble of N-body simulations.
One direct consequence of this effect, was that the frac-
tional errors in the dark matter power were shown to
reach an almost constant plateau on intermediate to small
scales, regardless of the additional number of Fourier modes
(see also Scoccimarro & Sheth 2002; Hamilton et al. 2006;
Rimes & Hamilton 2006). They also showed that off diag-
onal covariance on small scales was generated, but their
results on large scales appeared inconclusive, owing to the
increased sample variance. Meiksin & White (1999) reached
similar conclusions. They also extended the theoretical anal-
ysis to include the covariance in the power spectrum, arising
from the finite sampling of the density field, referred to as
Poisson sampling variance. This is of most importance for
rare tracers of the density field such as bright galaxies and
cluster (for a comprehensive review of results for power spec-
trum and correlation function covariance in the Gaussian
plus Poisson sampling limit see Cohn 2006).

In this paper we extend the previous analysis in a num-
ber of ways. Firstly, we extend the standard framework
to calculate the covariance properties of the cross-power
spectrum of two tracers for the large-scale structure. In
recent times, cross-correlation techniques have become an
ever more important tool for extracting information from
large-scale structure data. For instance, in a recent theo-
retical study, Smith et al. (2007) demonstrated, using N-
body simulations, that the cross-power spectrum between
dark matter and haloes had several advantages over the
simpler auto-power spectrum method. In particular, a re-
duced shot-noise correction and reduced errors. This cross-
correlation approach has been further exploited to elucidate
the environmental dependence of halo bias (Jing et al. 2007;
Angulo et al. 2008b). Also, the cross-correlation approach
has recently been applied to real survey data, to study
the intrinsic clustering properties of quasars in the SDSS
photometric redshift catalogue, through cross-correlating
them with the, relatively speaking, much more abundant
Luminous Red Galaxy (LRG) sample (Padmanabhan et al.
2008). It is therefore of great use to have an explicit calcula-
tion for the covariance of cross-correlations and to perform a

more quantitative assessment of estimator efficiency. More-
over, the covariance matrix is an important ingredient for
any Fisher matrix parameter forecast, and hence an essen-
tial tool for optimal survey design (Tegmark 1997).

Secondly, whilst the covariance matrix of the dark mat-
ter power spectrum has been studied in some detail, that
of haloes and galaxies has not received nearly the same
level of attention – at least not beyond the assumption of
linear density evolution and linear biasing. Notable con-
tributions are: Cooray & Hu (2001); Scoccimarro & Sheth
(2002); Sefusatti et al. (2006); Angulo et al. (2008a). We
shall therefore attempt to further address these issues,
through use of the zHORIZON-I simulations. A large ensem-
ble of dark matter N-body simulations with total volume of
the order ∼ 100 h−3 Gpc3.

Thirdly, we shall not only study the covariance of the
cross-power spectra, but also the cross-correlation functions.
Recently it was claimed that the latter was the best way
to measure Baryonic Acoustic Oscillations (Sanchez et al.
2008), since in configuration space, the estimators ap-
pear not to suffer from the pernicious scale-dependent bias
that affects the galaxy power spectrum (Cole et al. 2005;
Smith et al. 2007; Angulo et al. 2008a). We shall therefore
also look to see how well the fractional errors compare be-
tween the two different approaches.

The paper is broken up as follows: In §2 we provide an
overview of the counts-in-cells approach for computing clus-
tering statistics and how it is to be applied when one has two
different populations of objects tracing the large-scale struc-
ture. Then in §3 we derive an expression for the covariance
of the cross-power spectrum, including all non-Gaussian and
finite sampling contributions to the error. Limiting cases are
considered and expressions are also given for band-power av-
erages. In §4 we compare the efficiency of the cross-power
spectrum estimator with the simpler auto-power spectrum
method. In §5 the analogous expressions are derived for the
cross-correlation function. In §6 we make a direct compar-
ison of the theoretical predictions with estimates measured
from numerical simulations. Finally in §7 we summarise our
results and conclude.

2 THEORETICAL BACKGROUND

2.1 Statistics of a single tracer population

Consider a single population of N discrete objects in some
large volume Vµ that trace the large-scale structure of the
Universe in some way. Following Peebles (1980), we shall as-
sume that these tracers are Poisson sampled from some un-
derlying smooth density field, and that the statistics of this
underlying field are well described by a Gaussian Random
Field. Hence, on partitioning space into a set of infinitesimal
volume elements δV , the probability of finding Ni galaxies
in an element at position vector ri is given by

P (Ni|λ = n(ri)δV ) =
exp[−λ]λNi

Ni!

≈
{

n(ri)δV (Ni = 1)
1 − n(ri)δV (Ni = 0)
0 (Ni > 1)

, (1)
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where n(r) is the continuous number density function for
tracers in the volume, which, in the local model for galaxy
bias (Fry & Gaztanaga 1993; Coles 1993), is directly re-
lated to the underlying distribution of fluctuations in the
CDM; and for the linearised relation this is simply: n(r) =
n̄ [1 + bδ(r)], where δ(r) = [ρ(r) − ρ̄] /ρ̄ is the fractional
over-density in the dark matter relative to the mean den-
sity ρ̄. The probabilities of finding Ni > 2 are higher powers
of the infinitesimal quantity δV and so are negligible. It can
now be shown that all of the one-point moments are (m > 1):

〈Nm
i 〉 = . . . = 〈Ni〉 = n(ri)δV ; (2)

and the central moments of the distribution are (m > 1)

〈(Ni − 〈Ni〉)m〉 = n(ri)δV . (3)

The two-point moments may also be derived. Consider
the joint probability of finding objects in two disjoint volume
elements δVi and δVj separated by a vector rij = ri − rj ,
in the Poisson sampling model this is given simply by the
product of the independent probabilities (i 6= j):

P (Ni, Nj) = P (Ni)P (Nj) (4)

= n(ri)n(rj)δViδVj . (5)

Thus on averaging over all possible samplings and all points
in space, we find that the two-point moments may be writ-
ten,
〈

Nk
i Nm

j

〉

= n̄2δViδVj [1 + ξ(ri, rj)] , (6)

where n̄ ≡ 〈n(r)〉 =
∑

i
Ni/Vµ = N/Vµ is the mean number

density of tracers and ξ(ri, rj) is the two-point auto corre-
lation function. Hence, correlations are introduced into the
sample, if and only if the points in the underlying continuous
field are correlated.

2.2 The auto-power spectrum

We define the Fourier relations for the density field as,

δ(r) =

∫

d3k

(2π)3
δ(k) exp(−ik · r) ; (7)

δ(k) =
1

Vµ

∫

d3r δ(r) exp(ik · r) . (8)

The density field of the discrete counts in cells is written

δd(r) =
1

n̄

∑

i

[Ni − 〈Ni〉] δD(r − ri) , (9)

which on insertion into our definition of the Fourier trans-
form leads to the discrete sum

δd(k) =
1

N

∑

i

[Ni − 〈Ni〉] exp(ik · ri) . (10)

We may now compute the power spectrum of the dis-
crete set of tracers,

〈

δd(k1)δ
d(k2)

〉

=
1

N2

∑

i,j

〈[Ni − 〈Ni〉] [Nj − 〈Nj〉]〉

× eik1·ri+ik2·rj (11)

=
1

Vµ
2

∑

i6=j

δViδVjξ(ri, rj)e
ik1·ri+ik1·rj

+
1

NVµ

∑

i=j

δVie
i(k1+k2)·ri . (12)

The sums over cells can be transformed into volume inte-
grals, and the double volume integral over the correlation
function in the first term can be simplified by recalling that
through statistical homogeneity ξ(ri, rj) = ξ(ri − rj , 0). We
may then make use of the orthogonality of the Fourier basis
functions to evaluate integrals of the type,
∑

i

δVie
i(k1+k2)·ri = VµδK

k1,−k2
. (13)

Hence, after performing these steps and introducing our def-
inition of the power spectrum as

P (k1)δ
K
k1,−k2

≡ Vµ 〈δ(k1)δ(k2)〉 , (14)

we recover the standard result for the power spectrum of
discrete tracers (Peebles 1980):

P d(k) = P c(k) +
1

n̄
, (15)

where P c is the power spectrum of the underlying continuous
field of tracers. The constant term on the right-hand-side of
the equation is more commonly referred to as the ‘shot noise
correction’ term, and is the additional variance introduced
through discreteness.

2.3 Statistics of two tracer populations

We shall now extend the above analysis to the problem of
two different tracer populations, which we shall denote as A
and B. Let the total number of objects in samples A and B
be NA and NB , and the numbers of each type of object in the
ith cell be NA,i ≡ NA(ri) and NB,i ≡ NB(ri), respectively.
Likewise the mean number densities are n̄A and n̄B . We now
consider two cases for the sampling distributions, these are:

(i) Non-overlapping tracers. A and B are both inde-
pendent Poisson samples of the underlying continuous den-
sity field. In this system the joint probability distribution
for obtaining objects of types A and B in a single cell is:

P (NA,i, NB,i) = P (NA,i|λA)P (NB,i|λB) ;

≈











1 − [nA(r) + nB(r)] δV (NA = 0, NB = 0)
nA(r)δV (NA = 1, NB = 0)
nB(r)δV (NA = 0, NB = 1)
0 (NA > 1, NB > 1) .

(16)

The one-point cross-moments are then calculable (m >

1, k > 1),
〈

Nm
A,iN

k
B,i

〉

= 0 ; (17)

and so too the central moments:
〈

(NA,i − 〈NA,i〉)m (NB,i − 〈NB,i〉)k
〉

= 0 . (18)

As in Eq. (5), the two-point cross-moments may also be
derived and these are (i 6= j) :
〈

Nm
A,iN

k
B,j

〉

= n̄An̄BδViδVj [1 + ξAB(ri, rj)] , (19)

where ξAB is the two-point cross-correlation function of the
tracers A and B.



4 R. E. Smith

(ii) Overlapping tracers. A is a Poisson sample of the
underlying continuous density field, and B is a sub-sample of
A. This time the joint probability distribution for obtaining
objects of types A and B is written:

P (NA,i, NB,i) = P (NA,i|λA)P (NB,i|NA,i) . (20)

The conditional probability P (NB,i|NA,i) is the key object
of interest here, and as a simple illustrative example we will
take this as:

P (NB,i|NA,i) =











1 (NB = 0|NA = 0)
a (NB = 1|NA = 1)
1 − a (NB = 0|NA = 1)
0 (NB > 1|NA > 1) ,

(21)

where we shall fix a ≡ NB/NA. Again, the one-point cross-
moments are also calculable for this sampling model,
〈

Nm
A,iN

k
B,i

〉

= a nA(ri)δV = nB(ri)δV ; (22)

and so too the central moments,
〈

(NA,i − 〈NA,i〉)m (NB,i − 〈NB,i〉)k
〉

= nB(ri)δV . (23)

Similarly, the two-point cross-moments are also calculable,
〈

Nm
A,iN

k
B,j

〉

= n̄An̄BδViδVj [1 + ξAB(ri, rj)] . (24)

2.4 The cross-power spectrum

We may also compute the cross-power spectrum of tracers A
and B, and for both the non-overlapping (case i) and over-
lapping (case ii) sampling distributions. The Fourier modes
for tracers A and B can be written,

δd
T (k) =

1

NT

∑

i

[NT(ri) − 〈NT,i〉] exp(ik · ri) , (25)

where T = {A, B} denotes the tracer type. As for the auto-
spectrum, we shall define the cross-power spectrum, as

PAB(k1)δ
K
k1,−k2

≡ Vµ 〈δA(k1)δB(k2)〉 . (26)

Following now the steps in §2.2, but this time using the
statistics for the counts-in-cells as given in the previous sec-
tion, we find that the cross-power of discrete tracers A and
B obeys the relation:

P d
AB(k) = P c

AB(k) +
{

1

n̄A

}

, (27)

where P c
AB is the cross-power spectrum of the underlying

continuous fields. This expression is almost identical to the
result for the auto-spectrum (Eq. 15), however we emphasise
an important difference, the constant term is enclosed by
curly brackets:

{. . .} – shall have the special meaning that this term only
appears when there is an overlap between samples A and B
as in sampling case(ii),

otherwise this term is exactly zero (see Peebles 1980).
We note that this notation shall be exploited throughout the
rest of the paper, to represent the results from both sampling
distributions with a single equation. More intuitively, the ap-
pearance of the constant term in the cross-power spectrum
warns us that, if the two samples are not truly independent,
then we should expect some finite sampling correction.

3 COVARIANCE OF THE CROSS-POWER

SPECTRUM

We now turn to the calculation that will be the central an-
alytic result for the paper and that is the derivation of the
full non-Gaussian covariance of the cross-power spectrum
for discrete tracers A and B. Note that, when considering
sampling case ii, and in the limit that NA = NB , then we
shall recover the standard covariance relations for the auto-
power spectrum (Meiksin & White 1999; Scoccimarro et al.
1999).

3.1 Definition of the covariance

To begin, we define the covariance, per mode, of the cross-
power spectrum for discrete tracers A and B as,

Cd
AB ≡ Cov

[

P d
AB(k1), P

d
AB(k2)

]

=
〈

P d
AB(k1)P

d
AB(k2)

〉

−
〈

P d
AB(k1)

〉 〈

P d
AB(k2)

〉

.(28)

On inserting the definition for the cross-power spectrum,
PAB ≡ Vµ 〈δA(k1)δB(−k1)〉, and make use of Eq. (27) in
the second term on the right-hand-side, then we obtain

Cd
AB = Vµ

2
〈

δd
A(k1)δ

d
B(−k1)δ

d
A(k2)δ

d
B(−k2)

〉

(29)

−
(

P c
AB(k1) +

{

1

n̄A

})(

P c
AB(k2) +

{

1

n̄A

})

.(30)

Thus we see that in order to compute the covariance of the
cross-power spectrum, it is also necessary to evaluate the
four-point function of Fourier modes, or more commonly the
trispectrum.

3.2 Evaluating the discrete cross-trispectrum

Using the counts-in-cells approach, the four point cross-
correlation function of Fourier modes can be written explic-
itly as,

〈

δd
A(k1)δ

d
A(k2)δ

d
B(k3)δ

d
B(k4)

〉

=
1

N2
A

1

N2
B

∑

i,j,k,l

eik1·ri+...+ik4·rl

×
〈

(NA,i − 〈NA,i〉) (NA,j − 〈NA,j〉)

× (NB,k − 〈NB,k〉) (NB,l − 〈NB,l〉)
〉

. (31)

Thus we find that in order to evaluate the trispectrum,
we are in turn required to evaluate the four-point cross-
correlation function of counts-in-cells. Again, following
Peebles (1980), we break this quadruple sum into five types
of terms, each of which arises from a particular partitioning
(equivalencing) of the indices (i, j, k, l). Full details are pre-
sented in the following subsections, those not wishing to be
embattled at this stage should skip ahead to §3.3.

3.2.1 Terms (i 6= j 6= k 6= l)

Terms in the sum with these indices, correspond to contri-
butions to the product from the full four-point correlation
function of the field. These terms can be rewritten as,

〈(NA,i − 〈NA,i〉) . . . (NB,l − 〈NB,l〉)〉 = n̄2
An̄2

BδVi . . . δVl

×
[

ηAABB
ijkl + ξAA

ij ξBB
kl + ξAB

ik ξAB
jl + ξAB

il ξAB
jk

]

, (32)
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where for convenience we have introduced the abbreviated
notation for the two-, three- and four-point correlation func-
tions:

ξij ≡ ξ(ri, rj) ; ζijk ≡ ζ(ri, rj , rk) ; ηijkl ≡ η(ri, rj , rk, rl) .

On inserting the above expression into Eq. (31), transform-
ing the sums over cells to volume integrals, and using the
statistical homogeneity of the correlation functions, we ob-
tain the following expression,

Vµ
2
〈

δd
A(k1) . . . δd

B(k4)
〉

=
1

Vµ
TAABB(k1,k2, k3,k4)δ

K
k1+...+k4,0

+PAA(k1)PBB(k3)δ
K
k1,−k2

δK
k3,−k4

+PAB(k1)PAB(k2)δ
K
k1,−k3

δK
k2,−k4

+ PAB(k1)PAB(k2)δ
K
k1,−k4

δK
k2,−k3

, (33)

where the irreducible or connected trispectrum of the
underlying continuous density field has been defined as,
T (k1, . . . ,k4) ≡ Vµ

3 〈δ(k1) . . . δ(k4)〉c δK
k1+...k4,0. This obeys

a Fourier relation with the irreducible four-point correlation
function ηijkl.

3.2.2 Terms (i 6= j 6= k = l) + perms.

There are six types of term that arise from the equivalencing
of two of the indices, and in order to evaluate these, we are
required to deal with products of the form,
〈

(NA,i − 〈NA,i〉) (NA,j − 〈NA,j〉) (NB,k − 〈NB,k〉)2
〉

= 〈(NA,i − 〈NA,i〉) (NA,j − 〈NA,j〉)NB,k〉 , (34)

= n̄2
An̄BδViδVjδVj

[

ξAA
ij + ζAAB

ijk

]

, (35)

where the second equivalence follows from the rules for the
cross-moments §2.3. Hence, on repeating this procedure for
all possible ways of equivalencing two indices we arrive at six
expressions. Then, on following a procedure similar to the
evaluation of the cross-power spectrum, and on introducing
the bispectrum B as,

B(k1,k2)δ
K
k1+k2+k3,0 ≡ Vµ

2 〈δ(k1)δ(k2)δ(k3)〉 , (36)

and noting that B and ζ are Fourier duals, we find that
these terms can be written:

Vµ
2
〈

δd
A(k1) . . . δd

B(k4)
〉

=

[

1

n̄B
PAA(k1) +

1

n̄A
PBB(k3)

]

δK
k1,−k2

δK
k3,−k4

+

{

1

n̄A
[PAB(k1) + PAB(k2)]

[

δK
k1,−k4

δK
k2,−k3

+ δK
k1,−k3

δK
k2,−k4

]

}

+
[

1

NB
BAAB(k1,k2) +

1

NA
BABB(k3,k4)

]

δK
k1+...+k4,0

+
{

1

NA
[BABB(k1,k3) + BABB(k1,k4) + BABB(k2,k3)

+BABB(k2,k4)] δ
K
k1+...+k4,0

}

, (37)

where BABB and BAAB are the cross-bispectra of the fields
A and B.

3.2.3 Terms (i = j 6= k = l) + perms.

There are three terms of this form that arise in the quadruple
sum, and theses involve evaluation of quantities of the form:
〈

(NA,i − 〈NA,i〉)2 (NB,k − 〈NB,k〉)2
〉

= 〈NA,iNB,k〉

= n̄An̄BδViδVk

[

1 + ξAB
ik

]

, (38)

where again we have used the relations for the cross-
moments from §2.3. On repeating this procedure for the
other two terms, and repeating the analysis as before, we
find that these types of terms can be written together as,

Vµ
2
〈

δd
A(k1) . . . δd

B(k4)
〉

=
δK
k1,−k2

δK
k3,−k4

n̄An̄B

+

{

1

n̄2
A

[

δK
k1,−k3

δK
k2,−k4

+ δK
k1,−k4

δK
k2,−k3

]

}

+
1

n̄An̄BVµ
PAB(k1 + k2)δ

K
k1+...+k4,0

+

{

1

n̄2
AVµ

[PBB(k1 + k3) + PBB(k1 + k4)] δ
K
k1+...+k4,0

}

.(39)

3.2.4 Terms (i = j = k 6= l) + perms.

There are four possible types of term that arise from this
combination of indices and each of these requires us to eval-
uate a product like:
〈

(NA,i − 〈NA,i〉)2 (NB,i − 〈NB,i〉) (NB,l − 〈NB,l〉)
〉

= 〈NB,i (NB,l − 〈NB,l〉)〉

= n̄2
BξBB

il δViδVl . (40)

Hence, on repeating this for the four possible arrangements
of the indices, and on using the methods described for the
previous terms, we find that all of these terms reduce to the
following expression:

Vµ
2
〈

δd
A(k1) . . . δd

B(k4)
〉

=

{

1

n̄An̄BVµ
[PAB(k1) + PAB(k2)]

+
1

n̄2
AVµ

[

PBB(k3) + PBB(k4)
]

}

δK
k1+...+k4,0 (41)

3.2.5 Terms (i = j = k = l)

There is only one form for this type of term in the
quadrupole sum, and to evaluate it we are required to com-
pute the quantity,
〈

(NA,i − 〈NA,i〉)2 (NB,i − 〈NB,i〉)2
〉

= 〈NB,i〉 = n̄BδVi .

Hence, this has the form

Vµ
2
〈

δd
A(k1) . . . δd

B(k4)
〉

=

{

1

n̄2
An̄BVµ

}

δK
k1+...+k4,0 . (42)

The summation of Eqns (33, 37, 39, 41, 42) gives the
complete description of all the terms entering the cross-
trispectrum of Fourier modes for discrete sets of points A
and B.
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3.3 Expressions for the cross-power covariance

Using the expressions derived in the previous subsection,
we may now give an explicit expression for the full non-
Gaussian covariance of the cross-power spectrum in two
different modes k1 and k2. To do this we simply take
Eqns (33, 37, 39, 41, 42), and set the arguments of the wave
modes to be

(k1,k2, k3,k4) → (k1,k2,−k1,−k2) .

This gives us the quantity
〈

δd
A(k1)δ

d
B(−k1)δ

d
A(k2)δ

d
B(−k2)

〉

.
Hence, the covariance is given by:

Cd
AB =

1

Vµ
TAABB(k1,k2,−k1,−k2)

+
(

PAA(k1) +
1

n̄A

)(

PBB(k2) +
1

n̄B

)

δK
k1,−k2

+
(

PAB(k1) +
{

1

n̄A

})(

PAB(k2) +
{

1

n̄A

})

δK
k1,k2

+

BAAB(k1,k2)

NB
+

1

NA

[

BABB(−k1,−k2) +
{

BABB(k1,−k2)

+ BABB(k2,−k2) + BABB(k2,−k1) + BABB(k1,−k1)
}]

+
PAB(k1 + k2)

n̄An̄BVµ
+

{

1

n̄2
AVµ

[PBB(0) + PBB(k1 − k2)]

}

+

{

1

n̄2
AVµ

[PBB(−k1) + PBB(−k2)]

}

+

{

1

n̄An̄BVµ
[PAB(k1) + PAB(k2)]

}

+

{

1

n̄2
An̄BVµ

}

. (43)

Again, we remind the reader that the terms in curly brackets
vanish for the case where samples A and B have no overlap.
It should also be noted that when samples A and B are
equivalent, then we recover the standard expressions for the
covariance of the auto-power spectrum (Meiksin & White
1999; Scoccimarro et al. 1999). We shall now consider how
this formula simplifies in some useful limiting cases.

3.4 Expressions in the Gaussian and large Vµ limit

For the case that the statistics of the underlying continu-
ous fields A and B are both well described by a Gaussian
Random Fields, then the connected parts of the trispectrum
and bispectrum are both zero, i.e. T c = Bc = 0. Whereupon,
Eq. (43) takes the form:

Cd
AB =

(

PAA(k1) +
1

n̄A

)(

PBB(k2) +
1

n̄B

)

δK
k1,−k2

+
(

PAB(k1) +
{

1

n̄A

})(

PAB(k2) +
{

1

n̄A

})

δK
k1,k2

+
PAB(k1 + k2)

n̄An̄BVµ
+

{

1

n̄2
AVµ

[PBB(0) + PBB(k1 − k2)]

}

+

{

1

n̄2
AVµ

[PBB(−k1) + PBB(−k2)]

}

+

{

1

n̄An̄BVµ
[PAB(k1) + PAB(k2)]

}

+

{

1

n̄2
An̄BVµ

}

. (44)

From this we see that suppressing all of the non-Gaussian
terms in the continuous field, is not sufficient to prevent
off diagonal covariance in the power spectrum. In order for
this to happen, we must make one further assumption, and
that is Vµ ≫ Pmax, where Pmax is the maximum amplitude
attained by the power spectrum. In this large volume limit,
then the above expressions reduce to,

Cd
AB =

(

PAA(k1) +
1

n̄A

)(

PBB(k2) +
1

n̄B

)

δK
k1,−k2

+
(

PAB(k1) +
{

1

n̄A

})(

PAB(k2) +
{

1

n̄A

})

δK
k1,k2

. (45)

It is interesting to note that, for sampling case (i), whilst
the cross-power spectrum has no shot-noise correction from
the discreteness of matter, the covariance of the cross-power
does. Further, besides its dependence on the cross-power
spectrum, we also find that the covariance also depends on
the auto power-spectra of the two tracers. As we will see,
this slightly complicates the simple formula for the variance
in the pure Gaussian limit (see Eq. 53). Finally, for com-
pleteness, we give the result for the auto-power covariance,
per mode, in this limit:

Cd
TT =

2
∏

i=1

[

PTT (ki) +
1

n̄T

]

(

δK
k1,−k2

+ δK
k1,k2

)

. (46)

3.5 band-power covariance

The above formula gives us a compact expression for the
covariance in the cross-power spectrum per Fourier mode.
In practice, the power is estimated from an averaging over
all wave modes in a thin spherical shell in k-space, more
commonly band powers. We shall therefore give explicit ex-
pressions for the covariance between two band powers.

We begin by writing the band-power as,

PAB(ki) =
Vµ

Vs(ki)

∫

Vs(ki)

d3k 〈δA(k)δB(−k)〉 , (47)

where the average is over the k-space shell Vs, of volume

Vs(k) =

∫ k+∆k/2

k−∆k/2

d3k = 4π2k2∆k

[

1 +
1

12

(

∆k

k

)2
]

. (48)

The discretised form for the band-power is,

PAB(k) =
Vµ

Nk

Nk
∑

j=1

〈δA(kj)δB(−kj)〉 , (49)

where Nk = Vs(k)/Vk is the total number of modes in the
shell. Vk = k3

f is the fundamental k-space cell-volume and
kf = 2π/L is the fundamental wavemode.

Likewise, the band averaged covariance can be written,

C
d
AB ≡ Cov

[

P AB(ki), PAB(kj)
]

=
1

Vs(ki)Vs(kj)

∫

Vs(ki),Vs(kj)

d3k1d
3k2 Cd

AB . (50)

To obtain the full non-Gaussian band-power covariance, one
then inserts Eq. (43) into the above expression. In the limit-
ing case of Gaussian fluctuations and large survey volumes,
then we may instead insert the simpler Eq. (45), and this
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leads to,

σ2
PAB

=
1

Nk

[(

P AA(ki) +
1

n̄A

)(

PBB(ki) +
1

n̄B

)

+
(

PAB(ki) +
{

1

n̄A

})2
]

. (51)

Similarly, the expression for the auto-power variance is

σ2
PTT

=
2

Nk

(

PTT (ki) +
1

n̄T

)2

. (52)

Before we leave this section, it is interesting to
note that, in the pure Gaussian limit, i.e. n̄T ≫
1, then the fractional variance in the cross-power is
not simply dependent upon the number of available
modes, but also the cross-correlation coefficient: rAB(k) ≡
PAB(ki)/

√

PAA(ki)PBB(ki). This can be seen directly from
Eq. (51),
(

σPAB

P AB

)2

=
1

Nk

(

1

r2
AB

+ 1

)

. (53)

The corresponding expression for the auto-power spectrum
is σP /P =

√

2/Nk ∝ k−1Vµ
−1/2. However, when rAB = 1,

then there is no difference and the fractional error scales with
the survey volume in the usual way. In §6.2, we shall show
that for haloes and dark matter on the largest scales, then
the cross-power approach offers only a modest improvement
over the auto-power method, implying that rAB ≈ 1.

4 EFFICIENCY OF ESTIMATORS

In this short section we shall compare the efficiency of the
cross-power spectrum, as an estimator for statistical prop-
erties of the large-scale structures, with the simpler auto-
spectrum approach. Our measure for estimator efficiency
will be the signal-to-noise (S/N ) ratio, and the higher the
S/N the more efficient will be the estimator.

The S/N for the cross-power and auto-power spectra
can be written:

(S/N )2AB = Nk

[

α2

(β + 1) (γ + 1) + (α + {δ})2
]

; (54)

(S/N )2BB =
Nk

2

γ2

[1 + γ2]
, (55)

where we have introduced the following quantities,

α ≡
√

n̄An̄BP AB(ki) ; (56)

β ≡ n̄AP AA(ki) ; (57)

γ ≡ n̄BP BB(ki) ; (58)

δ ≡
√

n̄An̄B/n̄A . (59)

Taking the ratio of the above expressions, gives us a simple
test for the relative efficiency of the estimators,

(S/N )2BB

(S/N )2AB

=
1

2

(

γ

α

)2
[

(β + 1)(γ + 1) + (α + {δ})2
(γ + 1)2

]

(60)

and we see that the relative efficiency does not depend ex-
plicitly on the number of available modes, nor the survey
volume.

To proceed further we must specify samples A and B
in more detail. Let us consider the case where sample A is

obtained from a set of unbiased high density objects, such
as the SDSS main galaxy sample, and where sample B is
obtained from a set of highly biased but rare objects, such
as the SDSS LRGs. For this situation we have, n̄A ≫ n̄B .
Hence, δ → 0. Further, we shall assume that n̄APAA ≫
n̄BPBB (or in the above notation β ≫ γ). Hence, Eq. (60)
simplifies to,

(S/N )2BB

(S/N )2AB

≈ 1

2r2
AB

[

γ2(1 + r2
AB) + γ

γ2 + 2γ + 1

]

. (61)

We now make our final assumption that rAB = α/
√

βγ ≈ 1,
upon which

(S/N )2BB

(S/N )2AB

≈
[

2γ2 + γ

2γ2 + 4γ + 2

]

< 1 . (62)

Thus for examining the clustering properties of rare samples
of objects, it is more efficient to cross-correlate them with
a high-density sample, rather than to compute their auto-
correlation. In other words, the cross-power spectrum be-
tween the SDSS main galaxy sample and the LRGs will give
an improved S/N for the LRG clustering. Unfortunately,
this is restricted to the volume in which the two samples
overlap, and so is of limited use.

So far this has been a rather dry, academic, exercise, in
Section 6 we shall try to energise the results, by showing that
they appear to be reflected in nature – or at least numerical
simulations of dark matter and haloes.

5 COVARIANCE OF THE

CROSS-CORRELATION FUNCTION

As a corollary to our study of the cross-power spectrum, we
may in a straightforward fashion extend our analysis to en-
compass the covariance of the cross-correlation function. We
note that the auto-correlation covariance of dark matter and
haloes on scales relevant for the Baryonic Acoustic Oscilla-
tions (r ∼ 100 h−1Mpc), was recently investigated in detail
by Smith et al. (2008a) and Sanchez et al. (2008). Here we
perform the same study, but for the cross-correlation func-
tion.

In direct analogy with the analysis of power spec-
trum band-powers, we may define the band averaged cross-
correlation function as,

ξ
AB

(ri) =
1

Vs(ri)

∫

Vs(ri)

d3r ξAB(r) =

∫

d3k

(2π)3
P AB(k)j0(kri)(63)

where Vs is the radial shell of thickness ∆r, over which the
average is performed and this has volume,

Vs(r) = 4πr2∆r

[

1 +
1

12

(

∆r

r

)2
]

. (64)

For the second equality in Eq. (63), we have made use of the
fact that ξ ⇔ P are Fourier dual, and we have defined the
zeroth order bin-averaged spherical Bessel function as,

j0(kri) ≡
[

r2j1(kr)
]r2

r1

r2
i k∆r

[

1 + 1
12

(

∆r
ri

)2
] ;

{

r2 = ri + ∆r/2
r1 = ri − ∆r/2

(65)

with j1(x) ≡ sin x/x2−cos x/x being the 1st order spherical
Bessel function. Similar to the bin averaged covariance for
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the power (c.f. Eq. 50), we may also define the bin averaged
cross-correlation covariance between bins i and j,

C
d
ξAB ≡ Cov

[

ξ
AB

i , ξ
AB

j

]

=
1

Vs(ri)Vs(rj)

∫

Vs(ri),Vs(rj)

d3r1d
3r2 Cd

ξAB . (66)

where Cd
ξAB = Cov

[

ξAB(r1), ξ
AB(r2)

]

. On inserting our ex-
pression for the bin averaged correlation function then we
may rewrite the above expression as,

C
d
ξAB =

∫

d3k1

(2π)3
d3k2

(2π)3
j0(k1ri)j0(k2rj)C

d
PAB

. (67)

Thus, our knowledge of the cross-power covariance, also
gives us knowledge of the cross-correlation covariance. It
should also be noted that, even if Cd

PAB
is diagonal, then

C
d
ξAB is not, since the spherical Bessel functions in the in-

tegrand effectively smooth the information across different
scales.

As an example of the utility of this expression, we
now derive the variance in the Gaussian plus Poisson sam-
ple limit. Inserting Eq. (45) into the above, and on taking
the continuum limit for the Kronecker delta symbols, i.e.
δK
k1,k2

→ δD(k1 − k2)(2π)3/Vµ, we find that one of the k-
space integrals may be trivially performed to give,

C
d
ξAB (i, j) =

1

Vµ

∫

d3k

(2π)3
j0(kri)j0(krj)

×
[(

PAA(k1) +
1

n̄A

)(

PBB(k1) +
1

n̄B

)

+
(

PAB(k1) +
{

1

n̄A

})2
]

. (68)

As was pointed out in Smith et al. (2008a), the terms in
the integrand involving only shot-noise contributions can be
simplified, since the spherical Bessel functions can be rewrit-
ten as,

j0(kr) =
1

4π

∫

dΩr exp(−ik · r) . (69)

On performing these substitutions, we see that the k-space
integral over the exponentials will give rise to a delta func-
tion in real space, and this may be written in spherical coor-
dinates as δD(r1 − r2) = δD(Ω1 −Ω2)δ

D(r1 − r2)/r2. Hence,

A

Vµ

∫

d3k

(2π)3
j0(kri)j0(krj) =

AδK
i,j

VµVs(i)
, (70)

where

A ≡ 1

n̄An̄B
+

{

1

n̄2
A

}

. (71)

Thus, our final expression for the covariance between band
averages of the cross-correlation function is,

Cov
[

ξ
AB

i , ξ
AB

j

]

=
1

Vµ

∫

d3k

(2π)3
j0(kri)j0(krj)Γ(k)

+
δK

i,j

VµVs(ri)

[

1

n̄An̄B
+

{

1

n̄2
A

}]

, (72)

and where we introduced the useful function

Γ(k) = PAA(k1)PBB(k1) +

[

PAA(k1)

n̄B
+

PBB(k1)

n̄A

]

+ P 2
AB(k1) +

{

2PAB(k1)

n̄A

}

. (73)

Lastly, in the limit where n̄A ≡ n̄B , then we exactly
recover the correct expression for the covariance of the
auto-correlation function in the Gaussian limit (Smith et al.
2008a; Sanchez et al. 2008).

6 COMPARISON WITH N-BODY

SIMULATIONS

In this section we compare the Gaussian theory predictions
for the covariances of various power spectra with results from
numerical simulations.

6.1 The zHORIZON simulations

The Zürich Horizon, “zHORIZON”, simulations are a large
ensemble of pure cold dark matter N-body simulations
(Nsim = 30, Npart = 7503) and (Nsim = 8, Npart = 10243),
for ensembles I and II, respectively), performed at the Uni-
versity of Zürich on the zBOX2 and zBOX3 super-computers.
The specific aim for these simulations is to provide high pre-
cision measurements of cosmic structures on the scales of
the order ∼ 100 h−1Mpc and to also provide insight into the
rarest fluctuations within the LCDM model that we should
expect to find within the observable universe – the Horizon
Volume 1. In this paper we shall only use results from the
zHORIZON-I simulations.

Each numerical simulation was performed using the
publicly available Gadget-2 code (Springel 2005), and fol-
lowed the nonlinear evolution under gravity of N equal mass
particles in a comoving cube of length L. All of the simu-
lations were run within the same cosmological model, and
the particular choice for the parameters was inspired by re-
sults from the WMAP experiment (Spergel et al. 2003, 2007;
Komatsu et al. 2008) – the parameters are for the two sets
of simulations are listed in Table 1. The transfer function
for the simulations was generated using the publicly avail-
able cmbfast code (Seljak & Zaldarriaga 1996; Seljak et al.
2003), with high sampling of the spatial frequencies on large
scales. Initial conditions were lain down at redshift z = 50
using the serial version of the publicly available 2LPT code
(Scoccimarro 1998; Crocce et al. 2006). For a full and com-
plete description of the zHORIZON simulations see Smith et
al. (in preparation).

Dark matter halo catalogues were generated for all
snapshots of each simulation using the Friends-of-Friends
(FoF) algorithm (Davis et al. 1985), with the linking-length
parameter set to the standard b = 0.2 – b is the fraction of
the inter-particle spacing. For this we used the fast parallel
B-FoF code, kindly provided by V. Springel. The minimum
number of particles for which an object was considered to be
a bound halo, was set to 30 particles. This gave a minimum
host halo mass of ∼ 1013M⊙/h.

1 It is hoped that there will be no confusion with the French led
Horizon Project http://www.projet-horizon.fr/ .
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Figure 1. Comparison of the fractional variance in the halo and mass power spectra measured from the zHORIZON-I simulations with
theoretical predictions. The three panels show the square root of the bin averaged diagonal elements of the covariance matrix, ratioed
to the mean power in the bin as a function of the spatial frequency. From top to bottom, the panels show results for the halo-halo,
halo-mass and mass-mass power spectra. In all panels, solid points denote results obtained after a standard shot noise subtraction, and
corresponding open points denote results prior to shot noise subtraction. The solid lines represent the theoretical predictions from the
Gaussian plus Poisson sampling theory. Dash lines represent the pure Gaussian predictions. In the top two panels, the (red) point symbols
and (blue) star symbols denote haloes with masses in the range (M > 1.0 × 1014h−1M⊙) and (1.0 × 1013 < M < 2 × 1013h−1M⊙),
respectively.
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Table 1. Parameters for the zHORIZON simulations – Columns are: density parameters for matter, dark energy and baryons; the equation
of state parameter for the dark energy Pw = wρw; normalisation and primordial spectral index of the power spectrum; dimensionless
Hubble parameter H0 = h100[kms−1Mpc−1]; number of particles, box size, particle mass, number of realisations, and total simulation
volume, respectively.

Simulation Ωm Ωw Ωb w0 σ8 n h N L[h−1Mpc] mp[h−1M⊙] Nsim Vtot[h−3 Gpc3]

zHORIZON-I 0.25 0.75 0.04 -1 0.8 1.0 0.7 7503 1500.0 5.55 × 1011 30 101.25

6.2 Results: band-power variances

In Figure 1 we present results for the mean fractional er-
ror in the mass-mass power spectrum (bottom panel), halo-
mass cross-spectra (middle panel), and halo-halo spectra
(top panel), as measured from all of the zHORIZON-I sim-
ulations.

The various power spectra were estimated for each sim-
ulation using the standard methods (Smith et al. 2003; Jing
2005; Smith et al. 2008b): Particles and halo centres were
interpolated onto a 5123 cubical mesh, using the CIC algo-
rithm (Hockney & Eastwood 1988); the Fast Fourier Trans-
form of the discrete mesh was computed using the FFTW
libraries (Johnson & Frigo 2008); the power in each Fourier
mode was estimated and then corrected for the CIC charge
assignment; these estimates were then bin averaged in spher-
ical shells of thickness the fundamental frequency.

The halo-halo and halo-mass spectra were estimated
for six bins in halo mass. The thickness of the mass bins
was determined by estimating the S/N in each bin, and
demanding that it should be in excess of 20. On averag-
ing across all simulations then we expect S/N ≈ 100, since
the error on the mean power is divided by

√
Nsim ≈ 5.5.

However, in the figure we only show the errors for an exper-
iment of volume ∼ 3.4 h−3 Gpc3. For clarity, we only present
results for the highest mass bin (M > 1014h−1M⊙, red
point symbols) and for the lowest mass bin (1013h−1M⊙ <
M < 1.38 × 1013h−1M⊙, blue star symbols) in our sam-
ple. The mean number densities in these bins was n̄h =
{2.42, 8.01} × 10−5 h−3 Mpc3, respectively.

The mass-mass and halo-halo power spectra were both
corrected for shot noise effects by subtraction of the stan-
dard 1/n̄ = Vµ/N and 1/n̄h = Vµ/Nhalo, respectively. No
correction was implemented for the cross-spectra. In the fig-
ure, the results for the shot noise corrected and uncorrected
spectra are represented as filled and empty symbols, respec-
tively. Once these corrections were made, the halo bias pa-
rameters b = (bhδ

NL, bhh
NL) were estimated (see Smith et al.

(2007) for details.). The measured values were b = (2.803±
0.015, 3.110±0.015) and b = (1.208±0.010, 1.479±0.011) for
the highest and lowest mass bins, respectively. These esti-
mates of the bias were used along with the ensemble average
number densities in the mass bin to generate the theoretical
predictions for the signal and its variance.

Considering Fig. 1 in closer detail, the first thing to note
is that on the largest scales k ≈ 0.01 h Mpc−1, the ampli-
tudes of the fractional variances for all spectra are roughly
equivalent. For the auto-spectra this agreement is simply a
consequence of the fact that when the signal is dominated
by the sample variance, the fractional errors in the spec-
tra scale as σP /P = (2/Nk)1/2 ∝ Vµ

−1/2. However as we
noted earlier, for the cross-spectrum, this near agreement
must also imply rAB ≈ 1.

For the matter-matter power spectrum (bottom panel
in Fig.1, we see that this simple scaling appears to be pre-
served all the way to k ≈ 0.2 h Mpc−1, at which point
the errors are of the order 1% for this volume. The scal-
ing at this point is broken and there is an excess of vari-
ance. The origin of this excess is not attributable to the
addition of the Poisson sampling error, since the theoret-
ical predictions appear not to be much changed from the
simple scaling with the number of modes. However, in mak-
ing these predictions, we have ignored the fact that gravi-
tational mode coupling generates a connected trispectrum,
and as is well documented this gives rise to additional terms
of variance (Scoccimarro et al. 1999; Meiksin & White
1999; Scoccimarro & Sheth 2002; Rimes & Hamilton 2006;
Hamilton et al. 2006; Angulo et al. 2008a).

Turning to the halo-mass cross-spectra (middle panel
in Fig.1, we find that the scaling with the number of
modes is broken on slightly larger scales than for matter
(k ∼ 0.1 h Mpc−1). At this point the fractional error is of
the order ∼ 2%. However, this time the increase in the error
appears to be well captured by Eq. (51), although the er-
ror in the high mass sample (red empty and filled circles) is
slightly overpredicted. On smaller scales, (k > 0.1 h Mpc−1),
the fractional error drops to ∼ 1%, and is only slightly larger
than the error in the mass-mass spectrum. The excess the-
oretical error suggests that haloes and dark matter are not
independent samples (as in sampling case i from §2.3), more
that haloes are some ‘special’ sub-sampling of the mass (sim-
ilar to case ii), since we expect the Gaussian error to be an
underestimate. This leads us to speculate that the halo-mass
spectra also require a shot-noise correction.

Considering the halo-halo spectra (top panel of Fig. 1),
we show results obtained with and without the standard
shot-noise correction. This clearly demonstrates the impor-
tance of this correction for these objects. In the case of the
uncorrected spectra, it appears that the errors follow the
scaling with the number of modes to high wave numbers
(k ∼ 0.1 h Mpc−1), where the error is of the order ∼ 2%.
In addition we see that the theoretical predictions signif-
icantly over-predict the error, especially for the low-mass
halo sample. However, after we make the standard shot-noise
correction for the spectra, we see that the sample variance
scaling is actually broken on larger scales than for the cross-
spectra, and at the point where the error is of the order
∼ 4 − 5%. Moreover, the theoretical predictions provide a
reasonable description of the variance and, as for the case
of the matter-matter power, are an underestimate. Again,
this seems plausible, since we expect the trispectrum to
be an additional source of variance. On comparison with
Angulo et al. (2008a), we find a slight disagreement, in that
the Gaussian plus Poisson sampling model provides a rea-
sonable fit to the errors.

Finally, we emphasise the fact that the fractional errors
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associated with the cross-power spectra are more than a
factor ∼ 2 times smaller than the corresponding errors for
the halo auto-spectra on scales k ∼ 0.1 h Mpc−1. Thus for
experiments that wish to measure galaxy bias as a function
of luminosity, halo mass or galaxy type, then one may gain
a significant increase in S/N through the cross-correlation
approach.

6.3 Results: band-correlation variances

We now transfer our attention from the Fourier space clus-
tering estimators to the configuration space ones and repeat
our investigation. The main advantage of the configuration
space, is that the constant shot-noise corrections are not re-
quired here. This follows from the fact the Fourier transform
of a constant gives a delta function at zero lag. However, as
was described in §5, the shot-noise corrections do affect the
correlations through an increase in error. However, if the dis-
creteness corrections to the power spectrum are not white
noise, then this advantage is to some extent lost (for further
discussion of this issue see Smith et al. 2007).

In Figure 2 we present measurements from the ensem-
ble of zHORIZON-I simulations for the fractional errors on
the two-point correlation function of matter (bottom panel),
the cross-correlation functions of haloes and matter (middle
panel) and the halo auto-correlation functions (top panel).
Again, we only show results for the highest and lowest mass
halo bins in our sample. The correlation functions were gen-
erated using the DualTreeTwoPoint code, which is a parallel,
tree-based algorithm and is described more fully in Smith
et al. (in preparation). For the dark matter sample, we used
roughly ∼ 4 × 106 dark matter particles, sub-sampled from
the available ∼ 4 × 108.

The errors in the auto correlation functions were previ-
ously investigated in numerical simulations by Smith et al.
(2008a) and Sanchez et al. (2008), who showed that the
Gaussian plus Poisson model provided a good description
at the scale of the Baryonic Acoustic Oscillations (r ∼
100 h−1Mpc). Our results extend this analysis to the cross-
correlation functions and also extends the range of scales in-
vestigated by more than one order of magnitude to smaller
scales.

The main result to note from this analysis is that, whilst
in the power spectrum on large scales the fractional error
is the same irrespective of tracer, this is not the case for
the correlation function. We note that on large scales (r >
20 h−1Mpc), the halo-mass cross-correlation appears to be
a more efficient estimator than the simple auto-correlation
function, by almost a factor of ∼ 2.

Another important point to note, is that in nearly all
cases the theoretical predictions for the Gaussian plus Pois-
son sampling error estimates are an underestimate of the
measured errors, especially on scales (r < 20h−1Mpc). The
predictions being worst for the auto-correlation function for
the high mass halo sample, and this is in agreement with
the power spectrum results from the previous section. What
is not in agreement is that the cross-correlation function
errors are over estimated in the correlation function and
under-estimated in the power spectrum. This gives further
support to our earlier speculation that there should be a
shot-noise correction for the halo-mass power spectrum.

6.4 Results: Band-power correlation matrices

As a final result for this section in Fig. 3 we present the
correlation matrices for the mass-mass, halo-mass and halo-
halo power spectra as measured from the zHORIZON-I sim-
ulations. Before generating the correlation matrices it was
necessary to re-bin the power spectra. This owed to the fact
that when the power is averaged in shells of thickness the
fundamental mode, there are insufficient numbers of modes
on large scales to produce a good signal to noise. We there-
fore chose to re-bin the power by a factor of 4, and with the
contribution from each k-shell being weighted by the num-
ber of modes in that shell. Also, we initially computed the

correlation matrices without shot noise corrections. For C
d
hh,

this produced matrices that were highly correlated on nearly
all scales. After shot noise correction these correlations were
much suppressed. Lastly, we box car smoothed the matrices
with a width of two pixels.

It can clearly be seen that, for the mass-mass and halo-
mass spectra, as one goes from large to small scales, there
is a build up of power correlations between neighbouring
modes. In addition, from comparing the left and right mid-
dle panels, we see that the degree of correlation is depen-
dent on the halo mass range considered. The high mass halo
spectra have stronger power correlations. For the halo-halo
spectra, the positive power correlations are certainly not as
strong. However, one tentative observation is that there are
anti-correlations. An increased number of simulations will
be needed in order to make this speculation more quantita-
tive. If this is the case, then it is plausible that it may arise
when the shot noise correction is too strong. For haloes it is
well known that the standard shot-noise subtraction results
in negative power at small scales (Smith et al. 2007).

It can also be noticed that, relative to the mass-mass
correlations, the cross-power spectrum results for haloes of
intermediate masses are lower. This further recommends this
technique for consideration. However, these matrices also
serve to warn us that, whilst the variance is well described by
the Gaussian plus Poisson model, this model fails to capture
the build up of correlations between Fourier modes. To do
this, one must model the full non-Gaussian trispectrum gen-
erated by gravitational mode coupling (Scoccimarro et al.
1999; Hamilton et al. 2006). This therefore leads to a degra-
dation in the amount of information about the cosmolog-
ical parameters that one may recover (Rimes & Hamilton
2005, 2006). These correlations should be carefully folded
into cosmological parameter forecasts for future large-scale
structure and weak lensing surveys.

7 CONCLUSIONS

In this paper we have performed a two pronged investiga-
tion of the errors associated with cross-power spectrum and
cross-correlation function of different tracers of the density
field. In the first half we performed a theoretical study of the
problem and in the second half we used a large ensemble of
numerical simulations to address the question.

In §2 we gave an overview of the counts-in-cells ap-
proach for clustering statistics, paying special attention to
how this method is to be extended when one wants to deal
with two different tracer populations for the density field.
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Figure 2. Comparison of the fractional variance of mass and halo correlation functions as measured from the zHORIZON-I simulations
with theoretical predictions. Similar to Fig. 1, the three panels show the standard deviation in the bin averaged correlation functions,
ratioed to the mean correlation function, as a function of the spatial scale. From top to bottom the panels show results for the halo-halo,
halo-mass and mass-mass correlations. Symbols show estimates measured from the N-body simulations. In the top two panels, the
(red) point symbols and the (blue) star symbols denote haloes with masses in the range (M > 1.0 × 1014h−1M⊙) and (1.0 × 1013 <

M [h−1M⊙] < 2×1013), respectively. Again, the solid lines represent the theoretical predictions from the Gaussian plus Poisson sampling
theory. Dash lines represent the pure Gaussian predictions.
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Figure 3. Power correlation matrices measured from the zHORIZON-I simulations. Top, middle and bottom panels show results for
the halo-halo, halo-mass, and mass-mass power spectra, respectively. Left column shows results for the highest mass halo bin (M >

1014h−1M⊙), and the right column shows results for haloes with (1013 > M [h−1M⊙] > 1.38× 1013).
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It was noted that not all cross-power spectra are free from
a shot noise correction, and that in general the correction
one should apply will depend on the sampling distribution
function.

In §3 we provided the first derivation of the full
non-Gaussian covariance matrix for the cross-power spec-
trum, and its form in the presence of Poisson sam-
pling fluctuations, and this extends the standard re-
sults (Meiksin & White 1999; Scoccimarro et al. 1999; Cohn
2006; Hamilton et al. 2006). Also in this section, we provided
expressions for the covariance in the limiting cases where
the underlying fluctuations are Gaussianly distributed and
where the surveyed volume was larger than the maximum
amplitude of the power spectrum. Finally, these expressions
were used to derive the covariance between different band-
power averages.

In §4 the efficiency of the cross-power spectrum as an
estimator for large-scale structure was compared with the
more widely used auto-spectrum approach. For the case
where a high density sample of tracers was cross-correlated
with a low density sample, it was shown that the former
approach was a more efficient estimator.

In §5 we provided corresponding expressions for the co-
variance of the cross-correlation function.

In §6 we used the zHORIZON-I simulations, a large
ensemble of N-body simulations with total volume
100 h−3 Gpc3, to obtain estimates of the fractional errors on
the auto spectra of mass and haloes, and their cross-spectra.
The numerical results were in reasonably good agreement
with the theoretical predictions from the Gaussian plus Pois-
son sampling theory. It was also shown that in the limit of
large scales and in the case that Poisson error is not dom-
inant, then the fractional errors for all spectra are equiv-
alent, since they are simply ∝ k−1Vµ

−1/2. However, this
result did not translate to the correlation functions, and
we showed that there was a significant gain in signal-to-
noise on all scales from using the cross-correlation func-
tion. Again the predictions from the Gaussian plus Poisson
theory provided accurate descriptions on large scales. On
smaller scales (r < 20 h−1Mpc), they underestimated the
measured errors. This was consistent with the fact that non-
linear gravitational evolution generates a connected trispec-
trum through mode-coupling effects, and this gives rise
to additional sources of variance (Scoccimarro et al. 1999;
Meiksin & White 1999; Hamilton et al. 2006).

We conclude by stating that it is likely that the cross-
correlation functions will be of most use for studies that
aim to measure fNL from galaxy clustering surveys, since
here the strongest constraints are achieved by minimising
the variance in the measurements of galaxy bias or the rel-
ative bias (Seljak 2008; Slosar 2008).
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