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114 9. Quantum chromodynamics

9. QUANTUM CHROMODYNAMICS

Written October 2009 by G. Dissertori (ETH, Zurich) and G.P. Salam
(LPTHE, Paris).

9.1. Basics

Quantum Chromodynamics (QCD), the gauge field theory that
describes the strong interactions of colored quarks and gluons, is
the SU(3) component of the SU(3)×SU(2)×U(1) Standard Model of
Particle Physics.

The Lagrangian of QCD is given by

L =
∑

q

ψ̄q,a(iγμ∂μδab−gsγ
μtCabAC

μ −mqδab)ψq,b−
1

4
FA

μνFA μν , (9.1)

where repeated indices are summed over. The γμ are the Dirac
γ-matrices. The ψq,a are quark-field spinors for a quark of flavor q
and mass mq, with a color-index a that runs from a = 1 to Nc = 3,
i.e. quarks come in three “colors.” Quarks are said to be in the
fundamental representation of the SU(3) color group.

The AC
μ correspond to the gluon fields, with C running from 1 to

N2
c − 1 = 8, i.e. there are eight kinds of gluon. Gluons are said to

be in the adjoint representation of the SU(3) color group. The tCab
correspond to eight 3× 3 matrices and are the generators of the SU(3)
group (cf. the section on “SU(3) isoscalar factors and representation
matrices” in this Review with tCab ≡ λC

ab/2). They encode the fact that
a gluon’s interaction with a quark rotates the quark’s color in SU(3)
space. The quantity gs is the QCD coupling constant. Finally, the
field tensor FA

μν is given by

FA
μν = ∂μAA

ν −∂νAA
μ −gs fABCAB

μ AC
ν [tA, tB] = ifABCtC , (9.2)

where the fABC are the structure constants of the SU(3) group.

Neither quarks nor gluons are observed as free particles. Hadrons
are color-singlet (i.e. color-neutral) combinations of quarks, anti-
quarks, and gluons.

Ab-initio predictive methods for QCD include lattice gauge theory
and perturbative expansions in the coupling. The Feynman rules of
QCD involve a quark-antiquark-gluon (qq̄g) vertex, a 3-gluon vertex
(both proportional to gs), and a 4-gluon vertex (proportional to g2

s).
A full set of Feynman rules is to be found for example in Ref. 1.

Useful color-algebra relations include: tAabt
A
bc = CF δac, where

CF ≡ (N2
c − 1)/(2Nc) = 4/3 is the color-factor (“Casimir”) associated

with gluon emission from a quark; fACDfBCD = CAδAB where
CA ≡ Nc = 3 is the color-factor associated with gluon emission from a
gluon; tAabt

B
ab = TRδAB, where TR = 1/2 is the color-factor for a gluon

to split to a qq̄ pair.

The fundamental parameters of QCD are the coupling gs (or

αs =
g2
s

4π
) and the quark masses mq.

This review will concentrate mainly on perturbative aspects of QCD
as they relate to collider physics. Related textbooks include Refs.
1–3. Some discussion of non-perturbative aspects, including lattice
QCD, is to be found in the reviews on “Quark Masses” and “The
CKM quark-mixing matrix” of this Review. Lattice-QCD textbooks
and lecture notes include Refs. 4–6, while recent developments are
summarized for example in Ref. 7. For a review of some of the QCD
issues in heavy-ion physics, see for example Ref. 8.

9.1.1. Running coupling :

In the framework of perturbative QCD (pQCD), predictions for
observables are expressed in terms of the renormalized coupling
αs(μ

2
R), a function of an (unphysical) renormalization scale μR. When

one takes μR close to the scale of the momentum transfer Q in a given
process, then αs(μ

2
R ≃ Q2) is indicative of the effective strength of the

strong interaction in that process.

The coupling satisfies the following renormalization group equation
(RGE):

μ2
R

dαs

dμ2
R

= β(αs) = −(b0α
2
s + b1α

3
s + b2α

4
s + · · ·) (9.3)

where b0 = (11CA − 4nfTR)/(12π) = (33 − 2nf )/(12π) is referred
to as the 1-loop beta-function coefficient, the 2-loop coefficient is
b1 = (17C2

A−nfTR(10CA +6CF ))/(24π2) = (153−19nf)/(24π2), and

the 3-loop coefficient is b2 = (2857 − 5033
9 nf + 325

27 n2
f )/(128π3). The

4-loop coefficient, b3, is to be found in Refs. 9, 10†. The minus sign
in Eq. (9.3) is the origin of asymptotic freedom, i.e. the fact that the
strong coupling becomes weak for processes involving large momentum
transfers (“hard processes”), αs ∼ 0.1 for momentum transfers in the
100 GeV –TeV range.

The β-function coefficients, the bi, are given for the coupling of
an effective theory in which nf of the quark flavors are considered
light (mq ≪ μR), and in which the remaining heavier quark flavors
decouple from the theory. One may relate the coupling for the theory
with nf + 1 light flavors to that with nf flavors through an equation
of the form

α
(nf+1)
s (μ2

R) = α
(nf )
s (μ2

R)

(

1 +

∞
∑

n=1

n
∑

ℓ=0

cnℓ [α
(nf )
s (μ2

R)]n lnℓ μ2
R

m2
h

)

,

(9.4)
where mh is the mass of the (nf +1)th flavor, and the first few

cnℓ coefficients are c11 = 1
6π , c10 = 0, c22 = c211, c21 = 19

24π2 , and

c20 = − 11
72π2 when mh is the MS mass at scale mh (c20 = 7

24π2 when
mh is the pole mass — mass definitions are discussed below and in
the review on “Quark Masses”). Terms up to c4ℓ are to be found in
Refs. 11, 12. Numerically, when one chooses μR = mh, the matching
is a small effect, owing to the zero value for the c10 coefficient.

Working in an energy range where the number of flavors is constant,
a simple exact analytic solution exists for Eq. (9.3) only if one
neglects all but the b0 term, giving αs(μ

2
R) = (b0 ln(μ2

R/Λ2))−1.
Here Λ is a constant of integration, which corresponds to the scale
where the perturbatively-defined coupling would diverge, i.e. it is the
non-perturbative scale of QCD. A convenient approximate analytic
solution to the RGE that includes also the b1, b2, and b3 terms is
given by (see for example Ref. 13),

αs(μ
2
R) ≃ 1

b0t

(

1 − b1

b20

ln t

t
+

b21(ln
2 t − ln t − 1) + b0b2

b40t
2

−
b31(ln

3 t − 5

2
ln2 t − 2 ln t +

1

2
) + 3b0b1b2 ln t − 1

2
b20b3

b60t
3

)

, t ≡ ln
μ2

R

Λ2
,

(9.5)
again parametrized in terms of a constant Λ. Note that Eq. (9.5) is
one of several possible approximate 4-loop solutions for αs(μ

2
R), and

that a value for Λ only defines αs(μ
2
R) once one knows which particular

approximation is being used. An alternative to the use of formulas
such as Eq. (9.5) is to solve the RGE exactly, numerically (including
the discontinuities, Eq. (9.4), at flavor thresholds). In such cases the
quantity Λ is not defined at all. For these reasons, in determinations
of the coupling, it has become standard practice to quote the value of
αs at a given scale (typically MZ) rather than to quote a value for Λ.

The value of the coupling, as well as the exact forms of the b2, c10
(and higher order) coefficients, depend on the renormalization scheme
in which the coupling is defined, i.e. the convention used to subtract
infinities in the context of renormalization. The coefficients given
above hold for a coupling defined in the modified minimal subtraction
(MS) scheme [14], by far the most widely used scheme.

A discussion of determinations of the coupling and a graph
illustrating its scale dependence (“running”) are to be found in
Section 9.3.4.

† One should be aware that the b2 and b3 coefficients are
renormalization-scheme-dependent, and given here in the MS scheme,
as discussed below.
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9.1.2. Quark masses :

Free quarks are never observed, i.e. a quark never exists on its
own for a time longer than ∼ 1/Λ: up, down, strange, charm, and
bottom quarks all hadronize, i.e. become part of a meson or baryon,
on a timescale ∼ 1/Λ; the top quark instead decays before it has time
to hadronize. This means that the question of what one means by
the quark mass is a complex one, which requires that one adopts a
specific prescription. A perturbatively defined prescription is the pole
mass, mq, which corresponds to the position of the divergence of the
propagator. This is close to one’s physical picture of mass. However,
when relating it to observable quantities, it suffers from substantial
non-perturbative ambiguities (see e.g. Ref. 15). An alternative is the
MS mass, mq(μ

2
R), which depends on the renormalization scale μR.

Results for the masses of heavier quarks are often quoted either as
the pole mass or as the MS mass evaluated at a scale equal to the mass,
mq(m

2
q); light quark masses are generally quoted in the MS scheme at

a scale μR ∼ 2 GeV . The pole and MS masses are related by a slowly

converging series that starts mq = mq(m
2
q)(1 +

4αs(m
2
q)

3π
+ O(α2

s)),

while the scale-dependence of MS masses is given by

μ2
R

dmq(μ
2
R)

dμ2
R

=

[

−αs(μ
2
R)

π
+ O(α2

s)

]

mq(μ
2
R) . (9.6)

Quark masses are discussed in detail in a dedicated section of the
Review, “Quark Masses.”

9.2. Structure of QCD predictions

9.2.1. Inclusive cross sections :

The simplest observables in QCD are those that do not involve
initial-state hadrons and that are fully inclusive with respect to
details of the final state. One example is the total cross section for
e+e− → hadrons at center-of-mass energy Q, for which one can write

σ(e+e− → hadrons, Q)

σ(e+e− → μ+μ−, Q)
≡ R(Q) = REW(Q)(1 + δQCD(Q)) , (9.7)

where REW(Q) is the purely electroweak prediction for the ratio and
δQCD(Q) is the correction due to QCD effects. To keep the discussion
simple, we can restrict our attention to energies Q ≪ MZ , where the
process is dominated by photon exchange (REW = 3

∑

q e2
q , neglecting

finite-quark-mass corrections),

δQCD(Q) =

∞
∑

n=1

cn ·
(

αs(Q
2)

π

)n

+ O
(

Λ4

Q4

)

. (9.8)

The first four terms in the αs series expansion are then to be found in
Refs. 16, 17

c1 = 1 , c2 = 1.9857− 0.1152nf , (9.9a)

c3 = −6.63694− 1.20013nf − 0.00518n2
f − 1.240η (9.9b)

c4 = −156.61 + 18.77nf − 0.7974n2
f + 0.0215n3

f + Cη , (9.9c)

with η = (
∑

eq)
2/(3

∑

e2
q) and where the coefficient C of the

η-dependent piece in the α4
s term has yet to be determined. For

corresponding expressions including also Z exchange and finite-quark-
mass effects, see Ref. 18.

A related series holds also for the QCD corrections to the hadronic
decay width of the τ lepton, which essentially involves an integral
of R(Q) over the allowed range of invariant masses of the hadronic
part of the τ decay (see e.g. Ref. 16). The series expansions for QCD
corrections to Higgs-boson (partial) decay widths are summarized in
Refs. 19, 20.

One characteristic feature of the Eq. (9.8) is that the coefficients
of αn

s increase rapidly order by order: calculations in perturbative
QCD tend to converge more slowly than would be expected based

just on the size of αs
††. Another feature is the existence of an extra

“power-correction” term O(Λ4/Q4) in Eq. (9.8), which accounts
for contributions that are fundamentally non-perturbative. All high-
energy QCD predictions involve such corrections, though the exact
power of Λ/Q depends on the observable.

Scale dependence. In Eq. (9.8) the renormalization scale for αs has
been chosen equal to Q. The result can also be expressed in terms of
the coupling at an arbitrary renormalization scale μR,

δQCD(Q) =
∞
∑

n=1

cn

(

μ2
R

Q2

)

·
(

αs(μ
2
R)

π

)n

+ O
(

Λ4

Q4

)

, (9.10)

where c1(μ
2
R/Q2) ≡ c1, c2(μ

2
R/Q2) = c2 + πb0c1 ln(μ2

R/Q2),

c3(μ
2
R/Q2) = c3 + (2b0c2π + b1c1π

2) ln(μ2
R/Q2) + b20c1π

2 ln2(μ2
R/Q2),

etc.. Given an infinite number of terms in the αs expansion, the μR
dependence of the cn(μ2

R/Q2) coefficients will exactly cancel that of

αs(μ
2
R), and the final result will be independent of the choice of μR:

physical observables do not depend on unphysical scales.

With just terms up to n = N , a residual μR dependence will remain,
which implies an uncertainty on the prediction of R(Q) due to the
arbitrariness of the scale choice. This uncertainty will be O(αN+1

s ),
i.e. of the same order as the neglected terms. For this reason it is
standard to use QCD predictions’ scale dependence as an estimate of
the uncertainties due to neglected terms. One usually takes a central
value for μR ∼ Q, in order to avoid the poor convergence of the
perturbative series that results from the large lnn−1(μ2

R/Q2) terms in
the cn coefficients when μR ≪ Q or μR ≫ Q.

9.2.1.1. Processes with initial-state hadrons:

Deep Inelastic Scattering. To illustrate the key features of QCD
cross sections in processes with initial-state hadrons, let us consider
deep-inelastic scattering (DIS), ep → e + X , where an electron e
with four-momentum k emits a highly off-shell photon (momentum q)
that interacts with the proton (momentum p). For photon virtualities
Q2 ≡ −q2 far above the squared proton mass (but far below the Z
mass), the differential cross section in terms of the kinematic variables
Q2, x = Q2/(2p · q) and y = (q · p)/(k · p) is

d2σ

dxdQ2
=

4πα

2xQ4

[

(1 + (1 − y)2)F2(x, Q2) − y2FL(x, Q2)
]

, (9.11)

where α is the electromagnetic coupling and F2(x, Q2) and FL(x, Q2)
are proton structure functions, which encode the interaction between
the photon (in given polarization states) and the proton (for an
extended review, see Sec. 16).

Structure functions are not calculable in perturbative QCD, nor
is any other cross section that involves initial-state hadrons. To
zeroth order in αs, the structure functions are given directly in terms
of non-perturbative parton (quark or gluon) distribution functions
(PDFs),

F2(x, Q2) = x
∑

q

e2
qfq/p(x) , FL(x, Q2) = 0 , (9.12)

where fq/p(x) is the PDF for quarks of type q inside the proton, i.e.
the number density of quarks of type q inside a fast-moving proton
that carry a fraction x of its longitudinal momentum (the quark flavor
index q, here, is not to be confused with the photon momentum q in
the lines preceding Eq. (9.11)). Since PDFs are non-perturbative, and
difficult to calculate in lattice QCD [22], they must be extracted from
data.

The above result, with PDFs fq/p(x) that are independent of the
scale Q, corresponds to the “quark-parton model” picture in which
the photon interacts with point-like free quarks, or equivalently, one
has incoherent elastic scattering between the electron and individual

†† The situation is significantly worse near thresholds, e.g. the tt̄ pro-
duction threshold. An overview of some of the “effective field theory”
techniques used in such cases is to be found for example in Ref. 21.
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constituents of the proton. As a consequence, in this picture also
F2 and FL are independent of Q. When including higher orders in
pQCD, Eq. (9.12) becomes

F2(x, Q2) =

x
∞
∑

n=0

αn
s (μ2

R)

(2π)n

∑

i=q,g

∫ 1

x

dz

z
C

(n)
2,i (z, Q2, μ2

R, μ2
F ) fi/p

(x

z
, μ2

F

)

+ O
( Λ2

Q2

)

. (9.13)

Just as in Eq. (9.10), we have a series in powers αs(μ
2
R), each term

involving a coefficient C
(n)
2,i that can be calculated using Feynman

graphs. An important difference relative to Eq. (9.10) stems from
the fact that the quark’s momentum, when it interacts with the
photon, can differ from its momentum when it was extracted from the
proton, because it may have radiated gluons in between. As a result,

the C
(n)
2,i coefficients are functions that depend on the ratio, z, of

these two momenta, and one must integrate over z. At zeroth order,

C
(0)
2,q = e2

qδ(1 − z) and C
(0)
2,g = 0.

The majority of the emissions that modify a parton’s momentum
are actually collinear (parallel) to that parton, and don’t depend
on the fact that the parton is destined to interact with a photon.
It is natural to view these emissions as modifying the proton’s
structure rather than being part of the coefficient function for the
parton’s interaction with the photon. The separation between the two
categories is somewhat arbitrary and parametrized by a factorization
scale, μF . Technically, one uses a procedure known as factorization
to give rigorous meaning to this distinction, most commonly through
the MS factorization scheme, defined in the context of dimensional
regularization. The MS factorization scheme involves an arbitrary
choice of factorization scale, μF , whose meaning can be understood
roughly as follows: emissions with transverse momenta above μF

are included in the C
(n)
2,q (z, Q2, μ2

R, μ2
F ); emissions with transverse

momenta below μF are accounted for within the PDFs, fi/p(x, μ2
F ).

The PDFs’ resulting dependence on μF is described by the
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) equations [23],
which to leading order (LO) read∗

∂fi/p(x, μ2
F )

∂μ2
F

=
∑

j

αs(μ
2
F )

2π

∫ 1

x

dz

z
P

(1)
i←j(z)fj/p

(x

z
, μ2

F

)

, (9.14)

with, for example, P
(1)
q←g(z) = TR(z2 + (1 − z)2). The other LO

splitting functions are listed in Sec. 16 of this Review, while re-
sults up to next-to-next-to-leading order (NNLO), α3

s, are given
in Refs. 24, 25. The coefficient functions are also μF depen-

dent, for example C
(1)
2,i (x, Q2, μ2

R, μ2
F ) = C

(1)
2,i (x, Q2, μ2

R, Q2) −

ln(
μ2

F

Q2 )
∑

j

∫ 1
x

dz
z P

(1)
i←j(z)C

(0)
2,j (x

z ). For the electromagnetic component

of DIS with light quarks and gluons they are known to O(α3
s)

(N3LO) [26]. For weak currents they are known fully to α2
s

(NNLO) [27] with substantial results known also at N3LO [28]. For
heavy quark production they are known to O(α2

s) [29] (next-to-leading
order (NLO) insofar as the series starts at O(αs)), with work ongoing
towards NNLO [30].

As with the renormalization scale, the choice of factorization
scale is arbitrary, but if one has an infinite number of terms in the

∗ LO is generally taken to mean the lowest order at which a quantity
is non-zero. This definition is nearly always unambiguous, the one
major exception being for the case of the hadronic branching ratio of
virtual photons, Z, τ , etc., for which two conventions exist: LO can
either mean the lowest order that contributes to the hadronic branching
fraction, i.e. the term “1” in Eq. (9.7); or it can mean the lowest order at
which the hadronic branching ratio becomes sensitive to the coupling,
n = 1 in Eq. (9.8), as is relevant when extracting the value of the
coupling from a measurement of the branching ratio. Because of this
ambiguity, we avoided use of the term “LO” in that context.

perturbative series, the μF -dependences of the coefficient functions
and PDFs will compensate each other fully. Given only N terms of
the series, a residual uncertainty O(αN+1

s ) is associated with the
ambiguity in the choice of μF . As with μR, varying μF provides
an input in estimating uncertainties on predictions. In inclusive DIS
predictions, the default choice for the scales is usually μR = μF = Q.

Hadron-hadron collisions. The extension to processes with two
initial-state hadrons is straightforward, and for example the total
(inclusive) cross section for W boson production in pp̄ collisions can
be written as

σ(pp̄ → W + X) =

∞
∑

n=0

αn
s (μ2

R)
∑

i,j

∫

dx1dx2 fi/p

(

x1, μ
2
F

)

fj/p̄

(

x2, μ
2
F

)

× σ̂
(n)
ij→W+X

(

x1x2s, μ
2
R, μ2

F

)

, (9.15)

where s is the squared center-of-mass energy of the collision. At LO,

n = 0, the hard (partonic) cross section σ̂
(0)
ij→W+X(x1x2s, μ

2
R, μ2

F ) is

simply proportional to δ(x1x2s− M2
W ), in the narrow W -boson width

approximation (see Sec. 40 of this Review for detailed expressions for
this and other hard scattering cross sections). It is non-zero only for
choices of i, j that can directly give a W , such as i = u, j = d̄. At
higher orders, n ≥ 1, new partonic channels contribute, such as gq,
and there is no restriction x1x2s = M2

W .

Equation 9.15 involves a factorization between hard cross section
and PDFs, just like Eq. (9.13). As long as the same factorization
scheme is used in DIS and pp or pp̄ (usually the MS scheme),
then PDFs extracted in DIS can be directly used in pp and pp̄
predictions [31].

The fully inclusive hard cross sections are known to NNLO, α2
s , for

Drell-Yan (DY) lepton-pair and vector-boson production [32,33], and
for Higgs-boson production [33–36].

Photoproduction. γp (and γγ) collisions are similar to pp collisions,
with the subtlety that the photon can behave in two ways: there is
“direct” photoproduction, in which the photon behaves as a point-like
particle and takes part directly in the hard collision, with hard
subprocesses such as γg → qq̄; there is also resolved photoproduction,
in which the photon behaves like a hadron, with non-perturbative
partonic substructure and a corresponding PDF for its quark and
gluon content, fi/γ(x, Q2).

While useful to understand the general structure of γp collisions,
the distinction between direct and resolved photoproduction is not
well defined beyond leading order, as discussed for example in Ref. 37.

The high-energy limit. In situations in which the total center-of-
mass energy

√
s is much larger than other scales in the problem (e.g.

Q in DIS, mb for bb̄ production in pp collisions, etc.), each power of αs

beyond LO can be accompanied by a power of ln(s/Q2) (or ln(s/m2
b),

etc.). This is known as the high-energy or Balitsky-Fadin-Kuraev-
Lipatov (BFKL) limit [38–40]. Currently it is possible to account
for the dominant and first subdominant [41,42] power of ln s at each
order of αs, and also to estimate further subdominant contributions
that are numerically large (see Refs. 43–45 and references therein).

Physically, the summation of all orders in αs can be understood
as leading to a growth with s of the gluon density in the proton.
At sufficiently high energies this implies non-linear effects, whose
treatment has been the subject of intense study (see for example Refs.
46, 47 and references thereto).

9.2.2. Non-inclusive cross-sections :

QCD final states always consist of hadrons, while perturbative
QCD calculations deal with partons. Physically, an energetic parton
fragments (“showers”) into many further partons, which then, on
later timescales, undergo a transition to hadrons (“hadronization”).
Fixed-order perturbation theory captures only a small part of these
dynamics.

This does not matter for the fully inclusive cross sections discussed
above: the showering and hadronization stages are “unitary”, i.e. they
do not change the overall probability of hard scattering, because they
occur long after it has taken place.
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Non-inclusive measurements, in contrast, may be affected by
the extra dynamics. For those sensitive just to the main directions
of energy flow (jet rates, event shapes, cf. Sec. 9.3.1) fixed order
perturbation theory is often still adequate, because showering and
hadronization don’t substantially change the overall energy flow.
This means that one can make a prediction using just a small
number of partons, which should correspond well to a measurement
of the same observable carried out on hadrons. For observables that
instead depend on distributions of individual hadrons (which, e.g.,
are the inputs to detector simulations), it is mandatory to account
for showering and hadronization. The range of predictive techniques
available for QCD final states reflects this diversity of needs of different
measurements.

While illustrating the different methods, we shall for simplicity
mainly use expressions that hold for e+e− scattering. The extension
to cases with initial-state partons will be mostly straightforward (space
constraints unfortunately prevent us from addressing diffraction and
exclusive hadron-production processes; extensive discussion is to be
found in Refs. 48, 49).

9.2.2.1. Preliminaries: Soft and collinear limits:

Before examining specific predictive methods, it is useful to be
aware of a general property of QCD matrix elements in the soft
and collinear limits. Consider a squared tree-level matrix element
|M2

n(p1, . . . , pn)| for the production of n partons with momenta
p1, . . . , pn, and a corresponding phase-space integration measure dΦn.
If particle n is a gluon, and additionally it becomes collinear (parallel)
to another particle i and its momentum tends to zero (it becomes
“soft”), the matrix element simplifies as follows,

lim
θin→0, En→0

dΦn|M2
n(p1, . . . , pn)|

= dΦn−1|M2
n−1(p1, . . . , pn−1)|

αsCi

π

dθ2
in

θ2
in

dEn

En
, (9.16)

where Ci = CF (CA) if i is a quark (gluon). This formula has
non-integrable divergences both for the inter-parton angle θin → 0 and
for the gluon energy En → 0, which are mirrored also in the structure
of divergences in loop diagrams. These divergences are important for
at least two reasons: firstly, they govern the typical structure of events
(inducing many emissions either with low energy or at small angle
with respect to hard partons); secondly, they will determine which
observables can be calculated within perturbative QCD.

9.2.2.2. Fixed-order predictions:

Let us consider an observable O that is a function Om(p1, . . . , pm)
of the four-momenta of the m particles in an event (whether partons
or hadrons). In what follows, we shall consider the cross section for
events weighted with the value of the observable, σO . As examples,
if Om ≡ 1 for all m, then σO is just the total cross section; if
Om ≡ τ̂ (p1, . . . , pm) where τ̂ is the value of the thrust for that event
(see Sec. 9.3.1.2), then the average value of the thrust is 〈τ〉 = σO/σtot;
if Om ≡ δ(τ − τ̂(p1, . . . , pm)) then one gets the differential cross section
as a function of the thrust, σO ≡ dσ/dτ .

In the expressions below, we shall omit to write the non-
perturbative power correction term, which for most common
observables is proportional to a single power of Λ/Q.

LO. If the observable O is non-zero only for events with at least n
particles, then the LO QCD prediction for the weighted cross section
in e+e− annihilation is

σO,LO = αn−2
s (μ2

R)

∫

dΦn|M2
n(p1, . . . , pn)| On(p1, . . . , pn) , (9.17)

where the squared tree-level matrix element, |M2
n(p1, . . . , pn)|, includes

relevant symmetry factors, has been summed over all subprocesses
(e.g. e+e− → qq̄qq̄, e+e− → qq̄gg) and has had all factors of αs

extracted in front. In processes other than e+e− collisions, the powers
of the coupling are often brought inside the integrals, with the scale
μR chosen event by event, as a function of the event kinematics.

Other than in the simplest cases (see the review on Cross Sections in
this Review), the matrix elements in Eq. (9.17) are usually calculated

automatically with programs such as CompHEP [50], MadGraph [51],
Alpgen [52], Comix/Sherpa [53], and Helac/ Phegas [54]. Some
of these (CompHEP, MadGraph) use formulae obtained from direct
evaluations of Feynman diagrams. Others (Alpgen, Helac/Phegas and
Comix/Sherpa) use methods designed to be particularly efficient at
high multiplicities, such as Berends-Giele recursion [55] (see also the
review Ref. 56), which builds up amplitudes for complex processes
from simpler ones.

The phase-space integration is usually carried out by Monte Carlo
sampling, in order to deal with the sometimes complicated cuts
that are used in corresponding experimental measurements. Because
of the divergences in the matrix element, Eq. (9.16), the integral
converges only if the observable vanishes for kinematic configurations
in which one of the n particles is arbitrarily soft or it is collinear to
another particle. As an example, the cross section for producing any
configuration of n partons will lead to an infinite integral, whereas
a finite result will be obtained for the cross section for producing n
deposits of energy (or jets, see Sec. 9.3.1.1), each above some energy
threshold and well separated from each other in angle.

LO calculations can be carried out for 2 → n processes with
n � 6−10. The exact upper limit depends on the process, the method
used to evaluate the matrix elements (recursive methods are more
efficient), and the extent to which the phase-space integration can be
optimized to work around the large variations in the values of the
matrix elements.

NLO. Given an observable that is non-zero starting from n particles,
its prediction at NLO involves supplementing the LO result with
the (n + 1)-particle tree-level matrix element (|M2

n+1|), and the
interference of a n-particle tree-level and n-particle 1-loop amplitude
(2Re(MnM∗

n,1−loop)),

σNLO
O = σLO

O + αn−1
s (μ2

R)

∫

dΦn+1

|M2
n+1(p1, . . . , pn+1)| On+1(p1, . . . , pn+1)

+ αn−1
s (μ2

R)

∫

dΦn 2Re
(

Mn(p1, . . . , pn)

M∗
n,1−loop(p1, . . . , pn)

)

On(p1, . . . , pn) . (9.18)

Relative to LO calculations, two important issues appear in the
NLO calculations. Firstly, the extra complexity of loop-calculations
relative to tree-level calculations means that they have yet to be
fully automated, though considerable progress is being made in this
direction (see Refs. 57–60 and references therein). Secondly, loop
amplitudes are infinite in 4 dimensions, while tree-level amplitudes
are finite, but their integrals are infinite, due to the divergences of
Eq. (9.16). These two sources of infinities have the same soft and
collinear origins and cancel after the integration only if the observable
O satisfies the property of infrared and collinear safety,

On+1(p1, . . . , ps, . . . , pn) → On(p1, . . . , pn) if ps → 0

On+1(p1, . . . , pa, pb, . . . , pn) → On(p1, . . . , pa + pb, . . . , pn)

if pa || pb . (9.19)

Examples of infrared safe quantities include event-shape distributions
and jet cross sections (with appropriate jet algorithms, see below).
Unsafe quantities include the distribution of the momentum of
the hardest QCD particle (which is not conserved under collinear
splitting), observables that require the complete absence of radiation
in some region of phase-space (e.g. rapidity gaps or 100% isolation
cuts, which are affected by soft emissions), or the particle multiplicity
(affected by both soft and collinear emissions). The non-cancellation of
divergences at NLO due to infrared or collinear unsafety compromises
the usefulness not only of the NLO calculation, but also that of a
LO calculation, since LO is only an acceptable approximation if one
can prove that higher order terms are smaller. Infrared and collinear
unsafety usually also imply large non-perturbative effects.

As with LO calculations, the phase-space integrals in Eq. (9.18)
are usually carried out by Monte Carlo integration, so as to facilitate
the study of arbitrary observables. Various methods exist to obtain
numerically efficient cancellation among the different infinities. The
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most widely used in current NLO computer codes is known as dipole
subtraction [61]; other methods that have seen numerous applications
include FKS [62] and antenna [63] subtraction.

NLO calculations exist for nearly all 2 → n processes with n ≤ 3
(and for 1 → 4 in e+e− → γ/Z →hadrons), as reviewed in Ref. 64.
Some of the corresponding codes are public, and those that provide
access to multiple processes include NLOJet++ [65] for e+e−, DIS,
and hadron-hadron processes involving just light partons in the final
state, MCFM [66] for hadron-hadron processes with vector bosons
and/or heavy quarks in the final state, VBFNLO for vector-boson
fusion processes [67], and the Phox family [68] for processes with
photons in the final state. The current forefront of NLO calculations is
2 → 4 processes in pp scattering, for which results exist on tt̄bb̄ [59,60]
and pp → W +3jets [57,58].

NNLO. Conceptually, NNLO and NLO calculations are similar,
except that one must add a further order in αs, consisting of: the
squared (n + 2)-parton tree-level amplitude, the interference of the
(n + 1)-parton tree-level and 1-loop amplitudes, the interference of the
n-parton tree-level and 2-loop amplitudes, and the squared n-parton
1-loop amplitude.

Each of these elements involves large numbers of soft and collinear
divergences. Arranging for their cancellation after numerical Monte
Carlo integration is one of the significant challenges of NNLO
calculations, as is the determination of the relevant 2-loop amplitudes.
The processes for which fully exclusive NNLO calculations exist
include the 3-jet cross section in e+e− collisions [69,70] (for which
NNLO means α3

s), as well as vector- [71,72] and Higgs-boson [73,74]
production in pp and pp̄ collisions (for which NNLO means α2

s).

9.2.2.3. Resummation:

Many experimental measurements place tight constraints on
emissions in the final state, for example, in e+e− events, that the
thrust should be less than some value τ ≪ 1, or in pp → Z events
that the Z-boson transverse momentum should be much smaller than
its mass, pt,Z ≪ MZ . A further example is the production of heavy
particles or jets near threshold (so that little energy is left over for
real emissions) in DIS and pp collisions.

In such cases the constraint vetoes a significant part of the integral
over the soft and collinear divergence of Eq. (9.16). As a result, there
is only a partial cancellation between real emission terms (subject
to the constraint) and loop (virtual) contributions (not subject to
the constraint), causing each order of αs to be accompanied by a
large coefficient ∼ L2, where e.g. L = ln τ or L = ln(MZ/pt,Z). One

ends up with a perturbative series whose terms go as ∼ (αsL
2)n.

It is not uncommon that αsL
2 ≫ 1, so that the perturbative series

converges very poorly if at all.∗∗ In such cases one may carry out
a “resummation,” which accounts for the dominant logarithmically
enhanced terms to all orders in αs, by making use of known properties
of matrix elements for multiple soft and collinear emissions, and of
the all-orders properties of the divergent parts of virtual corrections,
following original works such as Refs. 75–84 (or more recently through
soft-collinear effective theory, cf. the review in Ref. 85).

For cases with double logarithmic enhancements (two powers of
logarithm per power of αs), there are two classification schemes
for resummation accuracy. Writing the cross section including the
constraint as σ(L) and the unconstrained (total) cross section as σtot,
the series expansion takes the form

σ(L) ≃ σtot

∞
∑

n=0

2n
∑

k=0

Rnkαn
s (μ2

R)Lk, L ≫ 1 (9.20)

and leading log (LL) resummation means that one accounts for all
terms with k = 2n, next-to-leading-log (NLL) includes additionally

∗∗ To be precise one should distinguish two causes of the divergence
of perturbative series. That which interests us here is associated with
the presence of a new large parameter (e.g. ratio of scales). Nearly
all perturbative series also suffer from “renormalon” divergences αn

s n!
(reviewed in Ref. 15), which however have an impact only at very high
perturbative orders and have a deep connection with non-perturbative
uncertainties.

all terms with k = 2n − 1, etc.. Often σ(L) (or its Fourier or Mellin
transform) exponentiates ‡,

σ(L) ≃ σtot exp

[

∞
∑

n=1

n+1
∑

k=0

Gnkαn
s (μ2

R)Lk

]

, L ≫ 1 , (9.21)

where one notes the different upper limit on k compared to Eq. (9.20).
This is a more powerful form of resummation: the G12 term alone
reproduces the full LL series in Eq. (9.20). With the form Eq. (9.21)
one still uses the nomenclature LL, but this now means that all terms
with k = n + 1 are included, and NLL implies all terms with k = n,
etc..

For a large number of observables, the state-of-the art for
resummation is NLL in the sense of Eq. (9.21) (see Refs. 89–91
and references therein). NNLL has been achieved for the DY and
Higgs-boson pt distributions [92,93] (in addition the NLL ResBos
program [94] is still widely used), the back-to-back energy-energy
correlation in e+e− [95], and the production of top anti-top pairs
near threshold [96–100]. Finally, the parts believed to be dominant
in the N3LL resummation are available for the thrust variable in
e+e− annihilations [101], and for Higgs- and vector-boson production
near threshold [102,103] in hadron collisions. The inputs and methods
involved in these various calculations are somewhat too diverse to
discuss in detail here, so we recommend that the interested reader
consults the original references for further details.

9.2.2.4. Fragmentation functions:

Since the parton-hadron transition is non-perturbative, it is not
possible to perturbatively calculate quantities such as the energy-
spectra of specific hadrons in high-energy collisions. However, one
can factorize perturbative and non-perturbative contributions via the
concept of fragmentation functions. These are the final-state analogue
of the parton distribution functions that are used for initial-state
hadrons.

It should be added that if one ignores the non-perturbative
difficulties and just calculates the energy and angular spectrum of
partons in perturbative QCD with some low cutoff scale ∼ Λ (using
resummation to sum large logarithms of

√
s/Λ), then this reproduces

many features of the corresponding hadron spectra. This is often
taken to suggest that hadronization is “local” in momentum space.

Sec. 17 of this Review provides further information (and refer-
ences) on these topics, including also the question of heavy-quark
fragmentation.

9.2.2.5. Parton-shower Monte Carlo generators:

Parton-shower Monte Carlo (MC) event generators like PYTHIA
[104–106], HERWIG [107–109], SHERPA [110], and ARIADNE [111]
provide fully exclusive simulations of QCD events. Because they
provide access to “hadron-level” events they are a crucial tool for
all applications that involve simulating the response of detectors to
QCD events. Here we give only a brief outline of how they work and
refer the reader to [112] and references therein for a more complete
overview.

The MC generation of an event involves several stages. It starts
with the random generation of the kinematics and partonic channels
of whatever hard scattering process the user has requested.

This is then followed by a parton shower, usually based on
a resummed calculation of the probability ∆(Q0, Q1) for each
parton, that it does not split into other partons (e.g. radiate a
gluon) between the hard scale Q0 and some smaller scale Q1.
∆(Q0, Q1), known as a Sudakov form factor, takes the form
∆(Q0, Q1) ∼ exp(−G12αs ln2(Q0/Q1) + . . .). By choosing a random
number r uniformly in the range 0 < r < 1 and finding the Q1 value
that solves r = ∆(Q0, Q1), the MC determines the scale of the first

‡ Whether or not this happens depends on the quantity being re-
summed. A classic example involves jet rates in e+e− collisions as a
function of a jet-resolution parameter ycut. The logarithms of 1/ycut

exponentiate for the kt (Durham) jet algorithm [86], but not [87] for
the JADE algorithm [88] (both are discussed below in Sec. 9.3.1.1).
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emission of the shower. The procedure is repeated to obtain Q2, the
scale of the next emission, and so forth down to a scale ∼ 1 GeV
that separates the perturbative and non-perturbative part of the
simulation.

Once it has generated a partonic configuration, the MC “hadronizes”
it according to some hadronization model. One widely-used model
involves stretching a color “string” across quarks and gluons, and
breaking it up into hadrons [113,114]. For a discussion of the
implementation of this “Lund” model in the MC program PYTHIA,
with further improvements and extensions, see Ref. 104 and references
therein. Another model breaks each gluon into a qq̄ pair and then
groups quarks and anti-quarks into colorless “clusters”, which then
give the hadrons. This cluster hadronization is implemented in the
HERWIG event generator [107–109].

For processes with initial-state hadrons, the showering off the
incoming partons must additionally take into account the scale-
dependence of the PDFs and the non-perturbative part must account
also for the proton remnants. In pp and γp scattering, the collision
between the hadron remnants generates an underlying event (UE),
usually by implementing additional 2 → 2 scatterings (“multiple
parton interactions”) at a scale of a few GeV. The separation between
the UE and other parts of the shower and hadronization is somewhat
ambiguous, because they are all interconnected in terms of their color
flow.

Parton showers usually generate a correct distribution of soft and
collinear emission, but they often fail to reproduce the pattern of hard
wide-angle emissions that would be given by the exact multi-parton
matrix elements. In cases where this matters, it is usual to “merge”
the parton showers with the generation of exact LO multi-parton
matrix elements (Sec. 9.2.2.2), including a prescription to avoid double
or under-counting of real and virtual corrections (e.g. CKKW [115] or
MLM prescriptions [116]) .

MCs as described above generate cross sections for the requested
hard process that are correct at LO. For hadron-collider applications
it is common to multiply these cross sections by an inclusive K-factor,
i.e. the ratio of (N)NLO to LO results for a related inclusive
cross section. For measurements with cuts, this may not always be
adequate: higher-order corrections in a restricted phase-space region
can be substantially different from those in the inclusive case. For
a number of processes there also exist MC implementations that
are correct to NLO, using the MC@NLO [117] or POWHEG [118]
prescriptions to avoid double counting the approximate NLO pieces
already implicitly included in the MCs through their showering.

9.2.3. Accuracy of predictions :

LO calculations are often said to be accurate to within a factor of
two. This is based on the observed impact of scale variation across a
range of observables and of the experience with NLO corrections in the
cases where these are available. In processes involving new partonic
scattering channels at NLO and/or large ratios of scales (such as the
production of high-pt jets containing B-hadrons), the NLO to LO
K-factors can be substantially larger than 2.

The accuracy of a given particular perturbative QCD prediction
is usually estimated by varying the renormalization and factorization
scales around a central value Q that is taken close to the physical scale
of the process.‡‡ A conventional range of variation is Q/2 < μR, μF <
2Q.

There does not seem to be a broad consensus on whether μR and
μF should be kept identical or varied independently. One option is to
vary them independently with the restriction 1

2μR < μF < 2μR [119].
This limits the risk of misleadingly small uncertainties due to
fortuitous cancellations between the μF and μR dependence when
both are varied together, while avoiding the appearance of large
logarithms of μ2

R/μ2
F when both are varied completely independently.

Calculations that involve resummations usually have an additional
source of uncertainty associated with the choice of argument of the
logarithms being resummed, e.g. ln(2

pt,Z

MZ
) as opposed to ln(1

2
pt,Z

MZ
).

‡‡ A more conservative scheme is to take the uncertainty to be the
size of the last known perturbative order.

In addition to varying renormalization and factorization scales, it
is therefore also advisable to vary the argument of the logarithm
by a factor of two in either direction with respect to the “natural”
argument.

The accuracy of QCD predictions is limited also by non-
perturbative corrections, which typically scale as a power of Λ/Q.
For measurements that are directly sensitive to the structure of the
hadronic final state the corrections are usually linear in Λ/Q. The
non-perturbative corrections are further enhanced in processes with a
significant underlying event (i.e. in pp and pp̄ collisions) and in cases
where the perturbative cross sections fall steeply as a function of pt or
some other kinematic variable.

Non-perturbative corrections are commonly estimated from the
difference between Monte Carlo events at the parton-level and after
hadronization, though methods exist also to analytically deduce
non-perturbative effects in one observable based on measurements of
other observables (see the reviews [15,120]) .

9.3. Experimental QCD

Since we are not able to directly measure partons (quarks or
gluons), but only hadrons and their decay products, a central issue
for every experimental test of QCD is establishing a correspondence
between observables obtained at the partonic and the hadronic level.
The only theoretically sound correspondence is achieved by means of
infrared and collinear safe quantities, which allow one to obtain finite
predictions at any order of perturbative QCD.

As stated above, the simplest case of infrared and collinear safe
observables are total cross sections. More generally, when measuring
inclusive observables, the final state is not analyzed at all regarding
its (topological, kinematical) structure or its composition. Basically
the relevant information consists in the rate of a process ending up
in a partonic or hadronic final state. In e+e− annihilation, widely
used examples are the ratios of partial widths or branching ratios
for the electroweak decay of particles into hadrons or leptons, such
as Z or τ decays, (cf. Sec. 9.2.1). Such ratios are often favored over
absolute cross sections or partial widths because of large cancellations
of experimental and theoretical systematic uncertainties. The strong
suppression of non-perturbative effects, O(Λ4/Q4), is one of the
attractive features of such observables, however, at the same time
the sensitivity to radiative QCD corrections is small, which for
example affects the statistical uncertainty when using them for the
determination of the strong coupling constant. In the case of τ decays
not only the hadronic branching ratio is of interest, but also moments
of the spectral functions of hadronic tau decays, which sample different
parts of the decay spectrum and thus provide additional information.
Other examples of inclusive observables are structure functions (and
related sum rules) in DIS. These are extensively discussed in Sec. 16
of this Review.

As soon as (parts) of the structure or composition of the final state
are analyzed and cross section differential in one or more variables
characterizing this structure are of interest, we talk about exclusive
observables, such as jet rates, jet substructure and event-shape
distributions. Furthermore, any cross section differential in some
characteristic kinematic quantity of the final state falls into this
category, such as transverse momentum distributions of jets or vector
bosons in hadron collisions. The case of fragmentation functions, i.e.
the measurement of hadron production as a function of the hadron
momentum relative to some hard scattering scale, is discussed in
Sec. 17 of this Review.

It is worth mentioning that, besides the correspondence between
the parton and hadron level, also a correspondence between the
hadron level and the actually measured quantities in the detector has
to be established. The simplest examples are corrections for finite
experimental acceptance and efficiencies. However, measurements
of exclusive observables such as jet rates require more involved
corrections in order to relate, e.g. the energy deposits in a calorimeter
to the jets at the hadron level. Typically detector simulations are
used in order to obtain these corrections. Care should be taken here
in order to have a clear separation between the parton-to-hadron
level and hadron-to-detector level corrections, as well as to ensure
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the independence of the latter from the MC model used in the
simulations. Finally, it is strongly suggested to provide, whenever
possible, measurements corrected for detector effects which then
can be easily compared to the results of other experiments and/or
theoretical calculations.

9.3.1. Hadronic final-state observables :

9.3.1.1. Jets:

In hard interactions, final-state partons and hadrons appear
predominantly in collimated bunches. These bunches are generically
called jets. To a first approximation, a jet can be thought of as a
hard parton that has undergone soft and collinear showering and then
hadronization. Jets are used both for testing our understanding and
predictions of high-energy QCD processes, and also for identifying the
hard partonic structure of decays of massive particles like top quarks.

In order to map observed hadrons onto a set of jets, one uses a jet
definition. The mapping involves explicit choices: for example when a
gluon is radiated from a quark, for what range of kinematics should
the gluon be part of the quark jet, or instead form a separate jet?
Good jet definitions are infrared and collinear safe, simple to use in
theoretical and experimental contexts, applicable to any type of inputs
(parton or hadron momenta, charged particle tracks, and/or energy
deposits in the detectors) and lead to jets that are not too sensitive
to non-perturbative effects. An extensive treatment of the topic of jet
definitions is given in Ref. 121 (for e+e− collisions) and Refs. 122, 123
(for pp or pp̄ collisions). Here we briefly review the two main classes:
cone algorithms, extensively used at hadron colliders, and sequential
recombination algorithms, more widespread in e+e− and ep colliders.

Very generically, most (iterative) cone algorithms start with some
seed particle i, sum the momenta of all particles j within a cone
of opening-angle R, typically defined in terms of (pseudo-)rapidity
and azimuthal angle. They then take the direction of this sum as a
new seed and repeat until the cone is stable, and call the contents of
the resulting stable cone a jet if its transverse momentum is above
some threshold pt,min. The parameters R and pt,min should be chosen
according to the needs of a given analysis.

There are many variants of cone algorithm, and they differ in the
set of seeds they use and the manner in which they ensure a one-to-one
mapping of particles to jets, given that two stable cones may share
particles (“overlap”). The use of seed particles is a problem w.r.t.
infrared and collinear safety, and seeded algorithms are generally not
compatible with higher-order (or sometimes even leading-order) QCD
calculations, especially in multi-jet contexts, as well as potentially
subject to large non-perturbative corrections and instabilities. Seeded
algorithms (JetCLU, MidPoint, and various other experiment-specific
iterative cone algorithms) are therefore to be deprecated. A modern
alternative is to use a seedless variant, SISCone [124].

Sequential recombination algorithms at hadron colliders (and in

DIS) are characterized by a distance dij = min(k2p
t,i , k

2p
t,j)∆

2
ij/R2

between all pairs of particles i, j, where ∆ij is their distance in the
rapidity-azimuthal plane, kt,i is the transverse momentum w.r.t. the
incoming beams, and R is a free parameter. They also involve a

“beam” distance diB = k
2p
t,i . One identifies the smallest of all the

dij and diB , and if it is a dij , then i and j are merged into a new
pseudo-particle (with some prescription, a recombination scheme,
for the definition of the merged four-momentum). If the smallest
distance is a diB , then i is removed from the list of particles
and called a jet. As with cone algorithms, one usually considers
only jets above some transverse-momentum threshold pt,min. The
parameter p determines the kind of algorithm: p = 1 corresponds
to the (inclusive-)kt algorithm [86,125,126], p = 0 defines the
Cambridge-Aachen algorithm [127,128], while for p = −1 we have the
anti-kt algorithm [129]. All these variants are infrared and collinear
safe to all orders of perturbation theory. Whereas the former two lead
to irregularly shaped jet boundaries, the latter results in cone-like
boundaries.

The kt algorithm in e+e− annihilations [86] uses yij =

2 min(E2
i , E2

j )(1 − cos θij)/Q2 as distance measure and repeatedly
merges the pair with smallest yij , until all yij distances are above some
threshold ycut, the jet resolution parameter. The (pseudo)-particles

that remain at this point are called the jets. Here it is ycut (rather
than R and pt,min) that should be chosen according to the needs of the
analysis. As mentioned above, the kt algorithm has the property that
logarithms ln(1/ycut) exponentiate in resummation calculations. This
is one reason why it is preferred over the earlier JADE algorithm [88],
which uses the distance measure yij = 2 Ei Ej (1 − cos θij)/Q2.

Efficient implementations of the above algorithms are available
through the FastJet package [130], which is also packaged within
SpartyJet [131].

9.3.1.2. Event Shapes:

Event-shape variables are functions of the four momenta in the
hadronic final state that characterize the topology of an event’s energy
flow. They are sensitive to QCD radiation (and correspondingly to
the strong coupling) insofar as gluon emission changes the shape of
the energy flow.

The classic example of an event shape is the thrust [132,133] in
e+e− annihilations, defined as

τ̂ = max
�nτ

∑

i |�pi · �nτ |
∑

i |�pi|
, (9.22)

where �pi are the momenta of the final-state particles and the
maximum is obtained for the thrust axis �nτ . In the Born limit of
the production of a perfect back-to-back qq̄ pair the limit τ̂ → 1 is
obtained, whereas a perfectly symmetric many-particle configuration
leads to τ̂ → 1/2. Further event shapes of similar nature have been
defined and extensively measured at LEP and at HERA, and for
their definitions and reviews we refer to Refs. 1,2,120,134,135. Some
discussion of hadron-collider event shapes is given in Ref. 136.

Event shapes are used for many purposes. These include measuring
the strong coupling, tuning the parameters of Monte Carlo showering
programs, investigating analytical models of hadronization and
distinguishing QCD events from events that might involve decays of
new particles (giving event-shape values closer to the spherical limit).

9.3.1.3. Jet substructure, quark vs. gluon jets:

Jet substructure, which can be resolved by finding subjets or by
measuring jet shapes, is sensitive to the details of QCD radiation in
the shower development inside a jet and has been extensively used to
study differences in the properties of quark and gluon induced jets,
strongly related to their different color charges. In general there is
clear experimental evidence that gluon jets are “broader” and have
a softer particle spectrum than (light-) quark jets, whereas b-quark
jets are similar to gluon jets. As an example for an observable, the jet
shape Ψ(r/R) is the fractional transverse momentum contained within
a sub-cone of cone-size r for jets of cone-size R. It is sensitive to the
relative fractions of quark and gluon jets in an inclusive jet sample
and receives contributions from soft-gluon initial-state radiation and
beam remnant-remnant interactions. Therefore, it has been widely
employed for validation and tuning of Monte Carlo models. CDF
has measured the jet shape Ψ(r/R) for an inclusive jet sample [137]
as well as for b-jets [138]. Similar measurements in DIS have been
reported in Refs. 139, 140. Further discussions, references and, recent
summaries can be found in Refs. 135, 141, 142.

The use of jet substructure has also been suggested in order to
distinguish QCD jets from jets that originate from hadronic decays of
boosted massive particles (high-pt electroweak bosons, top quarks and
hypothesized new particles). For a review and detailed references, see
sec. 5.3 of Ref. 122.

9.3.2. State of the art QCD measurements at colliders :

There exists an enormous wealth of data on QCD-related
measurements in e+e−, ep, pp, and pp̄ collisions, to which a short
overview like this would not be able to do any justice. Extensive
reviews of the subject have been published in Refs. 134, 135 for
e+e− colliders, whereas for hadron colliders comprehensive overviews
are given in Refs. 123, 143, and recent summaries can be found
in, e.g. Refs. 144–146, 142. Below we concentrate our discussion on
measurements that are most sensitive to hard QCD processes.
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9.3.2.1. e+e− colliders: The analyses of jet production in e+e−

collisions, mostly from JADE data at center-of-mass energies between
14 and 44 GeV, as well as from LEP data at the Z resonance and up
to 209 GeV, covered the measurements of (differential or exclusive)
jet rates (with multiplicities typically up to 4, 5 or 6 jets), the study
of 3-jet events and particle production between the jets as a tool
for testing hadronization models, as well as 4-jet production and
angular correlations in 4-jet events, useful for measurements of the
strong coupling constant and putting constraints on the QCD color
factors, thus probing the non-abelian nature of QCD. There have
also been extensive measurements of event shapes. The tuning of
parton shower MC models, typically matched to matrix elements for
3-jet production, has led to good descriptions of the available, highly
precise data. Especially for the large LEP data sample at the Z peak,
the statistical errors are mostly negligible, whereas the experimental
systematic uncertainties are at the per-cent level or even below. These
are usually dominated by the uncertainties related to the MC model
dependence of the efficiency and acceptance corrections (often referred
to as “detector corrections”).

9.3.2.2. DIS and photoproduction: Multi-jet production in ep
collisions at HERA, both in the DIS and photoproduction regime,
allows for tests of QCD factorization (one initial-state proton and
its associated PDF versus the hard scattering which leads to high-pt

jets) and NLO calculations which exist for 2- and 3-jet final states.
Sensitivity is also obtained to the product of the coupling constant
and the gluon PDF. By now experimental uncertainties of the order
of 5 − 10% have been achieved, mostly dominated by jet energy
scale uncertainties, whereas statistical errors are negligible to a large
extent. For comparison to theoretical predictions, at large jet pt the
PDF uncertainty dominates the theoretical error (typically of order
5 - 10%, in some regions of phase-space up to 20%), therefore jet
observables become useful inputs for PDF fits. In general, for Q2

above ∼ 100 GeV2 the data are well described by NLO matrix element
calculations, combined with DGLAP evolution equations. Results at
lower values (Q2 < 100 GeV2) point to the necessity of including
NNLO effects. Also, at low values of Q2 and x, in particular for large
jet pseudo-rapidities, there are indications for the need of BFKL-type
evolution, though the predictions for such schemes are still limited.
In the case of photoproduction, the data-theory comparisons are
hampered by the uncertainties related to the photon PDF.

A few examples of recent measurements can be found in Refs. 147–
150 for DIS and in Refs. 151–153 for photoproduction.

9.3.2.3. Hadron colliders: Jet measurements at the TEVATRON are
now published for data samples up to ∼ 2 fb−1. Among the most
important cross sections measured is the inclusive jet production as
a function of the jet transverse energy (Et) or the jet transverse
momentum (pt), now available for several rapidity regions and for pt

up to 700 GeV. Most notably, the TEVATRON experiments now have
measurements based on the infrared- and collinear-safe kt algorithm
in addition to the more widely used Midpoint and JetCLU algorithms
of the past. Recent results by the CDF and D0 collaborations can
be found in Refs. 154, 155, where we observe a good description of
the data by the NLO QCD predictions. The experimental systematic
uncertainties are dominated by the jet energy scale error, by now
quoted to less than 3% and thus leading to uncertainties of 10 to
60% on the cross section, increasing with pt. The PDF uncertainties
dominate the theoretical error. In fact, inclusive jet data are important
inputs to global PDF fits, in particular for constraining the high-x
gluon PDF.

A rather comprehensive summary, comparing NLO QCD predictions
to data for inclusive jet production in DIS, pp, and pp̄ collisions, is
given in Ref. 156 and reproduced here in Fig. 9.1.

Dijet events are analyzed in terms of their invariant mass and
angular distributions, which allow one to put stringent limits on
deviations from the Standard Model, such as quark compositeness
(two recent examples can be found in Refs. 158, 159). Furthermore,
dijet azimuthal correlations between the two leading jets, normalized
to the total dijet cross cross section, are an extremely valuable tool for
studying the spectrum of gluon radiation in the event. As shown in
Ref. 160, the LO (non-trivial) prediction for this observable, with at

most three partons in the final state, is not able to describe the data
for an azimuthal separation below 2π/3, where NLO contributions
(with 4 partons) restore the agreement with data. In addition, this
observable can be employed to tune Monte Carlo predictions of soft
gluon radiation in the final state.

Similarly important tests of QCD arise from measurements of
vector boson (photon, W , Z) production together with jets. A recent
analysis of photon+jet production by D0 [161] indicates that NLO
calculations, combined with modern PDF sets, are unable to describe
the shape of the photon pt across the entire measured range, showing
the need for an improved and consistent theoretical description of this
process.
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Figure 9.1: A compilation of data-over-theory ratios for
inclusive jet cross sections as a function of jet transverse
momentum (pT ), measured in different hadron-induced processes
at different center-of-mass energies; from Ref. 156, including
some updates [157]. The various ratios are scaled by arbitrary
numbers (indicated between parentheses) for better readability
of the plot. The theoretical predictions have been obtained at
NLO accuracy, for parameter choices (coupling constant, PDFs,
renormalization, and factorization scales) as indicated at the
bottom of the figure. Color version at end of book.

In the case of Z+jets, the Z momentum can be precisely
reconstructed using the leptons, allowing for a precise determination
of the Z pt distribution, which is sensitive to QCD radiation both
at high and low scales and thus probes perturbative as well as
non-perturbative effects. For example, a recent D0 result [162] quotes
experimental statistical and systematic uncertainties of the order of
10%, increasing up to 20% in the lowest momentum range. The data
are compared to predictions from NLO QCD and from different Monte
Carlo models, where, for example, LO matrix elements for up to three
partons are matched to a parton shower. Whereas the total cross
section is underestimated, the shape is well reproduced over a large
phase-space region. Further examples of recent results for Z (or W )
plus jets production are found in Refs. 161, 163, 164. Among the most
important recent developments is the completion of a NLO calculation
for W+3jet production [57,58], which will be relevant also for future
LHC background estimations. This type of process is an example,
where jets need to be found with an infrared and collinear safe jet
algorithm, such as SISCone, in order to obtain finite NLO predictions.
This would not be possible with algorithms such as Midpoint or
JetCLU. The latter is used for a CDF measurement [164], which is
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compared to the NLO QCD prediction with SISCone as jet algorithm.
Besides this inconsistency, the agreement appears to be good.

Finally, TEVATRON measurements of heavy quark (b, c) jet
production, inclusive or in association with vector bosons, have led to
stringent tests of NLO predictions (see Refs. 165–170 for examples of
recent analyses).

9.3.3. Tests of the non-abelian nature of QCD :

QCD is a gauge theory with SU(3) as underlying gauge group.
For a general gauge theory with a simple Lie group, the couplings
of the fermion fields to the gauge fields and the self-interactions in
the non-abelian case are determined by the coupling constant and
Casimir operators of the gauge group, as introduced in Sec. 9.1.
Measuring the eigenvalues of these operators, called color factors,
probes the underlying structure of the theory in a gauge invariant
way and provides evidence of the gluon self-interactions. Typically,
cross sections can be expressed as functions of the color factors,
for example σ = f(αsCF , CA/CF , nfTR/CF ). Sensitivity at leading
order in perturbation theory can be achieved by measuring angular
correlations in 4-jet events in e+e− annihilation or 3-jet events
in DIS. Some sensitivity, although only at NLO, is also obtained
from event-shape distributions. Scaling violations of fragmentation
functions and the different subjet structure in quark and gluon
induced jets also give access to these color factors. In order to extract
absolute values, e.g. for CF and CA, certain assumptions have to be
made for other parameters, such as TR, nf or αs, since typically only
combinations (ratios, products) of all the relevant parameters appear
in the perturbative prediction. A recent compilation of results [135]
quotes world average values of CA = 2.89 ± 0.03(stat) ± 0.21(syst)
and CF = 1.30 ± 0.01(stat) ± 0.09(syst), with a correlation coefficient
of 82%. These results are in perfect agreement with the expectations
from SU(3) of CA = 3 and CF = 4/3. An overview of the history and
the current status of tests of asymptotic freedom, closely related to
the non-abelian nature of QCD, can be found in Ref. 171.

9.3.4. Measurements of the strong coupling constant :

If the quark masses are fixed, there is only one free parameter in
the QCD Lagrangian, the strong coupling constant αs. The coupling
constant in itself is not a physical observable, but rather a quantity
defined in the context of perturbation theory, which enters predictions
for experimentally measurable observables, such as R in Eq. (9.7).

Many experimental observables are used to determine αs.
Considerations in such determinations include:

• The observable’s sensitivity to αs as compared to the experimental
precision. For example, for the e+e− cross section to hadrons
(cf. R in Sec. 9.2.1), QCD effects are only a small correction,
since the perturbative series starts at order α0

s ; 3-jet production
or event shapes in e+e− annihilations are directly sensitive to
αs since they start at order αs; the hadronic decay width of
heavy quarkonia, Γ(Υ → hadrons), is very sensitive to αs since
its leading order term is ∝ α3

s .

• The accuracy of the perturbative prediction, or equivalently of the
relation between αs and the value of the observable. The minimal
requirement is generally considered to be an NLO prediction.
Some observables are predicted to NNLO (many inclusive
observables, 3-jet rates and event shapes in e+e− collisions)
or even N3LO (e+e− hadronic cross section and τ branching
fraction to hadrons). In certain cases, fixed-order predictions
are supplemented with resummation. The precise magnitude of
theory uncertainties is usually estimated as discussed in Sec. 9.2.3.

• The size of uncontrolled non-perturbative effects (except
for lattice-based determinations of αs). Sufficiently inclusive
quantities, like the e+e− cross section to hadrons, have small non-
perturbative uncertainties ∼ Λ4/Q4. Others, such as event-shape
distributions, have uncertainties ∼ Λ/Q.

• The scale at which the measurement is performed. An uncertainty
δ on a measurement of αs(Q

2), at a scale Q, translates to an
uncertainty δ′ = (α2

s(M2
Z)/α2

s(Q2)) · δ on αs(M
2
Z). For example,

this enhances the already important impact of precise low-Q
measurements, such as from τ decays, in combinations performed
at the MZ scale.

In this review, we make no attempt to compile a full list of
measurements of αs or to produce a new world average value from
them. We rather prefer to quote a recent analysis by Bethke [172],
which incorporates results with recently improved theoretical
predictions and/or experimental precision♯. For detailed comments on
the selected set of recent results we refer to Ref. 172. Here we quote
the main inputs:

• Several re-analyses of the hadronic τ decay width [16,174–179],
based on the new
N3LO predictions, have been performed, with different approaches
towards the detailed treatment of the perturbative (fixed order or
contour improved perturbative expansions) and non-perturbative
contributions. In Ref. 172 a value of αs(M

2
Z) = 0.1197± 0.0016 is

quoted as average, where the uncertainty spans the difference of
those recent analyses.

• The N3LO calculation of the hadronic Z decay width was used
in a recent revision of the global fit to electroweak precision
data [180], resulting in αs(M

2
Z) = 0.1193+0.0028

−0.0027 ± 0.0005, where
the first error is of experimental and the second of theoretical
origin.

• A combined analysis of non-singlet structure functions from
DIS [181], based on QCD predictions up to N3LO, gives
αs(M

2
Z) = 0.1142±0.0023. This uncertainty includes a theoretical

error of ±0.0008.

• A recent re-analysis of event shapes, measured by ALEPH at
the Z peak and LEP2 energies up to 209 GeV, using NNLO
predictions matched to NLL resummation, has resulted in
αs(M

2
Z) = 0.1224 ± 0.0039 [182], with a dominant theoretical

uncertainty of 0.0035. Similarly, an analysis of JADE data [183]
at center-of-mass energies between 14 and 46 GeV gives
αs(M

2
Z) = 0.1172± 0.0051, with contributions from hadronization

model (perturbative QCD) uncertainties of 0.0035 (0.0030).

• A new combination [184] of precision measurements at HERA,
based on NLO fits to inclusive jet cross sections in neutral
current DIS at high Q2, quotes a combined result of αs(M

2
Z) =

0.1198 ± 0.0032, which includes a theoretical uncertainty of
±0.0026.

• An improved extraction of the strong coupling constant
from a NLO analysis of radiative Υ decays [185] resulted
in αs(MZ) = 0.119+0.006

−0.005.

• The HPQCD collaboration [186] computes Wilson loops and
similar short-distance quantities with lattice QCD and analyzes
them with NNLO perturbative QCD. This yields a value
for αs, but the lattice scale must be related to a physical
energy/momentum scale. This is achieved with the Υ′-Υ mass
difference, however, many other quantities could be used as
well [187]. HPQCD obtains αs(M

2
Z) = 0.1183 ± 0.0008, where

the uncertainty includes effects from truncating perturbation
theory, finite lattice spacing and extrapolation of lattice data.
An independent perturbative analysis of the same lattice-
QCD data yields αs(M

2
Z) = 0.1192 ± 0.0011 [188]. The

HPQCD value [186] is taken for the average. It is the most
precise of all inputs used in Ref. 172. It is worth noting
that there is a more recent result in Ref. 189, which avoids
the staggered fermion treatment of Ref. 186. There a value
of αs(M

2
Z) = 0.1205 ± 0.0008 ± 0.0005 +0.0000

−0.0017 [189] is found,
where the first uncertainty is statistical and the others are from
systematics. Since this approach uses a different discretization of
lattice fermions and a different general methodology, it provides
an important cross check of other lattice extractions of αs.

A non-trivial exercise consists in the evaluation of a world-
average value for αs(M

2
Z). A certain arbitrariness and subjective

component is inevitable because of the choice of measurements to be
included in the average, the treatment of (non-Gaussian) systematic
uncertainties of mostly theoretical nature, as well as the treatment
of correlations among the various inputs, again mostly of theoretical
origin. In Ref. 172 an attempt has been made to take account of

♯ The time evolution of αs combinations can be followed by consult-
ing Refs. 171, 173 as well as earlier editions of this Review.
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such correlations, using methods as proposed, e.g., in Ref. 190. The
central value is determined as the weighted average of the individual
measurements. For the error an overall, a-priori unknown, correlation
coefficient is introduced and determined by requiring that the total
χ2 of the combination equals the number of degrees of freedom. The
world average quoted in Ref. 172 is

αs(M
2
Z) = 0.1184 ± 0.0007 ,

with an astonishing precision of 0.6%. It is worth noting that a
cross check performed in Ref. 172, consisting in excluding each of
the single measurements from the combination, resulted in variations
of the central value well below the quoted uncertainty, and in a
maximal increase of the combined error up to 0.0012. Most notably,
excluding the most precise determination from lattice QCD gives only
a marginally different average value. Nevertheless, there remains an
apparent and long-standing systematic difference between the results
from structure functions and other determinations of similar accuracy.
This is evidenced in Fig. 9.2 (left), where the various inputs to this
combination, evolved to the Z mass scale, are shown. Fig. 9.2 (right)
provides strongest evidence for the correct prediction by QCD of the
scale dependence of the strong coupling.
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Figure 9.2: Left: Summary of measurements of αs(M
2
Z),

used as input for the world average value; Right: Summary of
measurements of αs as a function of the respective energy scale
Q. Both plots are taken from Ref. 172.
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10.1. Introduction

The standard electroweak model (SM) is based on the gauge
group [1] SU(2) × U(1), with gauge bosons W i

μ, i = 1, 2, 3,
and Bμ for the SU(2) and U(1) factors, respectively, and the
corresponding gauge coupling constants g and g′. The left-handed
fermion fields of the ith fermion family transform as doublets

Ψi =

(
νi

ℓ−i

)
and

(
ui

d′i

)
under SU(2), where d′i ≡

∑
j Vij dj , and V is

the Cabibbo-Kobayashi-Maskawa mixing matrix. (Constraints on V
and tests of universality are discussed in Ref. 2 and in the Section on
“The CKM Quark-Mixing Matrix”. The extension of the formalism to
allow an analogous leptonic mixing matrix is discussed in the Section
on “Neutrino Mass, Mixing, and Flavor Change”.) The right-handed
fields are SU(2) singlets. In the minimal model there are three fermion

families and a single complex Higgs doublet φ ≡
(

φ+

φ0

)
which is

introduced for mass generation.

After spontaneous symmetry breaking the Lagrangian for the
fermion fields, ψi, is

LF =
∑

i

ψi

(
i �∂ − mi −

gmiH

2MW

)
ψi

− g

2
√

2

∑

i

Ψi γμ (1 − γ5)(T+ W+
μ + T− W−

μ )Ψi

− e
∑

i

qi ψi γμ ψi Aμ

− g

2 cos θW

∑

i

ψi γμ(gi
V − gi

Aγ5)ψi Zμ . (10.1)

θW ≡ tan−1(g′/g) is the weak angle; e = g sin θW is the positron
electric charge; and A ≡ B cos θW + W 3 sin θW is the (massless)
photon field. W± ≡ (W 1∓ iW 2)/

√
2 and Z ≡ −B sin θW +W 3 cos θW

are the massive charged and neutral weak boson fields, respectively.
T+ and T− are the weak isospin raising and lowering operators. The
vector and axial-vector couplings are

gi
V ≡t3L(i) − 2qi sin2 θW , (10.2a)

gi
A ≡t3L(i), (10.2b)

where t3L(i) is the weak isospin of fermion i (+1/2 for ui and νi;
−1/2 for di and ei) and qi is the charge of ψi in units of e.

The second term in LF represents the charged-current weak
interaction [3,4]. For example, the coupling of a W to an electron
and a neutrino is

− e

2
√

2 sin θW

[
W−

μ e γμ(1 − γ5)ν + W+
μ ν γμ (1 − γ5)e

]
. (10.3)

For momenta small compared to MW , this term gives rise to the
effective four-fermion interaction with the Fermi constant given (at tree
level, i.e., lowest order in perturbation theory) by GF /

√
2 = g2/8M2

W .
CP violation is incorporated in the SM by a single observable phase
in Vij . The third term in LF describes electromagnetic interactions
(QED), and the last is the weak neutral-current interaction.

In Eq. (10.1), mi is the mass of the ith fermion ψi. For the quarks
these are the current masses. For the light quarks, as described in the
note on “Quark Masses” in the Quark Listings, m̂u = 2.5+0.8

−1.0 MeV,

m̂d = 5.0+1.0
−1.5 MeV, and m̂s = 105+25

−35 MeV. These are running MS

masses evaluated at the scale μ = 2 GeV. (In this Section we denote

quantities defined in the modified minimal subtraction (MS) scheme
by a caret; the exception is the strong coupling constant, αs, which
will always correspond to the MS definition and where the caret will be
dropped.) For the heavier quarks we use QCD sum rule constraints [5]
and recalculate their masses in each call of our fits to account for
their direct αs dependence. We find, m̂c(μ = m̂c) = 1.266+0.031

−0.036 GeV
and m̂b(μ = m̂b) = 4.198± 0.023 GeV, with a correlation of 25%. The
top quark “pole” mass, mt = 173.1 ± 1.3 GeV, is an average [6] of
published and preliminary CDF and DØ results from run I and II. We
are working, however, with MS masses in all expressions to minimize
theoretical uncertainties, and therefore convert this result to the top
quark MS mass,

m̂t(μ = m̂t) = mt[1 − 4

3

αs

π
+ O(α2

s)],

using the three-loop formula [7]. This introduces an additional
uncertainty which we estimate to 0.5 GeV (the size of the three-
loop term). We are assuming that the kinematic mass extracted
from the collider events corresponds within this uncertainty to the
pole mass. Using the BLM optimized [8] version of the two-loop
perturbative QCD formula [9] (as we did in previous editions of
this Review) gives virtually identical results. Thus, we will use mt =
173.1 ± 0.6 (stat.) ± 1.1 (syst.) ± 0.5 (QCD) GeV ≈ 173.1 ± 1.35 GeV
(together with MH = 117 GeV) for the numerical values quoted
in Sec. 10.2–Sec. 10.5. In the presence of right-handed neutrinos,
Eq. (10.1) gives rise also to Dirac neutrino masses. The possibility
of Majorana masses is discussed in the Section on “Neutrino Mass,
Mixing, and Flavor Change”.

H is the physical neutral Higgs scalar which is the only remaining
part of φ after spontaneous symmetry breaking. The Yukawa coupling
of H to ψi, which is flavor diagonal in the minimal model, is
gmi/2MW . In non-minimal models there are additional charged and
neutral scalar Higgs particles [10].

10.2. Renormalization and radiative corrections

The SM has three parameters (not counting the Higgs boson mass,
MH , and the fermion masses and mixings). A particularly useful
set contains the Z mass, the fine structure constant, and the Fermi
constant, which will be discussed in turn:

The Z boson mass, MZ = 91.1876 ± 0.0021 GeV, has been
determined from the Z lineshape scan at LEP 1 [11].

The fine structure constant, α = 1/137.035999084(51), is currently
best determined from the e± anomalous magnetic moment [12] using
the revised 4-loop QED result from Ref. 13. (For other determinations,
see Ref. 14.) In most electroweak renormalization schemes, it is
convenient to define a running α dependent on the energy scale of the
process, with α−1 ∼ 137 appropriate at very low energy, i.e. close to
the Thomson limit. (The running has also been observed [15] directly.)
For scales above a few hundred MeV this introduces an uncertainty
due to the low energy hadronic contribution to vacuum polarization.
In the modified minimal subtraction (MS) scheme [16] (used for this
Review), and with αs(MZ) = 0.120 for the QCD coupling at MZ , we
have α̂(mτ )−1 = 133.444±0.015 and α̂(MZ)−1 = 127.916±0.015. The
latter corresponds to a quark sector contribution (without the top)

to the conventional (on-shell) QED coupling, α(MZ) =
α

1 − Δα(MZ)
,

of Δα
(5)
had(MZ) ≈ 0.02793 ± 0.00011. These values are updated from

Ref. 17 with Δα
(5)
had(MZ) moved upwards and its uncertainty almost

halved (mostly due to a more precise m̂c(m̂c)). Its correlation with
the μ± anomalous magnetic moment (see Sec. 10.5), as well as the
non-linear αs dependence of α̂(MZ) and the resulting correlation
with the input variable αs, are fully taken into account in the fits.
This is done by using as actual input (fit constraint) instead of

Δα
(5)
had(MZ) the analogous low energy contribution by the three light

quarks, Δα
(3)
had(1.8 GeV) = (57.29 ± 0.90) × 10−4, and by calculating

the perturbative and heavy quark contributions to α̂(MZ) in each
call of the fits according to Ref. 17. The uncertainty is from e+e−

annihilation data below 1.8 GeV and τ decay data; from isospin
breaking effects (affecting the interpretation of the τ data); from
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uncalculated higher order perturbative and non-perturbative QCD
corrections; and from the MS quark masses. Such a short distance mass
definition (unlike the pole mass) is free from non-perturbative and

renormalon [18] uncertainties. Various recent evaluations of Δα
(5)
had are

summarized in Table 10.1. where the leading order relation between
the MS and on-shell definitions is given by,

Δα̂(MZ) − Δα(MZ) =
α

π

(
100

27
− 1

6
− 7

4
ln

M2
Z

M2
W

)
≈ 0.0072,

and where the first term is from fermions and the other two are from
W± loops which are usually excluded from the on-shell definition.
Most of the older results relied on e+e− → hadrons cross-section
measurements up to energies of 40 GeV, which were somewhat higher
than the QCD prediction, suggested stronger running, and were
less precise. The most recent results typically assume the validity
of perturbative QCD (PQCD) at scales of 1.8 GeV and above,
and are in reasonable agreement with each other. (Evaluations in
the on-shell scheme utilize threshold data from BES [38] as further
input.) There is, however, some discrepancy between analyzes based
on e+e− → hadrons cross-section data and those based on τ decay
spectral functions [39,40]. The latter utilize data from OPAL [41],
CLEO [42], ALEPH [43], and Belle [44] and imply lower central
values for the extracted MH of about 6%. This discrepancy is smaller
than in the past and at least some of it appears to be experimental.
The dominant e+e− → π+π− cross-section was measured with the
CMD-2 [45] and SND [46] detectors at the VEPP-2M e+e− collider
at Novosibirsk and the results are (after an initial discrepancy due
to a flaw in the Monte Carlo event generator used by SND) in
good agreement with each other. As an alternative to cross-section
scans, one can use the high statistics radiative return events at e+e−

accelerators operating at resonances such as the Φ or the Υ(4S). The
method [47] is systematics dominated. The BaBar collaboration [48]
studied multi-hadron events radiatively returned from the Υ(4S),
reconstructing the radiated photon and normalizing to μ±γ final
states. Their result is higher compared to VEPP-2M and in fact
agrees quite well with the τ analysis including the energy dependence
(shape). In contrast, the shape and smaller overall cross-section from
the π+π− radiative return results from the Φ obtained by the KLOE
collaboration [49] differs significantly from what is observed by BaBar.
The discrepancy originates from the kinematic region

√
s � 0.6 GeV,

and is most pronounced for
√

s� 0.85 GeV. For a recent review
on these e+e− data, see Ref. 50. All measurements including older
data [51] are accounted for in the fits on the basis of results in
Refs. [28,40,50]. Further improvement of this dominant theoretical
uncertainty in the interpretation of precision data will require better
measurements of the cross-section for e+e− → hadrons below the
charmonium resonances including multi-pion and other final states.
To improve the precisions in m̂c(m̂c) and m̂b(m̂b) it would help to
remeasure the threshold regions of the heavy quarks as well as the
electronic decay widths of the narrow cc̄ and bb̄ resonances.

The Fermi constant, GF = 1.166364(5)× 10−5 GeV−2, is derived
from the muon lifetime formula∗,

τ−1
μ =

G2
F m5

μ

192π3
F (ρ)

(
1 +

3

5

m2
μ

M2
W

)

[
1 + H1(ρ)

α̂(mμ)

π
+ H2(ρ)

α̂2(mμ)

π2

]
, (10.4)

where ρ = m2
e/m2

μ, and where

F (ρ) = 1 − 8ρ + 8ρ3 − ρ4 − 12ρ2 ln ρ = 0.999813,

H1(ρ) =
25

8
− π2

2
−

(
9 + 4π2 + 12 lnρ

)
ρ

+ 16π2ρ3/2 + O(ρ2) = −1.8079,

∗ In the spirit of the Fermi theory, the propagator correction pro-
portional to m2

μ could instead be incorporated into Δr (see below), but

we choose to leave it in the definition of GF for historical consistency.

H2(ρ) =
156815

5184
− 518

81
π2 − 895

36
ζ(3) +

67

720
π4

+
53

6
π2 ln 2 − 5

4
π2√ρ + O(ρ) = 6.7,

α̂(mμ)−1 = α−1 +
1

3π
ln ρ = 135.9 .

The massless corrections to H1 and H2 have been obtained in
Refs. 52 and 53, respectively. The mass corrections to H1 have been
known for some time [54], while those to H2 are very recent [55].
Notice the term linear in me whose appearance was unforeseen and
can be traced to the use of the muon pole mass in the prefactor [55].
The remaining uncertainty in GF is experimental and has recently
been halved by the MuLan [56] and FAST [57] collaborations.

With these inputs, sin2 θW and the W boson mass, MW , can
be calculated when values for mt and MH are given; conversely
(as is done at present), MH can be constrained by sin2 θW and
MW . The value of sin2 θW is extracted from Z pole observables and
neutral-current processes [11,60], and depends on the renormalization
prescription. There are a number of popular schemes [61–68] leading
to values which differ by small factors depending on mt and MH . The
notation for these schemes is shown in Table 10.1.

Table 10.1: Notations used to indicate the various schemes
discussed in the text. Each definition of sin2 θW leads to
values that differ by small factors depending on mt and MH .
Approximate values are also given for illustration.

Scheme Notation Value

On-shell s2
W 0.2233

NOV s2
MZ

0.2311

MS ŝ2
Z 0.2313

MS ND ŝ2
ND 0.2315

Effective angle s2
f 0.2316

(i) The on-shell scheme [61] promotes the tree-level formula sin2 θW =
1 − M2

W /M2
Z to a definition of the renormalized sin2 θW to all

orders in perturbation theory, i.e., sin2 θW → s2
W ≡ 1−M2

W /M2
Z :

MW =
A0

sW (1 − Δr)1/2
, MZ =

MW

cW
, (10.5)

where cW ≡ cos θW , A0 = (πα/
√

2GF )1/2 = 37.28061(8) GeV,
and Δr includes the radiative corrections relating α, α(MZ),
GF , MW , and MZ . One finds Δr ∼ Δr0 − ρt/ tan2 θW , where
Δr0 = 1 − α/α̂(MZ) = 0.06655(11) is due to the running
of α, and ρt = 3GF m2

t /8
√

2π2 = 0.00939(mt/173.1 GeV)2

represents the dominant (quadratic) mt dependence. There are
additional contributions to Δr from bosonic loops, including
those which depend logarithmically on MH . One has Δr =
0.0362 ∓ 0.0005 ± 0.00011, where the second uncertainty is from
α(MZ). Thus the value of s2

W extracted from MZ includes an
uncertainty (∓0.00019) from the currently allowed range of mt.
This scheme is simple conceptually. However, the relatively large
(∼ 3%) correction from ρt causes large spurious contributions in
higher orders.

(ii) A more precisely determined quantity s2
MZ

[62] can be obtained

from MZ by removing the (mt, MH) dependent term from
Δr [63], i.e.,

s2
MZ

(1 − s2
MZ

) ≡ πα(MZ )√
2GF M2

Z

. (10.6)

Using α(MZ)−1 = 128.91± 0.02 yields s2
MZ

= 0.23108∓ 0.00005.

The small uncertainty in s2
MZ

compared to other schemes is

because the mt dependence has been removed by definition.
However, the mt uncertainty reemerges when other quantities
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(e.g., MW or other Z pole observables) are predicted in terms of
MZ .

Both s2
W and s2

MZ
depend not only on the gauge couplings but

also on the spontaneous-symmetry breaking, and both definitions are
awkward in the presence of any extension of the SM which perturbs
the value of MZ (or MW ). Other definitions are motivated by the
tree-level coupling constant definition θW = tan−1(g′/g):

(iii) In particular, the modified minimal subtraction (MS) scheme
introduces the quantity sin2 θ̂W (μ) ≡ ĝ ′2(μ)/

[
ĝ 2(μ) + ĝ ′2(μ)

]
,

where the couplings ĝ and ĝ′ are defined by modified minimal
subtraction and the scale μ is conveniently chosen to be MZ for
many electroweak processes. The value of ŝ 2

Z = sin2 θ̂W (MZ)

extracted from MZ is less sensitive than s2
W to mt (by a factor

of tan2 θW ), and is less sensitive to most types of new physics
than s2

W or s2
MZ

. It is also very useful for comparing with

the predictions of grand unification. There are actually several
variant definitions of sin2 θ̂W (MZ), differing according to whether
or how finite α ln(mt/MZ) terms are decoupled (subtracted from
the couplings). One cannot entirely decouple the α ln(mt/MZ)
terms from all electroweak quantities because mt ≫ mb breaks
SU(2) symmetry. The scheme that will be adopted here decouples
the α ln(mt/MZ) terms from the γ–Z mixing [16,64], essentially
eliminating any ln(mt/MZ) dependence in the formulae for
asymmetries at the Z pole when written in terms of ŝ 2

Z . (A
similar definition is used for α̂.) The various definitions are
related by

ŝ 2
Z = c (mt, MH)s2

W = c (mt, MH) s2
MZ

, (10.7)

where c = 1.0361 ± 0.0005 and c = 1.0010 ∓ 0.0002. The
quadratic mt dependence is given by c ∼ 1 + ρt/ tan2 θW and
c ∼ 1 − ρt/(1 − tan2 θW ), respectively. The expressions for MW
and MZ in the MS scheme are

MW =
A0

ŝZ(1 − Δr̂W )1/2
, MZ =

MW

ρ̂ 1/2 ĉZ
, (10.8)

and one predicts Δr̂W = 0.06971± 0.00002± 0.00011. Δr̂W has
no quadratic mt dependence, because shifts in MW are absorbed
into the observed GF , so that the error in Δr̂W is dominated by
Δr0 = 1−α/α̂(MZ) which induces the second quoted uncertainty.
The quadratic mt dependence has been shifted into ρ̂ ∼ 1 + ρt,
where including bosonic loops, ρ̂ = 1.01047± 0.00015. Quadratic
MH effects are deferred to two-loop order, while the leading
logarithmic MH effect is a good approximation only for large MH
values which are currently disfavored by the precision data. As
an illustration, the shift in MW due to a large MH (for fixed MZ)
is given by

ΔHMW = −11

96

α

π

MW

c2W − s2
W

ln
M2

H

M2
W

+ O(α2)

∼ −200 MeV (for MH = 10 MW ).

(iv) A variant MS quantity ŝ 2
ND (used in the 1992 edition of this

Review) does not decouple the α ln(mt/MZ) terms [65]. It is
related to ŝ 2

Z by

ŝ 2
Z = ŝ 2

ND/
(
1 +

α̂

π
d
)
, (10.9a)

d =
1

3

(
1

ŝ 2 − 8

3

) [
(1 +

αs

π
) ln

mt

MZ
− 15αs

8π

]
, (10.9b)

Thus, ŝ 2
Z − ŝ 2

ND ∼ −0.0002 for mt = 173.1 GeV.

(v) Yet another definition, the effective angle [66–68] s2
f for the

Z vector coupling to fermion f , is described in Sec. 10.3.

Experiments are at such level of precision that complete O(α)
radiative corrections must be applied. For neutral-current and Z pole
processes, these corrections are conveniently divided into two classes:

1. QED diagrams involving the emission of real photons or the
exchange of virtual photons in loops, but not including vacuum
polarization diagrams. These graphs often yield finite and gauge-
invariant contributions to observable processes. However, they
are dependent on energies, experimental cuts, etc., and must be
calculated individually for each experiment.

2. Electroweak corrections, including γγ, γZ, ZZ, and WW vacuum
polarization diagrams, as well as vertex corrections, box graphs,
etc., involving virtual W and Z bosons. Many of these corrections
are absorbed into the renormalized Fermi constant defined in
Eq. (10.4). Others modify the tree-level expressions for Z pole
observables and neutral-current amplitudes in several ways [58].
One-loop corrections are included for all processes. In addition,
certain two-loop corrections are also important. In particular,
two-loop corrections involving the top quark modify ρt in ρ̂, Δr,
and elsewhere by

ρt → ρt[1 + R(MH , mt)ρt/3]. (10.10)

R(MH , mt) is best described as an expansion in M2
Z/m2

t . The
unsuppressed terms were first obtained in Ref. 69, and are known
analytically [70]. Contributions suppressed by M2

Z/m2
t were

first studied in Ref. 71 with the help of small and large Higgs
mass expansions, which can be interpolated. These contributions
are about as large as the leading ones in Refs. 69 and 70.
The complete two-loop calculation of Δr (without further
approximation) has been performed in Refs. 72 and 73 for
fermionic and purely bosonic diagrams, respectively. Similarly,
the electroweak two-loop calculation for the relation between s2

ℓ
and s2

W is complete [74] including the recently obtained purely
bosonic contribution [75]. For MH above its lower direct limit,
−17 < R ≤ −13.

Mixed QCD-electroweak contributions to gauge boson self-
energies of order ααsm

2
t [76] and αα2

sm
2
t [77] increase the

predicted value of mt by 6%. This is, however, almost entirely an
artifact of using the pole mass definition for mt. The equivalent
corrections when using the MS definition m̂t(m̂t) increase mt

by less than 0.5%. The subleading ααs corrections [78] are
also included. Further three-loop corrections of order αα2

s [79],
α3m6

t [80,81], and α2αsm
4
t (for MH = 0) [80], are rather small.

The same is true for α3M4
H [82] corrections unless MH approaches

1 TeV. Also known are the singlet contributions (pure gluonic
intermediate states) of order αα2

s [83] and αα3
s [84]. Recently,

the corresponding non-singlet contributions have been computed
as well [85].

The leading electroweak two-loop terms for the Z → bb̄-vertex
of O(α2m4

t ) have been obtained in Refs. 69 and 70, and the mixed
QCD-electroweak contributions in Refs. 86 and 87. Very recently,
the authors of Ref. 88 completed the two-loop electroweak
fermionic corrections to s2

b . The O(ααs)-vertex corrections
involving massless quarks [89] add coherently, resulting in a
sizable effect and shift αs(MZ) when extracted from Z lineshape
observables (see Sec. 10.3) by ≈ +0.0007.

Throughout this Review we utilize electroweak radiative corrections
from the program GAPP [90], which works entirely in the MS scheme,
and which is independent of the package ZFITTER [68].

10.3. Low energy electroweak observables

It is convenient to write the four-fermion interactions relevant to
ν-hadron, ν-e, as well as parity violating e-hadron and e-e neutral-
current processes in a form that is valid in an arbitrary gauge theory
(assuming massless left-handed neutrinos). One has,

−L
νh =

GF√
2

ν γμ(1 − γ5)ν
∑

i

[
ǫL(i)qi γμ(1 − γ5)qi

+ ǫR(i)qi γμ(1 + γ5)qi

]
, (10.11)

−L
νe =

GF√
2

νμγμ(1 − γ5)νμ e γμ(gνe
V − gνe

A γ5)e, (10.12)
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−L
eh = −GF√

2

∑

i

[
C1i e γμγ5e qi γμqi + C2i e γμe qi γμγ5qi

]
, (10.13)

−L
ee = −GF√

2
C2e e γμγ5e e γμe, (10.14)

where one must include the charged-current contribution for νe-e
and νe-e and the parity-conserving QED contribution for electron
scattering.

The SM expressions for ǫL,R(i), gνe
V,A, and Cij are given in

Table 10.2. Note, that gνe
V,A and the other quantities are coefficients

of effective four-Fermi operators, which differ from the quantities
defined in Eq. (10.2) in the radiative corrections and in the presence
of possible physics beyond the SM.

Table 10.2: Standard Model expressions for the neutral-current
parameters for ν-hadron, ν-e, and e−-scattering processes.
At tree level, ρ = κ = 1, λ = 0. If radiative corrections are
included, ρνN = 1.0081, κ̂νN (〈Q2〉 = −20 GeV2) = 0.9972,
κ̂νN (〈Q2〉 = −35 GeV2) = 0.9964, λuL = −0.0031, λdL =
−0.0025 and λR = 3.7 × 10−5. For ν-e scattering, ρνe = 1.0127
and κ̂νe = 0.9965 (at 〈Q2〉 = 0.). For atomic parity violation and
the polarized DIS experiment at SLAC, ρ′e = 0.9877, ρe = 1.0006,
κ̂′e = 1.0026, κ̂e = 1.0299, λ′ = −1.8 × 10−5, λu = −0.0118 and
λd = 0.0029. And for polarized Møller scattering with SLAC
(JLab) kinematics, λe = −0.0002 (λe = −0.0004). The dominant
mt dependence is given by ρ ∼ 1 + ρt, while κ̂ ∼ 1 (MS) or
κ ∼ 1 + ρt/ tan2 θW (on-shell).

Quantity Standard Model Expression

ǫL(u) ρνN

(
1
2
− 2

3
κ̂νN ŝ2

Z

)
+ λuL

ǫL(d) ρνN

(
− 1

2
+ 1

3
κ̂νN ŝ2

Z

)
+ λdL

ǫR(u) ρνN

(
− 2

3
κ̂νN ŝ2

Z

)
+ λR

ǫR(d) ρνN

(
1
3

κ̂νN ŝ2
Z

)
+ 2 λR

gνe
V ρνe

(
− 1

2
+ 2 κ̂νe ŝ2

Z

)

gνe
A ρνe

(
− 1

2

)

C1u ρ′e

(
− 1

2
+ 4

3
κ̂′e ŝ2

Z

)
+ λ′

C1d ρ′e

(
1
2
− 2

3
κ̂′e ŝ2

Z

)
− 2 λ′

C2u ρe

(
− 1

2
+ 2 κ̂e ŝ2

Z

)
+ λu

C2d ρe

(
1
2
− 2 κ̂e ŝ2

Z

)
+ λd

C2e ρe

(
1
2
− 2 κ̂e ŝ2

Z

)
+ λe

10.3.1. Neutrino scattering :

A precise determination of the on-shell s2
W , which depends only

very weakly on mt and MH , is obtained from deep inelastic scattering
(DIS) of neutrinos from (approximately) isoscalar targets [91]. The
ratio Rν ≡ σNC

νN /σCC
νN of neutral-to-charged-current cross-sections has

been measured to 1% accuracy by the CDHS [92] and CHARM [93]
collaborations at CERN. The CCFR [94] collaboration at Fermilab
has obtained an even more precise result, so it is important to
obtain theoretical expressions for Rν and Rν̄ ≡ σNC

ν̄N /σCC
ν̄N to

comparable accuracy. Fortunately, many of the uncertainties from
the strong interactions and neutrino spectra cancel in the ratio. A
large theoretical uncertainty is associated with the c-threshold, which
mainly affects σCC . Using the slow rescaling prescription [95] the
central value of sin2 θW from CCFR varies as 0.0111(mc [GeV]−1.31),
where mc is the effective mass which is numerically close to the MS

mass m̂c(m̂c), but their exact relation is unknown at higher orders.

For mc = 1.31 ± 0.24 GeV (determined from ν-induced dimuon
production [96]) this contributes ±0.003 to the total uncertainty
Δ sin2 θW ∼ ±0.004. (The experimental uncertainty is also ±0.003.)
This uncertainty largely cancels, however, in the Paschos-Wolfenstein
ratio [97],

R− =
σNC

νN − σNC
ν̄N

σCC
νN − σCC

ν̄N

. (10.15)

It was measured by Fermilab’s NuTeV collaboration [98] for the first
time, and required a high-intensity and high-energy anti-neutrino
beam.

A simple zeroth-order approximation is

Rν = g2
L + g2

Rr, Rν̄ = g2
L +

g2
R

r
, R− = g2

L − g2
R, (10.16)

where

g2
L ≡ ǫL(u)2 + ǫL(d)2 ≈ 1

2
− sin2 θW +

5

9
sin4 θW , (10.17a)

g2
R ≡ ǫR(u)2 + ǫR(d)2 ≈ 5

9
sin4 θW , (10.17b)

and r ≡ σCC
ν̄N /σCC

νN is the ratio of ν to ν charged-current cross-sections,
which can be measured directly. (In the simple parton model, ignoring
hadron energy cuts, r ≈ ( 1

3
+ ǫ)/(1 + 1

3
ǫ), where ǫ ∼ 0.125 is the ratio

of the fraction of the nucleon’s momentum carried by anti-quarks to
that carried by quarks.) In practice, Eq. (10.16) must be corrected
for quark mixing, quark sea effects, c-quark threshold effects, non-
isoscalarity, W–Z propagator differences, the finite muon mass, QED
and electroweak radiative corrections. Details of the neutrino spectra,
experimental cuts, x and Q2 dependence of structure functions,
and longitudinal structure functions enter only at the level of these
corrections and therefore lead to very small uncertainties. The CCFR
group quotes s2

W = 0.2236 ± 0.0041 for (mt, MH) = (175, 150) GeV
with very little sensitivity to (mt, MH).

The NuTeV collaboration found s2
W = 0.2277 ± 0.0016 (for the

same reference values), which was 3.0 σ higher than the SM
prediction [98]. Since then a number of experimental and theoretical
developments implied shifts in the extracted s2

W , most of them
reducing the discrepancy: (i) NuTeV also measured [99] the difference
between the strange and antistrange quark momentum distributions,
S− ≡

∫ 1
0 dxx[s(x) − s̄(x)] = 0.00196 ± 0.00143, from dimuon events

utilizing the first complete next-to-leading order QCD description [100]
and parton distribution functions (PDFs) according to Ref. 101. The
magnitude of the central value agrees with the earlier result [102] but
differs in sign. The effect of S− �= 0 on the NuTeV value for s2

W has
been studied in Ref. 102, and the S− above translates into a shift
δs2

W = −0.0014 ± 0.0010. On the other hand, there are theoretical
arguments (see Ref. 103 and references therein) favoring a zero
crossing of x[s(x) − s̄(x)] at values much larger than seen by NuTeV
and suggesting an effect of much smaller and perhaps negligible size.
We will therefore take half of the above shift as an estimate of both
the S− effect and the associated uncertainty, δs2

W = −0.0007±0.0007,
replacing the original uncertainty [98] of ±0.00047. (ii) The measured
branching ratio for Ke3 decays enters crucially in the determination of
the νe(ν̄e) contamination of the νμ(ν̄μ) beam. This branching ratio has
moved from 4.82± 0.06% at the time of the original publication [98] to
the current value of 5.07± 0.04%, i.e., a change by more than 4 σ. To
reflect this, we move s2

W by +0.0016 and reduce the νe(ν̄e) uncertainty
by a factor of 2/3. (iii) PDFs seem to violate isospin symmetry at
levels much stronger than generally expected [104]. A minimum χ2

set of PDFs generalized in this sense [105,106] shows a reduction in the
NuTeV discrepancy in s2

W by 0.0015. But isospin symmetry violating
PDFs are currently not well constrained phenomenologically and
within uncertainties the NuTeV anomaly could be accounted for in full
or conversely made larger [105]. Still, the leading contribution from
quark mass differences turns out to be largely model-independent [107]
and a shift, δs2

W = −0.0015 ± 0.0003 [103], is applied. (iv) QED

splitting effects also violate isospin symmetry with an effect on s2
W

whose sign (reducing the discrepancy) is model-independent. The
corresponding shift of δs2

W = −0.0011 has been calculated in Ref. 108
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and a 100% uncertainty is assigned to it. (v) Nuclear shadowing
effects [109] are likely to affect the interpretation of the NuTeV result
at some level, but the NuTeV collaboration argues that their data are
dominated by values of Q2 at which nuclear shadowing is expected
to be relatively small so that we do not apply a correction. However,
another nuclear effect, the isovector EMC effect [110], is much larger
(because it affects all neutrons in the nucleus, not just the excess
ones) and model-independently works to reduce the discrepancy. It is
estimated to lead to a shift of δs2

W = −0.0019 ± 0.0006 [103]. (vi)

The extracted s2
W may also shift at the level of the quoted uncertainty

when analyzed using the most recent QED and electroweak radiative
corrections [111,112], as well as QCD corrections to the structure
functions [113]. However, their precise impact can be estimated only
after the NuTeV data have been analyzed with a new set of PDFs
including these new radiative corrections while simultaneously allowing
isospin breaking and asymmetric strange seas. Remaining one- and
two-loop radiative corrections have been estimated [112] to induce
uncertainties in the extracted s2

W of ±0.0004 and ±0.0003, respectively,

compared to the initial error of ±0.00011 [102]. Most of the s2
W

dependence and the NuTeV discrepancy reside in g2
L (initially 2.7 σ

low). Thus, the total shift of δs2
W = −0.0036 ± 0.0015 corresponds

to δg2
L = +0.0027 ∓ 0.0011 and we arrive at g2

L = 0.3027 ± 0.0018
which we use as a constraint in the fits. The right-handed coupling,
g2
R = 0.0308 ± 0.0011 (which is 0.7 σ high) and the other ν-DIS data

are expected to exhibit shifts as well, but these ought to be less
significant since their relative experimental uncertainties are larger.
In view of these developments and caveats, we use the NuTeV result
in this Review but consider it along with the other ν-DIS data as
preliminary until a re-analysis using PDFs including all experimental
and theoretical information and correlations has been completed.

The cross-section in the laboratory system for νμe → νμe or
νμe → νμe elastic scattering is

dσν,ν̄

dy
=

G2
F meEν

2π

[
(gνe

V ±gνe
A )2+(gνe

V ∓gνe
A )2(1−y)2−(gνe2

V −gνe2
A )

y me

Eν

]
,

(10.18)
where the upper (lower) sign refers to νμ(νμ), and y ≡ Te/Eν (which
runs from 0 to (1 + me/2Eν)−1) is the ratio of the kinetic energy of
the recoil electron to the incident ν or ν energy. For Eν ≫ me this
yields a total cross-section

σ =
G2

F meEν

2π

[
(gνe

V ± gνe
A )2 +

1

3
(gνe

V ∓ gνe
A )2

]
. (10.19)

The most accurate measurements [114–117] of sin2 θW from ν-lepton
scattering are from the ratio R ≡ σνµe/σν̄µe in which many of the
systematic uncertainties cancel. Radiative corrections (other than mt

effects) are small compared to the precision of present experiments
and have negligible effect on the extracted sin2 θW . The most precise
experiment (CHARM II) [116] determined not only sin2 θW but gνe

V,A
as well. The cross-sections for νe-e and νe-e may be obtained from
Eq. (10.18) by replacing gνe

V,A by gνe
V,A + 1, where the 1 is due to the

charged-current contribution [117,118].

10.3.2. Parity violation :

The SLAC polarized electron-deuteron DIS experiment [119]
measured the right-left asymmetry,

A =
σR − σL

σR + σL
, (10.20)

where σR,L is the cross-section for the deep-inelastic scattering of
a right- or left-handed electron: eR,LN → eX. In the quark parton
model,

A

Q2
= a1 + a2

1 − (1 − y)2

1 + (1 − y)2
, (10.21)

where Q2 > 0 is the momentum transfer and y is the fractional energy
transfer from the electron to the hadrons. For the deuteron or other
isoscalar targets, one has, neglecting the s-quark and anti-quarks,

a1 =
3GF

5
√

2πα

(
C1u − 1

2
C1d

)
≈ 3GF

5
√

2πα

(
−3

4
+

5

3
sin2 θW

)
, (10.22a)

a2 =
3GF

5
√

2πα

(
C2u − 1

2
C2d

)
≈ 9GF

5
√

2πα

(
sin2 θW − 1

4

)
. (10.22b)

In another polarized-electron scattering experiment on deuterons, but
in the quasi-elastic kinematic regime, the SAMPLE experiment [120]
at MIT-Bates extracted the combination C2u − C2d at Q2 values
of 0.1 GeV2 and 0.038 GeV2. What was actually determined were
nucleon form factors from which the quoted results were obtained by
the removal of a multi-quark radiative correction [121]. Other linear
combinations of the Ciq have been determined in polarized-lepton
scattering at CERN in μ-C DIS, at Mainz in e-Be (quasi-elastic), and
at Bates in e-C (elastic). See the review articles in Refs. 59 and 122
for more details. Recent polarized electron asymmetry experiments,
i.e., SAMPLE, the PVA4 experiment at Mainz, and the HAPPEX
and G0 experiments at Jefferson Lab, have focussed on the strange
quark content of the nucleon. These are reviewed in Ref. 123, where
it is shown that they can also provide significant constraints on C1u

and C1d which complement those from atomic parity violation.

The parity violating asymmetry, APV , in fixed target polarized
Møller scattering, e−e− → e−e−, is defined as in Eq. (10.20) and
reads [124],

APV

Q2 = −2 C2e
GF√
2πα

1 − y

1 + y4 + (1 − y)4
, (10.23)

where y is again the energy transfer. It has been measured at low
Q2 = 0.026 GeV2 in the SLAC E158 experiment [125], with the
result APV = (−1.31 ± 0.14 (stat.) ± 0.10 (syst.)) × 10−7. Expressed
in terms of the weak mixing angle in the MS scheme, this yields
ŝ 2(Q2) = 0.2403± 0.0013, and established the scale dependence of the
weak mixing (see Fig. 10.1) at the level of 6.4 standard deviations.
One can also define the so-called weak charge of the electron (cf.
Eq. (10.24) below) as QW (e) ≡ −2 C2e = −0.0403 ± 0.0053 (the
implications are discussed in Ref. 126). In a similar experiment and
at about the same Q2, Qweak at Jefferson Lab [127] will be able to
measure the weak charge of the proton, QW (p) = −2 [2 C1u + C1d],
and sin2 θW in polarized ep scattering with relative precisions of
4% and 0.3%, respectively. These experiments will provide the most
precise determinations of the weak mixing angle off the Z peak and
will be sensitive to various types of physics beyond the SM.

There are precise experiments measuring atomic parity violation
(APV) [131] in cesium [132,133] (at the 0.4% level [132]) ,
thallium [134], lead [135], and bismuth [136]. The electroweak
physics is contained in the weak charges which are defined by,

QW (Z, N) ≡ −2 [C1u (2Z + N) + C1d(Z + 2N)] ≈ Z(1−4 sin2 θW )−N.
(10.24)

E.g., QW (133Cs) is extracted by measuring experimentally the ratio of
the parity violating amplitude, EPNC, to the Stark vector transition
polarizability, β, and by calculating theoretically EPNC in terms of
QW . One can then write,

QW = N

(
Im EPNC

β

)

exp.

( |e| aB

Im EPNC

QW

N

)

th.

(
β

a3
B

)

exp.+th.

(
a2
B

|e|

)
.

The uncertainties associated with atomic wave functions are quite
small for cesium [137]. In the past, the semi-empirical value of β
added another source of theoretical uncertainty [138]. The ratio of
the off-diagonal hyperfine amplitude to the polarizability has now been
measured directly by the Boulder group [139]. Combined with the
precisely known hyperfine amplitude [140] one finds, β = 26.991±0.046,
in excellent agreement with the earlier results, reducing the overall
theory uncertainty (while slightly increasing the experimental
error). The very recent state-of-the-art many body calculation [141]
yields, ImEPNC = (0.8906 ± 0.0026) × 10−11|e| aB QW /N , while
the two measurements [132,133] combine to give Im EPNC/β =
−1.5924± 0.0055 mV/cm, and we obtain QW (13378Cs) = −73.20± 0.35.
Thus, the various theoretical efforts in Refs. 141 and 142 together
with an update of the SM calculation [128] removed an earlier 2.3 σ
deviation from the SM (see the year 2000 edition of this Review).
The theoretical uncertainties are 3% for thallium [143] but larger for
the other atoms. The Boulder experiment in cesium also observed the
parity-violating weak corrections to the nuclear electromagnetic vertex
(the anapole moment [144]) .
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Figure 10.1: Scale dependence of the weak mixing angle
defined in the MS scheme [129] (for the scale dependence of the
weak mixing angle defined in a mass-dependent renormalization
scheme, see Ref. 126). The minimum of the curve corresponds
to Q = MW , below which we switch to an effective theory with
the W± bosons integrated out, and where the β-function for the
weak mixing angle changes sign. At the location of the W boson
mass and each fermion mass, there are also discontinuities arising
from scheme dependent matching terms which are necessary to
ensure that the various effective field theories within a given
loop order describe the same physics. However, in the MS scheme
these are very small numerically and barely visible in the figure
provided one decouples quarks at Q = m̂q(m̂q). The width of
the curve reflects the theory uncertainty from strong interaction
effects which at low energies is at the level of ±7 × 10−5 [129].
Following the estimate [130] of the typical momentum transfer for
parity violation experiments in Cs, the location of the APV data
point is given by μ = 2.4 MeV. For ν-DIS we chose μ = 20 GeV
which is about half-way between the averages of

√
Q2 for ν and ν

interactions at NuTeV. The Tevatron measurements are strongly
dominated by invariant masses of the final state dilepton pair of
O(MZ) and can thus be considered as additional Z pole data
points, yielding s̄2

Z = 0.2316 ± 0.0018. However, for clarity we
displayed the point horizontally to the right.

In the future it could be possible to further reduce the theoretical
wave function uncertainties by taking the ratios of parity violation in
different isotopes [131,145]. There would still be some residual un-
certainties from differences in the neutron charge radii, however [146].
Experiments in hydrogen and deterium are another possibility for
reducing the uncertainties [147].

10.4. W and Z boson physics

10.4.1. e+e− scattering below the Z pole :

The forward-backward asymmetry for e+e− → ℓ+ℓ−, ℓ = μ or τ , is
defined as

AFB ≡ σF − σB

σF + σB
, (10.25)

where σF (σB) is the cross-section for ℓ− to travel forward (backward)
with respect to the e− direction. AFB and R, the total cross-section
relative to pure QED, are given by

R = F1 , AFB =
3

4

F2

F1
, (10.26)

where

F1 = 1 − 2χ0 ge
V gℓ

V cos δR + χ2
0

(
ge2
V + ge2

A

)(
gℓ2
V + gℓ2

A

)
, (10.27a)

F2 = −2χ0 ge
A gℓ

A cos δR + 4χ2
0 ge

A gℓ
A ge

V gℓ
V , (10.27b)

tan δR =
MZΓZ

M2
Z − s

, χ0 =
GF

2
√

2πα

sM2
Z[

(M2
Z − s)2 + M2

ZΓ2
Z

]1/2
, (10.28)

and where
√

s is the CM energy. Eq. (10.27) is valid at tree
level. If the data are radiatively corrected for QED effects (as
described above), then the remaining electroweak corrections can be
incorporated [148,149] (in an approximation adequate for existing
PEP, PETRA, and TRISTAN data, which are well below the Z pole)
by replacing χ0 by χ(s) ≡ (1 + ρt)χ0(s)α/α(s), where α(s) is the
running QED coupling, and evaluating gV in the MS scheme. Reviews
and formulae for e+e− → hadrons may be found in Ref. 150.

10.4.2. Z pole physics :

At LEP 1 and SLC, there were high-precision measurements
of various Z pole observables [11,151–156], as summarized in
Table 10.6. These include the Z mass and total width, ΓZ , and
partial widths Γ(ff) for Z → ff where fermion f = e, μ, τ ,
hadrons, b, or c. It is convenient to use the variables MZ , ΓZ , Rℓ ≡
Γ(had)/Γ(ℓ+ℓ−) (ℓ = e, μ, τ), σhad ≡ 12π Γ(e+e−) Γ(had)/M2

Z Γ2
Z ,

Rb ≡ Γ(bb)/Γ(had), and Rc ≡ Γ(cc)/Γ(had), most of which are weakly
correlated experimentally. (Γ(had) is the partial width into hadrons.)
The three values for Rℓ are not inconsistent with lepton universality
(although Rτ is somewhat low), but we use the general analysis
in which the three observables are treated as independent. Similar

remarks apply to A0,ℓ
FB below (A0,τ

FB is somewhat high). O(α3) QED
corrections introduce a large anti-correlation (−30%) between ΓZ and
σhad. The anti-correlation between Rb and Rc is −18% [11]. The
Rℓ are insensitive to mt except for the Z → bb vertex and final
state corrections and the implicit dependence through sin2 θW . Thus,
they are especially useful for constraining αs. The width for invisible
decays [11], Γ(inv) = ΓZ − 3 Γ(ℓ+ℓ−) − Γ(had) = 499.0 ± 1.5 MeV,
can be used to determine the number of neutrino flavors much
lighter than MZ/2, Nν = Γ(inv)/Γtheory(νν) = 2.984 ± 0.009 for
(mt, MH) = (173.1, 117) GeV.

There were also measurements of various Z pole asymmetries.
These include the polarization or left-right asymmetry

ALR ≡ σL − σR

σL + σR
, (10.29)

where σL(σR) is the cross-section for a left-(right-)handed incident
electron. ALR was measured precisely by the SLD collaboration at
the SLC [152], and has the advantages of being extremely sensitive to
sin2 θW and that systematic uncertainties largely cancel. In addition,
SLD extracted the final-state couplings (defined below), Ab, Ac [11],
As [153], Aτ , and Aμ [154], from left-right forward-backward
asymmetries, using

AFB
LR (f) =

σf
LF − σf

LB − σf
RF + σf

RB

σf
LF + σf

LB + σf
RF + σf

RB

=
3

4
Af , (10.30)

where, for example, σ
f
LF is the cross-section for a left-handed incident

electron to produce a fermion f traveling in the forward hemisphere.
Similarly, Aτ was measured at LEP 1 [11] through the negative total τ
polarization, Pτ , and Ae was extracted from the angular distribution
of Pτ . An equation such as (10.30) assumes that initial state QED
corrections, photon exchange, γ–Z interference, the tiny electroweak
boxes, and corrections for

√
s �= MZ are removed from the data,

leaving the pure electroweak asymmetries. This allows the use of
effective tree-level expressions,

ALR = AePe , AFB =
3

4
Af

Ae + Pe

1 + PeAe
, (10.31)

where

Af ≡
2gf

V gf
A

gf2
V + gf2

A

, (10.32)

and

gf
V =

√
ρf (t

(f)
3L − 2qfκf sin2 θW ), gf

A =
√

ρf t
(f)
3L . (10.33)

Pe is the initial e− polarization, so that the second equality in
Eq. (10.30) is reproduced for Pe = 1, and the Z pole forward-backward

asymmetries at LEP 1 (Pe = 0) are given by A
(0,f)
FB = 3

4AeAf where
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f = e, μ, τ , b, c, s [155], and q, and where A
(0,q)
FB refers to the

hadronic charge asymmetry. Corrections for t-channel exchange and

s/t-channel interference cause A
(0,e)
FB to be strongly anti-correlated

with Re (−37%). The correlation between A
(0,b)
FB and A

(0,c)
FB amounts

to 15%. The initial state coupling, Ae, was also determined through
the left-right charge asymmetry [156] and in polarized Bhabba
scattering [154] at the SLC. The forward-backward asymmetry, AFB,
for e+e− final states (with invariant masses restricted to or dominated
by values around MZ) in pp̄ collisions has been measured by the
CDF [157] and DØ [158] collaborations and values for s2

ℓ were

extracted, which combine to s2
ℓ = 0.2316 ± 0.0018. By varying the

invariant mass and the scattering angle (and assuming the electron

couplings), the effective Z couplings to light quarks, gu,d
V,A, resulted,

as well, but with large uncertainties and mutual correlations and not
independently of s2

ℓ above. Similar analyses have also been reported
by the H1 and ZEUS collaborations at HERA [159] and by the LEP
collaborations [11].

The electroweak radiative corrections have been absorbed into
corrections ρf − 1 and κf − 1, which depend on the fermion f and on
the renormalization scheme. In the on-shell scheme, the quadratic mt

dependence is given by ρf ∼ 1 + ρt, κf ∼ 1 + ρt/ tan2 θW , while in MS,

ρ̂f ∼ κ̂f ∼ 1, for f �= b (ρ̂b ∼ 1− 4
3ρt, κ̂b ∼ 1 + 2

3ρt). In the MS scheme

the normalization is changed according to GF M2
Z/2

√
2π → α̂/4ŝ 2

Z ĉ 2
Z .

(If one continues to normalize amplitudes by GF M2
Z/2

√
2π, as in the

1996 edition of this Review, then ρ̂f contains an additional factor
of ρ̂.) In practice, additional bosonic and fermionic loops, vertex
corrections, leading higher order contributions, etc., must be included.
For example, in the MS scheme one has ρ̂ℓ = 0.9981, κ̂ℓ = 1.0013,
ρ̂b = 0.9870, and κ̂b = 1.0067. It is convenient to define an effective

angle s2
f ≡ sin2 θWf ≡ κ̂f ŝ 2

Z = κfs2
W , in terms of which gf

V and gf
A

are given by
√

ρf times their tree-level formulae. Because gℓ
V is very

small, not only A0
LR = Ae, A

(0,ℓ)
FB , and Pτ , but also A

(0,b)
FB , A

(0,c)
FB ,

A
(0,s)
FB , and the hadronic asymmetries are mainly sensitive to s2

ℓ . One
finds that κ̂f (f �= b) is almost independent of (mt, MH), so that one
can write

s2
ℓ ∼ ŝ 2

Z + 0.00029 . (10.34)

Thus, the asymmetries determine values of s2
ℓ and ŝ 2

Z almost
independent of mt, while the κ’s for the other schemes are mt

dependent.

10.4.3. LEP 2 :

LEP 2 [160] ran at several energies above the Z pole up to
∼ 209 GeV. Measurements were made of a number of observables,
including the cross-sections for e+e− → f f̄ for f = q, μ−, τ−; the
differential cross-sections for f = e−, μ−, τ−; Rq for q = b, c; AFB(f)
for f = μ, τ, b, c; W branching ratios; and WW , WWγ, ZZ, single
W , and single Z cross-sections. They are in good agreement with the
SM predictions, with the exceptions of the total hadronic cross-section
(1.7 σ high), Rb (2.1 σ low), and AFB(b) (1.6 σ low). Also, the
negative result of the direct search for the SM Higgs boson excluded
MH values below 114.4 GeV at the 95% CL [161]. This result is
complementary to and can be combined with [162] the limits inferred
from the electroweak precision data.

The Z boson properties are extracted assuming the SM expressions
for the γ–Z interference terms. These have also been tested
experimentally by performing more general fits [160,163] to the
LEP 1 and LEP 2 data. Assuming family universality this approach
introduces three additional parameters relative to the standard
fit [11], describing the γ–Z interference contribution to the total
hadronic and leptonic cross-sections, jtot

had and jtot
ℓ , and to the leptonic

forward-backward asymmetry, jfb
ℓ . E.g.,

jtot
had ∼ gℓ

V ghad
V = 0.277± 0.065, (10.35)

which is in agreement with the SM expectation [11] of 0.21 ± 0.01.
These are valuable tests of the SM; but it should be cautioned that new
physics is not expected to be described by this set of parameters, since
(i) they do not account for extra interactions beyond the standard

weak neutral-current, and (ii) the photonic amplitude remains fixed to
its SM value.

Strong constraints on anomalous triple and quartic gauge couplings
have been obtained at LEP 2 and the Tevatron as described in the
Gauge & Higgs Bosons Particle Listings.

10.4.4. W and Z decays :

The partial decay width for gauge bosons to decay into massless
fermions f1f2 (the numerical values include the small electroweak
radiative corrections and final state mass effects) is

Γ(W+ → e+νe) =
GF M3

W

6
√

2π
≈ 226.31± 0.07 MeV , (10.36a)

Γ(W+ → uidj) =
CGF M3

W

6
√

2π
|Vij |2 ≈ 706.18± 0.22 MeV |Vij |2,(10.36b)

Γ(Z → ψiψi) =
CGF M3

Z

6
√

2π

[
gi2
V + gi2

A

]

≈

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

167.21± 0.02 MeV (νν),

83.99± 0.01 MeV (e+e−),

300.20± 0.06 MeV (uu),

382.98± 0.06 MeV (dd),

375.94∓ 0.04 MeV (bb).

(10.36c)

For leptons C = 1, while for quarks

C = 3

[
1 +

αs(MV )

π
+ 1.409

α2
s

π2
− 12.77

α3
s

π3
− 80.0

α4
s

π4

]
, (10.37)

where the 3 is due to color and the factor in brackets represents the
universal part of the QCD corrections [164] for massless quarks [165].
The O(α4

s) contribution in Eq. (10.37) is new [166]. The Z → f f̄
widths contain a number of additional corrections: universal (non-
singlet) top quark mass contributions [167]; fermion mass effects
and further QCD corrections proportional to m̂2

q(M
2
Z) [168] which

are different for vector and axial-vector partial widths; and singlet
contributions starting from two-loop order which are large, strongly top
quark mass dependent, family universal, and flavor non-universal [169].
The QED factor 1 + 3αq2

f/4π, as well as two-loop order ααs and

α2 self-energy corrections [170] are also included. Working in the
on-shell scheme, i.e., expressing the widths in terms of GF M3

W,Z ,
incorporates the largest radiative corrections from the running QED
coupling [61,171]. Electroweak corrections to the Z widths are then
incorporated by replacing g i2

V,A by g i2
V,A. Hence, in the on-shell scheme

the Z widths are proportional to ρi ∼ 1 + ρt. The MS normalization
accounts also for the leading electroweak corrections [66]. There
is additional (negative) quadratic mt dependence in the Z → bb
vertex corrections [172] which causes Γ(bb) to decrease with mt. The
dominant effect is to multiply Γ(bb) by the vertex correction 1 + δρbb̄,

where δρbb̄ ∼ 10−2(− 1
2

m2
t

M2
Z

+ 1
5
). In practice, the corrections are

included in ρb and κb, as discussed before.

For 3 fermion families the total widths are predicted to be

ΓZ ≈ 2.4957± 0.0003 GeV , ΓW ≈ 2.0910± 0.0007 GeV .
(10.38)

We have assumed αs(MZ) = 0.1200. An uncertainty in αs of ±0.0016
introduces an additional uncertainty of 0.05% in the hadronic
widths, corresponding to ±0.8 MeV in ΓZ . These predictions are to be
compared with the experimental results ΓZ = 2.4952±0.0023 GeV [11]
and ΓW = 2.085 ± 0.042 GeV [173] (see the Gauge & Higgs Boson
Particle Listings for more details).
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Table 10.3: Correlation matrix for
measurements of b → sγ.

CLEO 1.000 0.175 0.048 0.038

BaBar (inclusive) 0.175 1.000 0.029 0.033

BaBar (exclusive) 0.048 0.029 1.000 0.019

Belle 0.038 0.033 0.019 1.000

10.5. Precision flavor physics

In addition to cross-sections, asymmetries, parity violation, W and
Z decays, there is a large number of experiments and observables
testing the flavor structure of the SM. These are addressed elsewhere
in this Review, and generally not included in this Section. However,
we identify three precision observables with sensitivity to similar types
of new physics as the other processes discussed here. The branching
fraction of the flavor changing transition b → sγ is of comparatively
low precision, but since it is a loop-level process (in the SM) its
sensitivity to new physics (and SM parameters, such as heavy quark
masses) is enhanced. The τ -lepton lifetime and leptonic branching
ratios are primarily sensitive to αs and not affected significantly by
many types of new physics. However, having an independent and
reliable low energy measurement of αs in a global analysis allows
the comparison with the Z lineshape determination of αs which
shifts easily in the presence of new physics contributions. By far the
most precise observable discussed here is the anomalous magnetic
moment of the muon (the electron magnetic moment is measured to
even greater precision, but its new physics sensitivity is suppressed
by an additional factor of m2

e/m2
μ). Its combined experimental

and theoretical uncertainty is comparable to typical new physics
contributions.

The CLEO [174], BaBar [175] and Belle [176] collaborations
reported precise measurements of the process b → sγ. We extrapolated
these results to the full photon spectrum which is defined according
to the recommendation in Ref. 177. The results for the branching
fractions are then given by,

CLEO : 3.32 × 10−4[1 ± 0.134 ± 0.076± 0.038 ± 0.048± 0.003],

BaBar(incl.) : 3.99 × 10−4[1 ± 0.080 ± 0.091± 0.079 ± 0.026± 0.003],

BaBar(excl.) : 3.57 × 10−4[1 ± 0.055+0.168
−0.122 ± 0 ± 0.026 ± 0 ],

Belle : 3.61 × 10−4[1 ± 0.043 ± 0.116± 0.003 ± 0.014± 0.003],

where the first two errors are the statistical and systematic
uncertainties (taken uncorrelated). In the cases of CLEO and Belle,
the error component from the signal models are moved from the
systematic error to the model (third) error. The fourth error accounts
for the extrapolation from the finite photon energy cutoff [177–179]
(2.0 GeV, 1.9 GeV, and 1.7 GeV, respectively, for CLEO, BaBar
and Belle) to the full theoretical branching ratio. For this we use the
results of Ref. 177 for mb = 4.70 GeV which is in good agreement
with the more recent Ref. 179. The uncertainty reflects the difference
due to choosing mb = 4.60 GeV, instead. The last error is from the
correction (0.957± 0.003) for the b → dγ component which is common
to all inclusive measurements, but absent for the exclusive BaBar
measurement in the third line. The last three errors are taken as
100% correlated, resulting in the correlation matrix in Table 10.3.
It is advantageous [180] to normalize the result with respect to the
semi-leptonic branching fraction, B(b → Xeν) = 0.1074 ± 0.0016,
yielding,

R =
B(b → sγ)

B(b → Xeν)
= (3.38 ± 0.27 ± 0.37) × 10−3. (10.39)

In the fits we use the variable lnR = −5.69 ± 0.14 to assure an
approximately Gaussian error [181]. The second uncertainty in
Eq. (10.39) is an 11% theory uncertainty (excluding parametric
errors such as from αs) in the SM prediction which is based on
the next-to-leading order calculations of Refs. 180 and 182. There
is a coordinated effort underway to obtain the SM prediction at
next-to-next-to-leading order [183].

The extraction of αs from the τ lifetime is standing out from other
determinations because of a variety of independent reasons: (i) the
τ -scale is low, so that upon extrapolation to the Z scale (where it can
be compared to the theoretically clean Z lineshape determinations)
the αs error shrinks by about an order of magnitude; (ii) yet, this scale
is high enough that perturbation theory and the operator product
expansion (OPE) can be applied; (iii) these observables are fully
inclusive and thus free of fragmentation and hadronization effects
that would have to be modeled or measured; (iv) OPE breaking
effects are most problematic near the branch cut but there they
are suppressed by a double zero at s = m2

τ ; (v) there are enough
data [41,43] to constrain non-perturbative effects both within and
breaking the OPE; (vi) a complete four-loop order QCD calculation is
available [166]; (vii) large effects associated with the QCD β-function
can be re-summed [184] in what has become known as contour
improved perturbation theory (CIPT). However, while there is no
doubt that CIPT shows faster convergence in the lower (calculable)
orders, doubts have been cast on the method by the observation that
at least in a specific model [185], which includes the exactly known
coefficients and theoretical constraints on the large-order behavior,
ordinary fixed order perturbation theory (FOPT) may nevertheless
give a better approximation to the full result. We therefore use the
expressions [5,165,166,186],

ττ =�
1 − Bs

τ

Γe
τ + Γμ

τ + Γud
τ

= 291.09± 0.48 fs, (10.40)

Γud
τ =

G2
F m5

τ |Vud|2
64π3

S(mτ , MZ)

(
1 +

3

5

m2
τ

M2
W

)
×

[
1 +

αs(mτ )

π
+ 5.202

α2
s

π2
+ 26.37

α3
s

π3

+ 127.1
α4

s

π4 +
α̂

π

(
85

24
− π2

2

)]
, (10.41)

and Γe
τ and Γμ

τ can be taken from Eq. (10.4) with obvious replacements.
The relative fraction of decays with ΔS = −1, Bs

τ = 0.0286±0.0007, is
based on experimental data since the value for the strange quark mass,
m̂s(mτ ), is not well known and the QCD expansion proportional to m̂2

s

converges poorly and cannot be trusted. S(mτ , MZ) = 1.01907±0.0003
is a logarithmically enhanced electroweak correction factor with higher
orders re-summed [187]. Also included (but not shown) are quark
mass effects and condensate contributions [188]. The largest
uncertainty arises from the truncation of the FOPT series and is
conservatively taken as the α4

s term (this is re-calculated in each call of
the fits, leading to an αs-dependent and thus asymmetric error) until
a better understanding of the numerical differences between FOPT
and CIPT has been gained. Incidentally, the τ spectral functions are
better described in CIPT than in FOPT [188]. Our error almost
covers the entire range from using CIPT to assuming that the nearly
geometric series in Eq. (10.41) continues to higher orders. The next
largest uncertainties (±0.6 fs) are from the condensates [188] and the
evolution to the Z scale, followed by the experimental uncertainty in
Eq. (10.40), which is from combining the two leptonic branching ratios
with the direct ττ . Included are also various smaller uncertainties
from other sources. In total we obtain a ∼ 1.5% determination of
αs(MZ) = 0.1174+0.0018

−0.0016 which updates the result of Ref. 5. For more
details, see Refs. 50 and 188 where the τ spectral functions are used
as additional input.

The world average of the muon anomalous magnetic moment∗∗,

aexp
μ =

gμ − 2

2
= (1165920.80± 0.63)× 10−9, (10.42)

∗∗ In what follows, we summarize the most important aspects of
gμ − 2, and give some details about the evaluation in our fits. For
more details see the dedicated contribution by A. Höcker and W. Mar-
ciano in this Review. There are some small numerical differences (at the
level of 0.1 standard deviation), which are well understood and mostly
arise because internal consistency of the fits requires the calculation
of all observables from analytical expressions and common inputs and
fit parameters, so that an independent evaluation is necessary for this
Section. Note, that in the spirit of a global analysis based on all avail-
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is dominated by the final result of the E821 collaboration at BNL [189].
The QED contribution has been calculated to four loops [190] (fully
analytically to three loops [191,192]) , and the leading logarithms
are included to five loops [193,194]. The estimated SM electroweak
contribution [195–197], aEW

μ = (1.52 ± 0.03) × 10−9, which includes
leading two-loop [196] and three-loop [197] corrections, is at the level
of twice the current uncertainty.

The limiting factor in the interpretation of the result is the
uncertainty from the two-loop hadronic contribution. E.g., Ref. 50
obtained the value ahad

μ = (69.55±0.41)×10−9 which combines CMD-

2 [45] and SND [46] e+e− → hadrons cross-section data with radiative
return results from BaBar [48] and KLOE [49]. This value suggests
a 3.1 σ discrepancy between Eq. (10.42) and the SM prediction.
Updating an alternative analysis [39] the authors of Ref. 40 quote
ahad
μ = (70.53± 0.45)× 10−9 using τ decay data and isospin symmetry

(CVC). This result implies a smaller conflict (1.8 σ) with Eq. (10.42).
Thus, there is also a discrepancy between the 2π and 4π spectral
functions obtained from the two methods, contributing 70% and 30%
of the discrepancy, respectively. For example, if one uses the e+e−

data and CVC to predict the branching ratio for τ− → ντπ−π0 decays
one obtains 24.78 ± 0.25% [40], while the average of the directly
measured branching ratio yields 25.51 ± 0.09% which is 2.7 σ higher.
It is important to understand the origin of this difference, but
two observations point to the conclusion that at least some of it
is experimental: (i) The τ− → ντ 2π−π+π0 spectral function also
disagrees with the corresponding e+e− data by 1.7 σ, which translates
to a 20% effect [40,50] and seems too large to arise from isospin
violation. (ii) Isospin violating corrections have been studied in detail
in Refs. 40 and 198 and found to be largely under control. The
largest effect is due to higher-order electroweak corrections [52] but
introduces a negligible uncertainty [187]. Nevertheless, ahad

μ is often
evaluated excluding the τ decay data arguing [199] that CVC breaking
effects (e.g., through a relatively large mass difference between the
ρ± and ρ0 vector mesons) may be larger than expected. (This may
also be relevant [199] in the context of the NuTeV result discussed
above.) Experimentally [43], this mass difference is indeed larger
than expected, but then one would also expect a significant width
difference which is contrary to observation [43]. Fortunately, due to
the suppression at large s (from where the conflicts originate) these
problems are less pronounced as far as ahad

μ is concerned. In the
following we view all differences in spectral functions as (systematic)
fluctuations and average the results.

Table 10.4: Principal SM fit result including mutual
correlations (all masses in GeV).

MZ 91.1874± 0.0021 1.00 −0.01 0.00 0.00 −0.01 0.00 0.12

m̂t(m̂t) 163.5± 1.3 −0.01 1.00 0.00 0.00 −0.10 0.00 0.39

m̂b(m̂b) 4.198 ± 0.023 0.00 0.00 1.00 0.25 −0.04 0.01 0.04

m̂c(m̂c) 1.266+0.031
−0.036 0.00 0.00 0.25 1.00 0.08 0.02 0.12

αs(MZ) 0.1183± 0.0015 −0.01 −0.10 −0.04 0.08 1.00 0.00 −0.04

Δα
(3)
had(1.8 GeV) 0.00574± 0.00010 0.00 −0.01 0.01 0.02 0.00 1.00 −0.18

MH 90+27
−22 0.12 0.39 0.04 0.12 −0.04 −0.18 1.00

An additional uncertainty is induced by the hadronic three-loop
light-by-light scattering contribution. Two recent and inherently
different model calculations yield aLBLS

μ = (+1.36± 0.25)× 10−9 [200]

and aLBLS
μ = +1.37+0.15

−0.27 × 10−9 [201] which are higher than previous
evaluations [202,203]. The sign of this effect is opposite [202]
to the one quoted in the 2002 edition of this Review, and has
subsequently been confirmed by two other groups [203]. There is
also the upper bound aLBLS

μ < 1.59 × 10−9 [201] but this requires

able information we have chosen here to average in the τ decay and
radiative return (KLOE and BaBar) data, as well.

an ad hoc assumption, too. The very recent Ref. 204 quotes the
value aLBLS

μ = (+1.05 ± 0.26) × 10−9, which we shift by 2 × 10−11

to account for the more accurate charm quark treatment of Ref. 201.
We also increase the error to cover all evaluations, and we will use
aLBLS
μ = (+1.07 ± 0.32)× 10−9 in the fits.

Other hadronic effects at three-loop order contribute [205]
ahad
μ (α3) = (−1.00 ± 0.06) × 10−9. Correlations with the two-loop

hadronic contribution and with Δα(MZ) (see Sec. 10.2) were
considered in Ref. 192 which also contains analytic results for the
perturbative QCD contribution.

Altogether, the SM prediction is

atheory
μ = (1165918.90± 0.44)× 10−9 , (10.43)

where the error is from the hadronic uncertainties excluding parametric
ones such as from αs and the heavy quark masses. We estimate its
correlation with Δα(MZ) to 14%. The overall 2.5 σ discrepancy
between the experimental and theoretical values could be due to
fluctuations (the E821 result is statistics dominated) or underestimates
of the theoretical uncertainties. On the other hand, gμ − 2 is also
affected by many types of new physics, such as supersymmetric models
with large tan β and moderately light superparticle masses [206].
Thus, the deviation could also arise from physics beyond the SM.

10.6. Experimental results

The values for mt [6], MW [160,207], neutrino scatter-
ing [98,114–116], the weak charges of the electron [125], ce-
sium [132,133] and thallium [134], the b → sγ observable [174–175],
the muon anomalous magnetic moment [189], and the τ lifetime are
listed in Table 10.5. Likewise, the principal Z pole observables can
be found in Table 10.6 where the LEP 1 averages of the ALEPH,
DELPHI, L3, and OPAL results include common systematic errors
and correlations [11]. The heavy flavor results of LEP 1 and SLD
are based on common inputs and correlated, as well [11]. Note that
the values of Γ(ℓ+ℓ−), Γ(had), and Γ(inv) are not independent of ΓZ ,
the Rℓ, and σhad and that the SM errors in those latter are largely
dominated by the uncertainty in αs. Also shown in both Tables are

the SM predictions for the values of MZ , MH , αs(MZ), Δα
(3)
had and

the heavy quark masses shown in Table 10.4. The predictions result
from a global least-square (χ2) fit to all data using the minimization

package MINUIT [208] and the electroweak library GAPP [90]. In
most cases, we treat all input errors (the uncertainties of the values)
as Gaussian. The reason is not that we assume that theoretical
and systematic errors are intrinsically bell-shaped (which they are
not) but because in most cases the input errors are combinations
of many different (including statistical) error sources, which should
yield approximately Gaussian combined errors by the large number
theorem. Thus, it suffices if either the statistical components dominate
or there are many components of similar size. An exception is the
theory dominated error on the τ lifetime, which we recalculate in
each χ2-function call since it depends itself on αs. Sizes and shapes
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of the output errors (the uncertainties of the predictions and the SM
fit parameters) are fully determined by the fit, and 1σ errors are
defined to correspond to Δχ2 = χ2 − χ2

min = 1, and do not necessarily
correspond to the 68.3% probability range or the 39.3% probability
contour (for 2 parameters).

Table 10.5: Principal non-Z pole observables, compared with
the SM best fit predictions. The first MW value is from the
Tevatron [207] and the second one from LEP 2 [160]. The
values of MW and mt differ from those in the Particle Listings
when they include recent preliminary results. g2

L, which has been

adjusted as discussed in Sec. 10.3, and g2
R are from NuTeV [98]

and have a very small (−1.7%) residual anti-correlation. e-
DIS [123] and the older ν-DIS constraints from CDHS [92],
CHARM [93], and CCFR [94] are included, as well, but not
shown in the Table. The world averages for gνe

V,A are dominated

by the CHARM II [116] results, gνe
V = −0.035 ± 0.017 and

gνe
A = −0.503 ± 0.017. The errors are the total (experimental

plus theoretical) uncertainties. The ττ value is the τ lifetime
world average computed by combining the direct measurements
with values derived from the leptonic branching ratios [5]; in this
case, the theory uncertainty is included in the SM prediction.
In all other SM predictions, the uncertainty is from MZ , MH ,
mt, mb, mc, α̂(MZ), and αs, and their correlations have been
accounted for. The column denoted Pull gives the standard
deviations for the principal fit with MH free, while the column
denoted Dev. (Deviation) is for MH = 117 GeV fixed.

Quantity Value Standard Model Pull Dev.

mt [GeV] 173.1± 1.3 173.2 ± 1.3 −0.1 −0.5

MW [GeV] 80.420± 0.031 80.384± 0.014 1.2 1.5

80.376± 0.033 −0.2 0.1

g2
L 0.3027± 0.0018 0.30399± 0.00017 −0.7 −0.6

g2
R 0.0308± 0.0011 0.03001± 0.00002 0.7 0.7

gνe
V −0.040± 0.015 −0.0398± 0.0003 0.0 0.0

gνe
A −0.507± 0.014 −0.5064± 0.0001 0.0 0.0

QW (e) −0.0403± 0.0053 −0.0473± 0.0005 1.3 1.2

QW (Cs) −73.20± 0.35 −73.15± 0.02 −0.1 −0.1

QW (Tl) −116.4± 3.6 −116.76± 0.04 0.1 0.1

ττ [fs] 291.09± 0.48 290.02± 2.09 0.5 0.5
Γ(b→sγ)

Γ(b→Xeν)

(
3.38+0.51

−0.44

)
× 10−3 (3.11 ± 0.07)× 10−3 0.6 0.6

1
2 (gμ − 2 − α

π ) (4511.07± 0.77)× 10−9 (4509.13± 0.08)× 10−9 2.5 2.5

The agreement is generally very good. Despite the few discrepancies
discussed in the following, the fit describes well the data with a
χ2/d.o.f. = 43.0/44. Only the final result for gμ − 2 from BNL and

A
(0,b)
FB from LEP 1 are currently showing large (2.5 σ and 2.7 σ)

deviations. In addition, A0
LR (SLD) from hadronic final states differs

by 1.8 σ. The SM prediction of σhad (LEP 1) moved closer to the
measurement value which is slightly higher. Rb, whose measured value
deviated in the past by as much as 3.7 σ from the SM prediction, is
now in agreement, and a 2 σ discrepancy in QW (Cs) has also been
resolved. g2

L from NuTeV is currently in agreement with the SM but
this statement is preliminary (see Sec. 10.3).

Ab can be extracted from A
(0,b)
FB when Ae = 0.1501± 0.0016 is taken

from a fit to leptonic asymmetries (using lepton universality). The
result, Ab = 0.881± 0.017, is 3.2 σ below the SM prediction† and also
1.6 σ below Ab = 0.923 ± 0.020 obtained from AFB

LR (b) at SLD. Thus,

it appears that at least some of the problem in A
(0,b)
FB is experimental.

Note, however, that the uncertainty in A
(0,b)
FB is strongly statistics

dominated. The combined value, Ab = 0.899±0.013 deviates by 2.8 σ.
It would be difficult to account for this 4.0% deviation by new physics

† Alternatively, one can use Aℓ = 0.1481 ± 0.0027, which is from
LEP 1 alone and in excellent agreement with the SM, and obtain Ab =
0.893 ± 0.022 which is 1.9 σ low. This illustrates that some of the
discrepancy is related to the one in ALR.

Table 10.6: Principal Z pole observables and their SM

predictions (cf. Table 10.5). The first s2
ℓ (A

(0,q)
FB ) is the effective

angle extracted from the hadronic charge asymmetry while the
second is the combined lepton asymmetry from CDF [157] and
DØ [158]. The three values of Ae are (i) from ALR for hadronic
final states [152]; (ii) from ALR for leptonic final states and from
polarized Bhabba scattering [154]; and (iii) from the angular
distribution of the τ polarization at LEP 1. The two Aτ values
are from SLD and the total τ polarization, respectively.

Quantity Value Standard Model Pull Dev.

MZ [GeV] 91.1876± 0.0021 91.1874± 0.0021 0.1 0.0
ΓZ [GeV] 2.4952± 0.0023 2.4954± 0.0009 −0.1 0.1
Γ(had) [GeV] 1.7444± 0.0020 1.7418± 0.0009 — —
Γ(inv) [MeV] 499.0± 1.5 501.69± 0.07 — —
Γ(ℓ+ℓ−) [MeV] 83.984± 0.086 84.005± 0.015 — —
σhad[nb] 41.541± 0.037 41.484± 0.008 1.5 1.5
Re 20.804± 0.050 20.735± 0.010 1.4 1.4
Rμ 20.785± 0.033 20.735± 0.010 1.5 1.6
Rτ 20.764± 0.045 20.780± 0.010 −0.4 −0.3
Rb 0.21629± 0.00066 0.21578± 0.00005 0.8 0.8
Rc 0.1721± 0.0030 0.17224± 0.00003 0.0 0.0

A
(0,e)
FB 0.0145± 0.0025 0.01633± 0.00021 −0.7 −0.7

A
(0,μ)
FB 0.0169± 0.0013 0.4 0.6

A
(0,τ)
FB 0.0188± 0.0017 1.5 1.6

A
(0,b)
FB 0.0992± 0.0016 0.1034± 0.0007 −2.7 −2.3

A
(0,c)
FB 0.0707± 0.0035 0.0739± 0.0005 −0.9 −0.8

A
(0,s)
FB

0.0976± 0.0114 0.1035± 0.0007 −0.6 −0.4

s̄2
ℓ (A

(0,q)
FB ) 0.2324± 0.0012 0.23146± 0.00012 0.8 0.7

0.2316± 0.0018 0.1 0.0
Ae 0.15138± 0.00216 0.1475± 0.0010 1.8 2.2

0.1544± 0.0060 1.1 1.3
0.1498± 0.0049 0.5 0.6

Aμ 0.142 ± 0.015 −0.4 −0.3
Aτ 0.136 ± 0.015 −0.8 −0.7

0.1439± 0.0043 −0.8 −0.7
Ab 0.923 ± 0.020 0.9348± 0.0001 −0.6 −0.6
Ac 0.670 ± 0.027 0.6680± 0.0004 0.1 0.1
As 0.895 ± 0.091 0.9357± 0.0001 −0.4 −0.4

that enters only at the level of radiative corrections since about a
20% correction to κ̂b would be necessary to account for the central
value of Ab [211]. If this deviation is due to new physics, it is most
likely of tree-level type affecting preferentially the third generation.
Examples include the decay of a scalar neutrino resonance [209],
mixing of the b quark with heavy exotics [210], and a heavy Z ′

with family-nonuniversal couplings [212,213]. It is difficult, however,
to simultaneously account for Rb, which has been measured on the
Z peak and off-peak [214] at LEP 1. An average of Rb measurements
at LEP 2 at energies between 133 and 207 GeV is 2.1 σ below the SM

prediction, while A
(b)
FB (LEP 2) is 1.6 σ low [160].

The left-right asymmetry, A0
LR = 0.15138 ± 0.00216 [152],

based on all hadronic data from 1992–1998 differs 1.8 σ from
the SM expectation of 0.1475 ± 0.0010. The combined value of
Aℓ = 0.1513 ± 0.0021 from SLD (using lepton-family universality and
including correlations) is also 1.8 σ above the SM prediction; but there
is now experimental agreement between this SLD value and the LEP 1

value, Aℓ = 0.1481± 0.0027, obtained from a fit to A
(0,ℓ)
FB , Ae(Pτ ), and

Aτ (Pτ ), again assuming universality.

The observables in Table 10.5 and Table 10.6, as well as some
other less precise observables, are used in the global fits described
below. In all fits, the errors include full statistical, systematic, and
theoretical uncertainties. The correlations on the LEP 1 lineshape and
τ polarization, the LEP/SLD heavy flavor observables, the SLD lepton
asymmetries, and the deep inelastic and ν-e scattering observables,
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are included. The theoretical correlations between Δα
(5)
had and gμ − 2,

and between the charm and bottom quark masses, are also accounted
for.

The data allow a simultaneous determination of MZ , MH , mt, and

the strong coupling αs(MZ). (m̂c, m̂b, and Δα
(3)
had are also allowed to

float in the fits, subject to the theoretical constraints [5,17] described
in Sec. 10.1–Sec. 10.2. These are correlated with αs.) αs is determined
mainly from Rℓ, ΓZ , σhad, and ττ and is only weakly correlated with
the other variables. The global fit to all data, including the CDF/DØ
average mt = 173.1 ± 1.3 GeV, yields the result in Table 10.4 (the MS

top quark mass given there corresponds to mt = 173.2 ± 1.3 GeV).
The weak mixing angle is determined to

ŝ 2
Z = 0.23116± 0.00013, s2

W = 0.22292± 0.00028,

where the larger error in the on-shell scheme is due to the stronger
sensitivity to mt, while the corresponding effective angle is related by
Eq. (10.34), i.e., s2

ℓ = 0.23146± 0.00012.

As described at the beginning of Sec. 10.2 and the paragraph
following Eq. (10.42) in Sec. 10.5, there is considerable stress in the
experimental e+e− spectral functions and also conflict when these are
compared with τ decay spectral functions. These are below or above
the 2σ level (depending on what is actually compared) but not larger
than the deviations of some other quantities entering our analyzes.
The number and size or these deviations are not inconsistent with what
one would expect to happen as a result of random fluctuations. It is
nevertheless instructive to study the effect of doubling the uncertainty

in Δα
(3)
had(1.8 GeV) = (57.29 ± 0.90) × 10−4, (see the beginning of

Sec. 10.2) on the extracted Higgs mass. The result, MH = 87+28
−22 GeV,

demonstrates that the uncertainty in Δαhad is currently of only
secondary importance. Note also, that the uncertainty of about

±0.0001 in Δα
(3)
had(1.8 GeV) corresponds to a shift of ∓5 GeV in MH

or about one fifth of its total uncertainty. The hadronic contribution
to α(MZ) is correlated with gμ − 2 (see Sec. 10.5). The measurement
of the latter is higher than the SM prediction, and its inclusion in the
fit favors a larger α(MZ) and a lower MH (currently by about 2 GeV).

The weak mixing angle can be determined from Z pole observables,
MW , and from a variety of neutral-current processes spanning a very
wide Q2 range. The results (for the older low energy neutral-current
data see Refs. 58 and 59) shown in Table 10.7 are in reasonable
agreement with each other, indicating the quantitative success of the
SM. The largest discrepancy is the value ŝ 2

Z = 0.23193 ± 0.00028
from the forward-backward asymmetries into bottom and charm
quarks, which is 2.7 σ above the value 0.23116 ± 0.00013 from the
global fit to all data. Similarly, ŝ 2

Z = 0.23067 ± 0.00029 from the
SLD asymmetries (in both cases when combined with MZ) is 1.7 σ
low. The SLD result has the additional difficulty (within the SM) of
implying very low and excluded [161] Higgs masses. This is also true
for ŝ 2

Z = 0.23100±0.00023 from MW and MZ and — as a consequence
— for the global fit. We have therefore included in Table 10.5 and
Table 10.6 an additional column (denoted Deviation) indicating the
deviations if MH = 117 GeV is fixed.

The extracted Z pole value of αs(MZ) is based on a formula
with negligible theoretical uncertainty if one assumes the exact
validity of the SM. One should keep in mind, however, that this
value, αs(MZ) = 0.1198 ± 0.0028, is very sensitive to such types
of new physics as non-universal vertex corrections. In contrast, the
value derived from τ decays, αs(MZ) = 0.1174+0.0018

−0.0016, is theory
dominated but less sensitive to new physics. The two values are in
remarkable agreement with each other. They are also in agreement
with other recent values, such as from jet-event shapes at LEP [215]
(0.1202±0.0050) the average from HERA [216] (0.1198±0.0032), and
the most recent unquenched lattice calculation [217] (0.1183±0.0008).
For more details and other determinations, see our Section 9 on
“Quantum Chromodynamics” in this Review.

Using α(MZ) and ŝ 2
Z as inputs, one can predict αs(MZ) assuming

grand unification. One predicts [218] αs(MZ) = 0.130 ± 0.001 ± 0.01
for the simplest theories based on the minimal supersymmetric
extension of the SM, where the first (second) uncertainty is from the
inputs (thresholds). This is slightly larger, but consistent with the

Table 10.7: Values of ŝ 2
Z , s2

W , αs, and MH [in GeV] for various
(combinations of) observables. Unless indicated otherwise, the
top quark mass, mt = 170.9 ± 1.9 GeV, is used as an additional
constraint in the fits. The (†) symbol indicates a fixed parameter.

Data ŝ 2
Z s2

W αs(MZ) MH

All data 0.23116(13) 0.22292(28) 0.1183(15) 90+27
−22

All indirect (no mt) 0.23118(14) 0.22283(34) 0.1183(16) 112+110
− 52

Z pole (no mt) 0.23121(17) 0.22311(59) 0.1198(28) 90+114
− 44

LEP 1 (no mt) 0.23152(21) 0.22376(67) 0.1213(30) 170+234
− 93

SLD + MZ 0.23067(29) 0.22201(54) 0.1183 (†) 33+27
−17

A
(b,c)
FB

+ MZ 0.23193(28) 0.22484(76) 0.1183 (†) 389+264
−158

MW + MZ 0.23100(23) 0.22262(48) 0.1183 (†) 67+38
−28

MZ 0.23128(6) 0.22321(17) 0.1183 (†) 117 (†)
QW (APV) 0.2314(14) 0.2233(14) 0.1183 (†) 117 (†)
QW (e) 0.2332(15) 0.2251(15) 0.1183 (†) 117 (†)
νμ-N DIS (isoscalar) 0.2335(18) 0.2254(18) 0.1183 (†) 117 (†)
Elastic νμ(νμ)-e 0.2311(77) 0.2230(77) 0.1183 (†) 117 (†)
e-D DIS (SLAC) 0.222(18) 0.213(19) 0.1183 (†) 117 (†)
Elastic νμ(νμ)-p 0.211(33) 0.203(33) 0.1183 (†) 117 (†)

experimental αs(MZ) = 0.1183± 0.0015 from the Z lineshape and the
τ lifetime, as well as with other determinations. Non-supersymmetric
unified theories predict the low value αs(MZ) = 0.073± 0.001± 0.001.
See also the note on “Supersymmetry” in the Searches Particle
Listings.

The data indicate a preference for a small Higgs mass. There is
a strong correlation between the quadratic mt and logarithmic MH

terms in ρ̂ in all of the indirect data except for the Z → bb vertex.
Therefore, observables (other than Rb) which favor mt values higher
than the Tevatron range favor lower values of MH . MW has additional
MH dependence through Δr̂W which is not coupled to m2

t effects.
The strongest individual pulls toward smaller MH are from MW and

A0
LR, while A

(0,b)
FB favors higher values. The difference in χ2 for the

global fit is Δχ2 = χ2(MH = 300 GeV)− χ2
min ≈ 25. Hence, the data

favor a small value of MH , as in supersymmetric extensions of the
SM. The central value of the global fit result, MH = 90+27

−22 GeV, is
below the direct lower bound, MH ≥ 114.4 GeV (95% CL) [161].

The 90% central confidence range from all precision data is

55 GeV ≤ MH ≤ 135 GeV. (10.44)

Including the results of the direct searches at LEP 2 [161] and the
Tevatron [219] as extra contributions to the likelihood function drives
the 95% upper limit to MH ≤ 147 GeV. As two further refinements,
we account for (i) theoretical uncertainties from uncalculated higher
order contributions by allowing the T parameter (see next subsection)
subject to the constraint T = 0 ± 0.02, (ii) the MH dependence
of the correlation matrix which gives slightly more weight to lower
Higgs masses [220]. The resulting limits at 95 (90, 99)% CL are,
respectively,

MH ≤ 149 (145, 194) GeV. (10.45)

One can also carry out a fit to the indirect data alone, i.e.,
without including the constraint, mt = 173.1 ± 1.3 GeV, obtained
by CDF and DØ. (The indirect prediction is for the MS mass,
m̂t(m̂t) = 166.2+8.1

−6.6 GeV, which is in the end converted to the pole

mass). One obtains mt = 176.0+8.5
−7.0 GeV, in perfect agreement with

the direct CDF/DØ average. Using this indirect top mass value, the
tendency for a light Higgs persists and Eq. (10.44) becomes 46 GeV
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≤ MH ≤ 306 GeV. The relations between MH and mt for various
observables are shown in Fig. 10.2.
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Figure 10.2: One-standard-deviation (39.35%) uncertainties in
MH as a function of mt for various inputs, and the 90% CL
region (Δχ2 = 4.605) allowed by all data. αs(MZ) = 0.1183 is
assumed except for the fits including the Z lineshape or low
energy data. The direct lower limit from LEP 2 and the excluded
window from the Tevatron [221] (both at the 95% CL) are also
shown. Color version at end of book.

One can also determine the radiative correction parameters Δr:
from the global fit one obtains Δr = 0.0351 ± 0.0009 and Δr̂W =
0.06950±0.00021. MW measurements [160,207] (when combined with
MZ) are equivalent to measurements of Δr = 0.0342 ± 0.0014, which
is 0.9 σ below the result from all other data, Δr = 0.0357 ± 0.0011.
Fig. 10.3 shows the 1 σ contours in the MW -mt plane from the direct
and indirect determinations, as well as the combined 90% CL region.
The indirect determination uses MZ from LEP 1 as input, which is
defined assuming an s-dependent decay width. MW then corresponds
to the s-dependent width definition, as well, and can be directly
compared with the results from the Tevatron and LEP 2 which have
been obtained using the same definition. The difference to a constant
width definition is formally only of O(α2), but is strongly enhanced
since the decay channels add up coherently. It is about 34 MeV for
MZ and 27 MeV for MW . The residual difference between working
consistently with one or the other definition is about 3 MeV, i.e., of
typical size for non-enhanced O(α2) corrections [72–75].

Most of the parameters relevant to ν-hadron, ν-e, e-hadron, and
e−e± processes are determined uniquely and precisely from the data
in “model-independent” fits (i.e., fits which allow for an arbitrary
electroweak gauge theory). The values for the parameters defined in
Eqs. (10.11)–(10.14) are given in Table 10.8 along with the predictions
of the SM. The agreement is very good. (The ν-hadron results without
the NuTeV data can be found in the 1998 edition of this Review, and
the fits using the original NuTeV data in the 2006 edition.) The off
Z pole e+e− results are difficult to present in a model-independent way
because Z propagator effects are non-negligible at TRISTAN, PETRA,
PEP, and LEP 2 energies. However, assuming e-μ-τ universality, the
low energy lepton asymmetries imply [150] 4 (ge

A)2 = 0.99 ± 0.05, in
good agreement with the SM prediction ≃ 1.

10.7. Constraints on new physics

The Z pole, W mass, and low energy data can be used to search
for and set limits on deviations from the SM. In particular, the
combination of these indirect data with the direct CDF and DØ
average for mt allows one to set stringent limits on new physics. We
will mainly discuss the effects of exotic particles (with heavy masses
Mnew ≫ MZ in an expansion in MZ/Mnew) on the gauge boson
self-energies. (Brief remarks are made on new physics which is not
of this type.) Most of the effects on precision measurements can be
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Table 10.8: Values of the model-independent neutral-current
parameters, compared with the SM predictions. There is a
second gνe

V,A solution, given approximately by gνe
V ↔ gνe

A , which

is eliminated by e+e− data under the assumption that the neutral
current is dominated by the exchange of a single Z boson. The
ǫL, as well as the ǫR, are strongly correlated and non-Gaussian,
so that for implementations we recommend the parametrization
using g2

i and θi = tan−1[ǫi(u)/ǫi(d)], i = L or R. The analysis
of more recent low energy experiments in polarized electron
scattering performed in Ref. 123 is included by means of the two
orthogonal constraints, cos γ C1d − sin γ C1u = 0.342± 0.063 and
sinγ C1d + cos γ C1u = −0.0285 ± 0.0043, where tan γ ≈ 0.445.
In the SM predictions, the uncertainty is from MZ , MH , mt,
mb, mc, α̂(MZ), and αs.

Experimental
Quantity Value SM Correlation

ǫL(u) 0.338 ±0.016 0.3461(1)

ǫL(d) −0.434 ±0.012 −0.4292(1) non-

ǫR(u) −0.174 +0.013
−0.004 −0.1549(1) Gaussian

ǫR(d) −0.023 +0.071
−0.047 0.0775

g2
L 0.3025±0.0014 0.3040(2) −0.18 −0.21 −0.02

g2
R 0.0309±0.0010 0.0300 −0.03 −0.07

θL 2.48 ±0.036 2.4630(1) 0.24

θR 4.58 +0.41
−0.28 5.1765

gνe
V −0.040 ±0.015 −0.0398(3) −0.05

gνe
A −0.507 ±0.014 −0.5064(1)

C1u + C1d 0.1537 ±0.0011 0.1528(1) 0.64 −0.18 −0.01

C1u − C1d −0.516 ±0.014 −0.5300(3) −0.27 −0.02

C2u + C2d −0.21 ±0.57 −0.0089 −0.30

C2u − C2d −0.077 ±0.044 −0.0625(5)

QW (e) = −2C2e −0.0403±0.0053 −0.0473(5)

described by three gauge self-energy parameters S, T , and U . We will
define these, as well as related parameters, such as ρ0, ǫi, and ǫ̂i,
to arise from new physics only. I.e., they are equal to zero (ρ0 = 1)
exactly in the SM, and do not include any contributions from mt or
MH , which are treated separately. Our treatment differs from most of
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the original papers.

Many extensions of the SM can be described by the ρ0 parameter,

ρ0 ≡ M2
W

M2
Z ĉ 2

Z ρ̂
, (10.46)

which describes new sources of SU(2) breaking that cannot be
accounted for by the SM Higgs doublet or mt effects. In the presence
of ρ0 �= 1, Eq. (10.46) generalizes the second Eq. (10.8) while the
first remains unchanged. Provided that the new physics which yields
ρ0 �= 1 is a small perturbation which does not significantly affect
the radiative corrections, ρ0 can be regarded as a phenomenological
parameter which multiplies GF in Eqs. (10.11)–(10.14), (10.28), and
ΓZ in Eq. (10.36c). There are enough data to determine ρ0, MH , mt,
and αs, simultaneously. From the global fit,

ρ0 = 1.0008+0.0017
−0.0007 , (10.47)

114.4 GeV ≤ MH ≤ 427 GeV, (10.48)

mt = 173.1 ± 1.3 GeV, (10.49)

αs(MZ) = 0.1181± 0.0015, (10.50)

where the lower limit on MH is the direct search bound. (If
the direct limit is ignored one obtains MH = 162+265

− 93 GeV

and ρ0 = 1.0008+0.0017
−0.0010.) The error bar in Eq. (10.47) is highly

asymmetric: at the 2 σ level one has ρ0 = 1.0004+0.0029
−0.0011 with no

meaningful bound on MH . The result in Eq. (10.47) is slightly above
but consistent with the SM expectation, ρ0 = 1. It can be used to
constrain higher-dimensional Higgs representations to have vacuum
expectation values of less than a few percent of those of the doublets.
Indeed, the relation between MW and MZ is modified if there are
Higgs multiplets with weak isospin > 1/2 with significant vacuum
expectation values. In order to calculate to higher orders in such
theories one must define a set of four fundamental renormalized
parameters which one may conveniently choose to be α, GF , MZ , and
MW , since MW and MZ are directly measurable. Then ŝ 2

Z and ρ0

can be considered dependent parameters.

Eq. (10.47) can also be used to constrain other types of new
physics. For example, non-degenerate multiplets of heavy fermions or
scalars break the vector part of weak SU(2) and lead to a decrease in

the value of MZ/MW . A non-degenerate SU(2) doublet
(f1
f2

)
yields a

positive contribution to ρ0 [222] of

C GF

8
√

2π2
Δm2, (10.51)

where

Δm2 ≡ m2
1 + m2

2 − 4m2
1m

2
2

m2
1 − m2

2

ln
m1

m2
≥ (m1 − m2)

2, (10.52)

and C = 1 (3) for color singlets (triplets). Thus, in the presence of
such multiplets,

ρ0 = 1 +
3 GF

8
√

2π2

∑

i

Ci

3
Δm2

i , (10.53)

where the sum includes fourth-family quark or lepton doublets,
(t′

b′
)

or
(E0

E−

)
, and scalar doublets such as

(t̃
b̃

)
in Supersymmetry (in the

absence of L–R mixing). This implies

∑

i

Ci

3
Δm2

i ≤ (106 GeV)2 (10.54)

at 95% CL. The corresponding constraints on non-degenerate squark
and slepton doublets are even stronger,

∑
i CiΔm2

i /3 ≤ (61 GeV)2.
This is due to the supersymmetric Higgs mass bound, mh0 < 150 GeV,
and the very strong correlation between mh0 and ρ0 (97%).

Non-degenerate multiplets usually imply ρ0 > 1. Similarly, heavy
Z ′ bosons decrease the prediction for MZ due to mixing and

generally lead to ρ0 > 1 [223]. On the other hand, additional Higgs
doublets which participate in spontaneous symmetry breaking [224],
heavy lepton doublets involving Majorana neutrinos [225], and the
vacuum expectation values of Higgs triplets or higher-dimensional
representations can contribute to ρ0 with either sign. Allowing for the
presence of heavy degenerate chiral multiplets (the S parameter, to
be discussed below) affects the determination of ρ0 from the data, at
present leading to a larger value (for fixed MH).

A number of authors [226–231] have considered the general effects
on neutral-current and Z and W boson observables of various types
of heavy (i.e., Mnew ≫ MZ) physics which contribute to the W and
Z self-energies but which do not have any direct coupling to the
ordinary fermions. In addition to non-degenerate multiplets, which
break the vector part of weak SU(2), these include heavy degenerate
multiplets of chiral fermions which break the axial generators. The
effects of one degenerate chiral doublet are small, but in Technicolor
theories there may be many chiral doublets and therefore significant
effects [226].

Such effects can be described by just three parameters, S, T , and U ,
at the (electroweak) one-loop level. (Three additional parameters are
needed if the new physics scale is comparable to MZ [232]. Further
generalizations, including effects relevant to LEP 2, are described
in Ref. 233.) T is proportional to the difference between the W
and Z self-energies at Q2 = 0 (i.e., vector SU(2)-breaking), while S
(S+U) is associated with the difference between the Z (W ) self-energy
at Q2 = M2

Z,W and Q2 = 0 (axial SU(2)-breaking). Denoting the

contributions of new physics to the various self-energies by Πnew
ij , we

have

α̂(MZ)T ≡ Πnew
WW (0)

M2
W

− Πnew
ZZ (0)

M2
Z

, (10.55a)

α̂(MZ)

4 ŝ 2
Z ĉ 2

Z

S ≡ Πnew
ZZ (M2

Z) − Πnew
ZZ (0)

M2
Z

−

ĉ 2
Z − ŝ 2

Z

ĉ Z ŝ Z

Πnew
Zγ (M2

Z)

M2
Z

−
Πnew

γγ (M2
Z)

M2
Z

, (10.55b)

α̂(MZ)

4 ŝ 2
Z

(S + U) ≡ Πnew
WW (M2

W ) − Πnew
WW (0)

M2
W

−

ĉ Z

ŝ Z

Πnew
Zγ (M2

Z)

M2
Z

−
Πnew

γγ (M2
Z)

M2
Z

. (10.55c)

S, T , and U are defined with a factor proportional to α̂ removed, so
that they are expected to be of order unity in the presence of new
physics. In the MS scheme as defined in Ref. 64, the last two terms in
Eqs. (10.55b) and (10.55c) can be omitted (as was done in some earlier
editions of this Review). These three parameters are related to other
parameters (Si, hi, ǫ̂i) defined in Refs. [64,227,228] by

T = hV = ǫ̂1/α̂(MZ),

S = hAZ = SZ = 4 ŝ 2
Z ǫ̂3/α̂(MZ),

U = hAW − hAZ = SW − SZ = −4 ŝ 2
Z ǫ̂2/α̂(MZ).(10.56)

A heavy non-degenerate multiplet of fermions or scalars contributes
positively to T as

ρ0 − 1 =
1

1 − α̂(MZ)T
− 1 ≃ α̂(MZ)T, (10.57)

where ρ0 is given in Eq. (10.53). The effects of non-standard Higgs
representations cannot be separated from heavy non-degenerate
multiplets unless the new physics has other consequences, such as
vertex corrections. Most of the original papers defined T to include
the effects of loops only. However, we will redefine T to include all
new sources of SU(2) breaking, including non-standard Higgs, so that
T and ρ0 are equivalent by Eq. (10.57).

A multiplet of heavy degenerate chiral fermions yields

S =
C

3π

∑

i

(
t3L(i) − t3R(i)

)2
, (10.58)
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where t3L,R(i) is the third component of weak isospin of the
left-(right-)handed component of fermion i and C is the number
of colors. For example, a heavy degenerate ordinary or mirror
family would contribute 2/3π to S. In Technicolor models with
QCD-like dynamics, one expects [226] S ∼ 0.45 for an iso-doublet
of techni-fermions, assuming NTC = 4 techni-colors, while S ∼ 1.62
for a full techni-generation with NTC = 4; T is harder to estimate
because it is model-dependent. In these examples one has S ≥ 0.
However, the QCD-like models are excluded on other grounds (flavor
changing neutral-currents, and too-light quarks and pseudo-Goldstone
bosons [234]) . In particular, these estimates do not apply to models
of walking Technicolor [234], for which S can be smaller or even
negative [235]. Other situations in which S < 0, such as loops
involving scalars or Majorana particles, are also possible [236]. The
simplest origin of S < 0 would probably be an additional heavy
Z ′ boson [223], which could mimic S < 0. Supersymmetric extensions
of the SM generally give very small effects. See Refs. 181 and 237 and
the note on “Supersymmetry” in the Searches Particle Listings for a
complete set of references.

Most simple types of new physics yield U = 0, although there
are counter-examples, such as the effects of anomalous triple gauge
vertices [228].

The SM expressions for observables are replaced by

M2
Z = M2

Z0
1 − α̂(MZ)T

1 − GF M2
Z0S/2

√
2π

,

M2
W = M2

W0
1

1 − GF M2
W0(S + U)/2

√
2π

, (10.59)

where MZ0 and MW0 are the SM expressions (as functions of mt and
MH) in the MS scheme. Furthermore,

ΓZ =
M3

ZβZ

1 − α̂(MZ)T
, ΓW = M3

W βW , Ai =
Ai0

1 − α̂(MZ)T
,(10.60)

where βZ and βW are the SM expressions for the reduced widths
ΓZ0/M

3
Z0 and ΓW0/M

3
W0, MZ and MW are the physical masses, and

Ai (Ai0) is a neutral-current amplitude (in the SM).

The data allow a simultaneous determination of ŝ 2
Z (from the

Z pole asymmetries), S (from MZ), U (from MW ), T (mainly from
ΓZ), αs (from Rℓ, σhad, and ττ ), and mt (from CDF and DØ), with
little correlation among the SM parameters:

S = 0.01 ± 0.10 (−0.08),

T = 0.03 ± 0.11 (+0.09),

U = 0.06 ± 0.10 (+0.01), (10.61)

and ŝ 2
Z = 0.23124 ± 0.00016, αs(MZ) = 0.1183 ± 0.0016, mt =

173.0 ± 1.3 GeV, where the uncertainties are from the inputs. The
central values assume MH = 117 GeV and in parentheses we show
the difference to assuming MH = 300 GeV instead. As can be
seen, the SM parameters (U) can be determined with no (little)
MH dependence. On the other hand, S, T , and MH cannot be
obtained simultaneously, because the Higgs boson loops themselves are
resembled approximately by oblique effects. Eqs. (10.61) show that
negative (positive) contributions to the S (T ) parameter can weaken
or entirely remove the strong constraints on MH from the SM fits.
Specific models in which a large MH is compensated by new physics
are reviewed in Ref. 238. The parameters in Eqs. (10.61), which by
definition are due to new physics only, are in reasonable agreement
with the SM values of zero. Fixing U = 0 (as is also done in Fig. 10.4)
moves S and T slightly upwards,

S = 0.03 ± 0.09 (−0.07),

T = 0.07 ± 0.08 (+0.09). (10.62)

The correlation between S and T in this fit amounts to 87%.

Using Eq. (10.57), the value of ρ0 corresponding to T in Eq. (10.61)
is 1.0002±0.0009 (+0.0007), while the one corresponding to Eq. (10.62)

is 1.0006 ± 0.0006 (+0.0007). The values of the ǫ̂ parameters defined
in Eq. (10.56) are

ǫ̂3 = 0.0000± 0.0009 (−0.0006),

ǫ̂1 = 0.0002± 0.0008 (+0.0007),

ǫ̂2 = −0.0005± 0.0009 (−0.0001). (10.63)

Unlike the original definition, we defined the quantities in Eqs. (10.63)
to vanish identically in the absence of new physics and to correspond
directly to the parameters S, T , and U in Eqs. (10.61). There is
a strong correlation (88%) between the S and T parameters. The
allowed regions in S–T are shown in Fig. 10.4. From Eqs. (10.61)
one obtains S ≤ 0.16 (0.08) and T ≤ 0.21 (0.29) at 95% CL for
MH = 117 GeV (300 GeV). If one fixes MH = 600 GeV and requires
the constraint S ≥ 0 (as is appropriate in QCD-like Technicolor
models) then S ≤ 0.13 (Bayesian) or S ≤ 0.10 (frequentist). This
rules out simple Technicolor models with many techni-doublets and
QCD-like dynamics.
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Figure 10.4: 1 σ constraints (39.35%) on S and T from various
inputs combined with MZ . S and T represent the contributions
of new physics only. (Uncertainties from mt are included in
the errors.) The contours assume MH = 117 GeV except for
the central and upper 90% CL contours allowed by all data,
which are for MH = 340 GeV and 1000 GeV, respectively.
Data sets not involving MW are insensitive to U . Due to higher
order effects, however, U = 0 has to be assumed in all fits.
αs is constrained using the τ lifetime as additional input in
all fits. Because this has changed significantly since the 2008
edition of this Review (see the discussion in Sec. 10.5), the
strongly αs-dependent solid (green) contour from Z lineshape
and cross-section measurements has moved significantly towards
negative S and T . The long-dashed (magenta) contour from ν
scattering has moved closer towards the global averages (see
Sec. 10.3). The long-dash-dotted (indigo) contour from polarized
e scattering [123,125] is the upper tip of an elongated ellipse
centered at around S = −15 and T = −21. At first sight it looks
as if it is deviating strongly but it is off by only 1.8 σ. This
illusion arises because Δχ2 > 0.8 everywhere on the visible part
of the contour. Color version at end of book.

An extra generation of SM fermions is excluded at the 6 σ level on
the basis of the S parameter alone, corresponding to NF = 2.85± 0.20
for the number of families. This result assumes that there are no
new contributions to T or U and therefore that any new families are
degenerate, and is in agreement with a fit to the number of light
neutrinos, Nν = 2.991 ± 0.007. However, the S parameter fits are
valid even for a very heavy fourth family neutrino. This restriction
can be relaxed by allowing T to vary as well, since T > 0 is expected
from a non-degenerate extra family. Fixing S = 2/3π, the global fit
favors a fourth family contribution to T of 0.22 ± 0.04. However, the
quality of the fit deteriorates (Δχ2 = 3.2 relative to the SM fit with
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MH forced not to drop below its LEP 2 bound of 114.4 GeV) so that
this tuned T scenario is also disfavored but only at about the 90%
CL which is weaker compared to the 2008 edition of this Review, i.e.
before the latest developments in APV and the ν-DIS interpretation.
In fact, tuned mass splittings of the extra leptons and quarks [239]
can now yield fits with only moderately higher χ2 values (by about
1 unit) than for the SM. A more detailed analysis is also required if
the extra neutrino (or the extra down-type quark) is close to its direct
mass limit [240]. Thus, a fourth family is disfavored but not excluded
by current data. Similar remarks apply to a heavy mirror family [241]
involving right-handed SU(2) doublets and left-handed singlets. A
more detailed discussion based on the same data set as used for this
Review can be found in Ref. 242. Additional heavy ordinary or mirror
generations may also require large Yukawa and Higgs couplings that
may lead to Landau poles at low scales [243]. In contrast, heavy
degenerate non-chiral (also known as vector-like or exotic) multiplets,
which are predicted in many grand unified theories [244] and other
extensions of the SM, do not contribute to S, T , and U (or to ρ0), and
do not require large coupling constants. Such exotic multiplets may
occur in partial families, as in E6 models, or as complete vector-like
families [245].

There is no simple parametrization to describe the effects of every
type of new physics on every possible observable. The S, T , and U
formalism describes many types of heavy physics which affect only the
gauge self-energies, and it can be applied to all precision observables.
However, new physics which couples directly to ordinary fermions,
such as heavy Z ′ bosons [223], mixing with exotic fermions [246],
or leptoquark exchange [160,247] cannot be fully parametrized in the
S, T , and U framework. It is convenient to treat these types of new
physics by parameterizations that are specialized to that particular
class of theories (e.g., extra Z ′ bosons), or to consider specific models
(which might contain, e.g., Z ′ bosons and exotic fermions with
correlated parameters). Fits to Supersymmetric models are described
in Refs. 181 and 248. Models involving strong dynamics (such as
(extended) Technicolor) for electroweak breaking are considered in
Ref. 249. The effects of compactified extra spatial dimensions at the
TeV scale are reviewed in Ref. 250, and constraints on Little Higgs
models in Ref. 251. The implications of non-standard Higgs sectors,
e.g., involving Higgs singlets or triplets, are discussed in Ref. 252.
Limits on new four-Fermi operators and on leptoquarks using LEP 2
and lower energy data are given in Refs. [160,253]. Constraints on
various types of new physics are reviewed in Refs. [59,128,254,255],
and implications for the LHC in Ref. 256.

An alternate formalism [257] defines parameters, ǫ1, ǫ2, ǫ3, and

ǫb in terms of the specific observables MW /MZ , Γℓℓ, A
(0,ℓ)
FB , and

Rb. The definitions coincide with those for ǫ̂i in Eqs. (10.55) and
(10.56) for physics which affects gauge self-energies only, but the ǫ’s
now parametrize arbitrary types of new physics. However, the ǫ’s are
not related to other observables unless additional model-dependent
assumptions are made. Another approach [258] parametrizes new
physics in terms of gauge-invariant sets of operators. It is especially
powerful in studying the effects of new physics on non-Abelian
gauge vertices. The most general approach introduces deviation
vectors [254]. Each type of new physics defines a deviation vector,
the components of which are the deviations of each observable from
its SM prediction, normalized to the experimental uncertainty. The
length (direction) of the vector represents the strength (type) of new
physics.

One of the best motivated kinds of physics beyond the SM
besides Supersymmetry are extra Z ′ bosons [259]. They do not spoil
the observed approximate gauge coupling unification, and appear
copiously in many Grand Unified Theories (GUTs), most Superstring
models [260], as well as in dynamical symmetry breaking [249]
and Little Higgs models [251]. For example, the SO(10) GUT
contains an extra U(1) as can be seen from its maximal subgroup,
SU(5) × U(1)χ. Similarly, the E6 GUT contains the subgroup
SO(10) × U(1)ψ. The Zψ possesses only axial-vector couplings to
the ordinary fermions, and its mass is generally less constrained.
The Zη boson is the linear combination

√
3/8Zχ −

√
5/8Zψ.

The ZLR boson occurs in left-right models with gauge group
SU(3)C × SU(2)L × SU(2)R × U(1)B−L ⊂ SO(10), and the secluded

Table 10.9: 95% CL lower mass limits (in GeV) from low
energy and Z pole data on various extra Z ′ gauge bosons,
appearing in models of unification and string theory. More
general parametrizations are described in Refs. 259,264. The
electroweak results [265] are for Higgs sectors consisting of
doublets and singlets only (ρ0 = 1) with unspecified U(1)′

charges. The CDF [266] and DØ [267] bounds from searches
for p̄p → μ+μ− and e+e−, respectively, are listed in the next
two columns, followed by the LEP 2 e+e− → f f̄ bounds [160]
(assuming θ = 0). (The Tevatron bounds would be moderately
weakened if there are open supersymmetric or exotic decay
channels [268]) . The last column shows the 1 σ ranges for MH

when it is left unconstrained in the electroweak fits.

Z ′ electroweak CDF DØ LEP 2 MH

Zχ 1, 141 892 800 673 171+493
−89

Zψ 147 878 763 481 97+31
−25

Zη 427 982 810 434 423+577
−350

ZLR 998 630 − 804 804+174
−35

ZS 1, 257 821 719 − 149+353
−68

ZSM 1, 403 1, 030 950 1, 787 331+669
−246

Zstring 1, 362 − − − 134+209
−58

ZS emerges in a supersymmetric bottom-up scenario [261]. The
sequential ZSM boson is defined to have the same couplings to
fermions as the SM Z boson. Such a boson is not expected in the
context of gauge theories unless it has different couplings to exotic
fermions than the ordinary Z boson. However, it serves as a useful
reference case when comparing constraints from various sources. It
could also play the role of an excited state of the ordinary Z boson
in models with extra dimensions at the weak scale [250]. Finally, we
consider a Superstring motivated Zstring boson appearing in a specific
model [262]. The potential Z ′ boson is in general a superposition of
the SM Z and the new boson associated with the extra U(1). The
mixing angle θ satisfies,

tan2 θ =
M2

Z0
1
− M2

Z

M2
Z′

− M2
Z0

1

,

where M
Z0

1
is the SM value for MZ in the absence of mixing. Note,

that MZ < M
Z0

1
, and that the SM Z couplings are changed by the

mixing. The couplings of the heavier Z ′ may also be modified by
kinetic mixing [259,263]. If the Higgs U(1)′ quantum numbers are
known, there will be an extra constraint,

θ = C
g2

g1

M2
Z

M2
Z′

,

where g1,2 are the U(1) and U(1)′ gauge couplings with g2 =√
5
3 sin θW

√
λ g1 and g1 =

√
g2 + g′2. λ ∼ 1 (which we assume) if the

GUT group breaks directly to SU(3) × SU(2) × U(1) × U(1)′. C is
a function of vacuum expectation values. For minimal Higgs sectors
it can be found in Ref. 223. Table 10.9 shows the 95% CL lower
mass limits [265] for ρ0 = 1 and 114.4 GeV ≤ MH ≤ 1 TeV. The last
column shows the 1 σ ranges for MH when it is left unconstrained.
In cases of specific minimal Higgs sectors where C is known, the
Z ′ mass limits are generally pushed into the TeV region. The limits
on |θ| are typically smaller than a few ×10−3. For more details
see [259,265,269] and the note on “The Z ′ Searches” in the Gauge &
Higgs Boson Particle Listings. Also listed in Table 10.9 are the direct
lower limits on Z ′ production from the Tevatron [266,267] and LEP 2
bounds [160].
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27. J.H. Kühn and M. Steinhauser, Phys. Lett. B437, 425 (1998).
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11. THE CKM QUARK-MIXING MATRIX

Revised February 2010 by A. Ceccucci (CERN), Z. Ligeti (LBNL),
and Y. Sakai (KEK).

11.1. Introduction

The masses and mixings of quarks have a common origin in the
Standard Model (SM). They arise from the Yukawa interactions with
the Higgs condensate,

LY = −Y d
ij QI

Li φdI
Rj − Y u

ij QI
Li ǫ φ∗uI

Rj + h.c., (11.1)

where Y u,d are 3 × 3 complex matrices, φ is the Higgs field, i, j
are generation labels, and ǫ is the 2 × 2 antisymmetric tensor. QI

L

are left-handed quark doublets, and dI
R and uI

R are right-handed
down- and up-type quark singlets, respectively, in the weak-eigenstate
basis. When φ acquires a vacuum expectation value, 〈φ〉 = (0, v/

√
2),

Eq. (11.1) yields mass terms for the quarks. The physical states are

obtained by diagonalizing Y u,d by four unitary matrices, V
u,d
L,R, as

M
f
diag = V

f
L Y f V

f†
R (v/

√
2), f = u, d. As a result, the charged-current

W± interactions couple to the physical uLj and dLk quarks with
couplings given by

VCKM ≡ V u
L V d†

L =

⎛

⎝
Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

⎞

⎠ . (11.2)

This Cabibbo-Kobayashi-Maskawa (CKM) matrix [1,2] is a 3 × 3
unitary matrix. It can be parameterized by three mixing angles and
the CP -violating KM phase [2]. Of the many possible conventions, a
standard choice has become [3]

V =

⎛

⎝
c12c13 s12c13 s13e−iδ

−s12c23−c12s23s13eiδ c12c23−s12s23s13eiδ s23c13

s12s23−c12c23s13eiδ −c12s23−s12c23s13eiδ c23c13

⎞

⎠ ,

(11.3)
where sij = sin θij , cij = cos θij , and δ is the phase responsible for all
CP -violating phenomena in flavor-changing processes in the SM. The
angles θij can be chosen to lie in the first quadrant, so sij , cij ≥ 0.

It is known experimentally that s13 ≪ s23 ≪ s12 ≪ 1, and
it is convenient to exhibit this hierarchy using the Wolfenstein
parameterization. We define [4–6]

s12 = λ =
|Vus|√

|Vud|2 + |Vus|2
, s23 = Aλ2 = λ

∣∣∣∣
Vcb

Vus

∣∣∣∣ ,

s13e
iδ = V ∗

ub = Aλ3(ρ + iη) =
Aλ3(ρ̄ + iη̄)

√
1 − A2λ4

√
1 − λ2[1 − A2λ4(ρ̄ + iη̄)]

.(11.4)

These relations ensure that ρ̄ + iη̄ = −(VudV ∗
ub)/(VcdV ∗

cb) is phase-
convention-independent, and the CKM matrix written in terms of
λ, A, ρ̄, and η̄ is unitary to all orders in λ. The definitions of ρ̄, η̄
reproduce all approximate results in the literature. For example,
ρ̄ = ρ(1−λ2/2+ . . .) and we can write VCKM to O(λ4) either in terms
of ρ̄, η̄ or, traditionally,

V =

⎛

⎝
1 − λ2/2 λ Aλ3(ρ − iη)

−λ 1 − λ2/2 Aλ2

Aλ3(1 − ρ − iη) −Aλ2 1

⎞

⎠ + O(λ4) . (11.5)

The CKM matrix elements are fundamental parameters of the
SM, so their precise determination is important. The unitarity of
the CKM matrix imposes

∑
i VijV

∗
ik = δjk and

∑
j VijV

∗
kj = δik.

The six vanishing combinations can be represented as triangles in a
complex plane, of which the ones obtained by taking scalar products
of neighboring rows or columns are nearly degenerate. The areas of
all triangles are the same, half of the Jarlskog invariant, J [7], which
is a phase-convention-independent measure of CP violation, defined
by Im

[
VijVklV

∗
il V

∗
kj

]
= J

∑
m,n εikmεjln.

The most commonly used unitarity triangle arises from

Vud V ∗
ub + Vcd V ∗

cb + Vtd V ∗
tb = 0 , (11.6)

Figure 11.1: Sketch of the unitarity triangle.

by dividing each side by the best-known one, VcdV
∗
cb (see Fig. 1).

Its vertices are exactly (0, 0), (1, 0), and, due to the definition
in Eq. (11.4), (ρ̄, η̄). An important goal of flavor physics is to
overconstrain the CKM elements, and many measurements can be
conveniently displayed and compared in the ρ̄, η̄ plane.

Processes dominated by loop contributions in the SM are sensitive
to new physics, and can be used to extract CKM elements only if the
SM is assumed. In Sec. 11.2 and 11.3, we describe such measurements
assuming the SM, we give the global fit results for the CKM elements
in Sec. 11.4, and discuss implications for new physics in Sec. 11.5.

11.2. Magnitudes of CKM elements

11.2.1. |Vud| :

The most precise determination of |Vud| comes from the study
of superallowed 0+ → 0+ nuclear beta decays, which are pure
vector transitions. Taking the average of the twenty most precise
determinations [8] yields

|Vud| = 0.97425± 0.00022. (11.7)

The error is dominated by theoretical uncertainties stemming
from nuclear Coulomb distortions and radiative corrections. A precise
determination of |Vud| is also obtained from the measurement of the
neutron lifetime. The theoretical uncertainties are very small, but
the determination is limited by the knowledge of the ratio of the
axial-vector and vector couplings, gA = GA/GV [9]. The PIBETA
experiment [10] has improved the measurement of the π+ → π0e+ν
branching ratio to 0.6%, and quote |Vud| = 0.9728 ± 0.0030, in
agreement with the more precise result listed above. The interest in
this measurement is that the determination of |Vud| is very clean
theoretically, because it is a pure vector transition and is free from
nuclear-structure uncertainties.

11.2.2. |Vus| :

The product of |Vus| and the form factor at q2 = 0, |Vus| f+(0)
have been extracted traditionally from K0

L → πeν decays in order

to avoid isospin-breaking corrections (π0 − η mixing) that affect
K± semileptonic decay, and the complications induced by a second
(scalar) form factor present in the muonic decays. The last round of
experiments has lead to enough experimental constraints to justify the
comparison between different decay modes. Systematic errors related
to the experimental quantities, e.g., the lifetime of neutral or charged
kaons, and the form factor determinations for electron and muonic
decays, differ among decay modes, and the consistency between
different determinations enhances the confidence in the final result.
For this reason, we follow the prescription [11] to average K0

L → πeν,

K0
L → πμν, K± → π0e±ν, K± → π0μ±ν and K0

S → πeν. The average
of these five decay modes yields |Vus| f+(0) = 0.21664 ± 0.00048.
Results obtained from each decay mode, and exhaustive references
to the experimental data, are listed for instance in Ref. [9]. The
form factor value f+(0) = 0.9644 ± 0.0049 [12] from a three-flavor
unquenched lattice QCD calculation gives [9] |Vus| = 0.2246 ± 0.0012.
The broadly used classic calculation of f+(0) [13] is in good agreement
with this value, while other calculations [14] differ by as much as 2%.
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The calculation of the ratio of the kaon and pion decay constants
enables one to extract |Vus/Vud| from K → μν(γ) and π → μν(γ),
where (γ) indicates that radiative decays are included [15]. The KLOE
measurement of the K+ → μ+ν(γ) branching ratio [16], combined
with the lattice QCD calculation, fK/fπ = 1.189 ± 0.007 [17], leads
to |Vus| = 0.2259 ± 0.0014, where the accuracy is limited by the
knowledge of the ratio of the decay constants. The average of these
two determinations is quoted by Ref. [9] as

|Vus| = 0.2252± 0.0009. (11.8)

The latest determination from hyperon decays can be found
in Ref. [19]. The authors focus on the analysis of the vector
form factor, protected from first order SU(3) breaking effects by
the Ademollo-Gatto theorem [20], and treat the ratio between
the axial and vector form factors g1/f1 as experimental input,
thus avoiding first order SU(3) breaking effects in the axial-
vector contribution. They find |Vus| = 0.2250 ± 0.0027, although
this does not include an estimate of the theoretical uncertainty
due to second-order SU(3) breaking, contrary to Eq. (11.8).
Concerning hadronic τ decays to strange particles, the latest
determinations based on LEP, and recent BABAR and Belle data yield
|Vus| = 0.2208 ± 0.0039 [21]. A recent measurement of the ratio of
branching fractions B(τ → Kν)/B(τ → πν) by BABAR [22] combined
with the above fK/fπ value gives |Vus| = 0.2255± 0.0024.

11.2.3. |Vcd| :

The magnitude of Vcd can be extracted from semileptonic charm
decays if theoretical knowledge of the form factors is available.
Three-flavor unquenched lattice QCD calculations for D → Kℓν
and D → πℓν have been published [23]. Using these estimates and
the average of recent CLEO-c [24] and Belle [25] measurements of
D → πℓν decays, one obtains |Vcd| = 0.229 ± 0.006± 0.024, where the
first uncertainty is experimental, and the second is from the theoretical
uncertainty of the form factor.

This determination is not yet as precise as the one based on
neutrino and antineutrino interactions. The difference of the ratio of
double-muon to single-muon production by neutrino and antineutrino
beams is proportional to the charm cross section off valence d-quarks,
and therefore to |Vcd|2 times the average semileptonic branching ratio
of charm mesons, Bμ. The method was used first by CDHS [26] and
then by CCFR [27,28] and CHARM II [29]. Averaging these results is
complicated, not only because it requires assumptions about the scale
of the QCD corrections, but also because Bμ is an effective quantity,
which depends on the specific neutrino beam characteristics. Given
that no new experimental input is available, we quote the average
provided in a previous review, Bμ|Vcd|2 = (0.463 ± 0.034)× 10−2 [30].
Analysis cuts make these experiments insensitive to neutrino energies
smaller than 30 GeV. Thus, Bμ should be computed using only
neutrino interactions with visible energy larger than 30GeV. An
appraisal [31] based on charm-production fractions measured in
neutrino interactions [32,33] gives Bμ = 0.088 ± 0.006. Data from
the CHORUS experiment [34] are sufficiently precise to extract Bμ

directly, by comparing the number of charm decays with a muon to
the total number of charmed hadrons found in the nuclear emulsions.
Requiring the visible energy to be larger than 30GeV, CHORUS finds
Bμ = 0.085 ± 0.009 ± 0.006. To extract |Vcd|, we use the average of
these two determinations, Bμ = 0.087 ± 0.005, and obtain

|Vcd| = 0.230± 0.011. (11.9)

11.2.4. |Vcs| :

The determination of |Vcs| from neutrino and antineutrino scattering
suffers from the uncertainty of the s-quark sea content. Measurements
sensitive to |Vcs| from on-shell W± decays were performed at LEP-2.
The branching ratios of the W depend on the six CKM matrix
elements involving quarks with masses smaller than MW . The W
branching ratio to each lepton flavor is given by 1/B(W → ℓν̄ℓ) =
3
[
1 +

∑
u,c,d,s,b |Vij |2 (1 + αs(mW )/π)

]
. The measurement assuming

lepton universality, B(W → ℓν̄ℓ) = (10.83 ± 0.07 ± 0.07)% [35],

implies
∑

u,c,d,s,b |Vij |2 = 2.002 ± 0.027. This is a precise test of
unitarity, but only flavor-tagged W -decay measurements determine
|Vcs| directly. DELPHI measured tagged W+ → cs̄ decays, obtaining
|Vcs| = 0.94+0.32

−0.26± 0.13 [36]. Hereafter, the first error is statistical and
the second is systematic, unless mentioned otherwise.

The direct determination of |Vcs| is possible from semileptonic D
or leptonic Ds decays, using unquenched lattice QCD calculations of
the semileptonic D form factor or the Ds decay constant. For muonic
decays, the average of Belle [37] and CLEO-c [38] gives B(D+

s →
μ+ν) = (5.81±0.43)×10−3 [39]. The ajusted BABAR [40] measurement
gives B(D+

s → μ+ν) = (4.81 ± 0.68) × 10−3 [39]. For decays with τ
leptons, the average of recent CLEO-c measurements [38,41] gives
B(D+

s → τ+ν) = (5.61 ± 0.44) × 10−2 [39]. From each of these
values, determinations of |Vcs| can be obtained by using the PDG
values for the mass and lifetime of the Ds, the masses of the
leptons, and fDs = (242.8 ± 3.2 ± 5.3)MeV [42]. The average of these
three determinations gives |Vcs| = 1.030 ± 0.038, where the error is
dominated by the lattice QCD determination of fDs . In semileptonic
D decays, unquenched lattice QCD calculations have predicted the
normalization and the shape (dependence on the invariant mass of the
lepton pair, q2) of the form factors in D → Kℓν and D → πℓν [23].
Using these theoretical results and the average of recent CLEO-c [24],
Belle [25] and BABAR [43] measurements of B → Kℓν decays, one
obtains |Vcs| = 0.98± 0.01± 0.10, where the first error is experimental
and the second, which is dominant, is from the theoretical uncertainty
of the form factor. Averaging the determinations from leptonic and
semileptonic decays, we find

|Vcs| = 1.023± 0.036. (11.10)

11.2.5. |Vcb| :

This matrix element can be determined from exclusive and
inclusive semileptonic decays of B mesons to charm. The inclusive
determinations use the semileptonic decay rate measurement, together
with the leptonic energy and the hadronic invariant-mass spectra.
The theoretical foundation of the calculation is the operator product
expansion [44,45]. It expresses the total rate and moments of
differential energy and invariant-mass spectra as expansions in αs,
and inverse powers of the heavy quark mass. The dependence on
mb, mc, and the parameters that occur at subleading order is
different for different moments, and a large number of measured
moments overconstrains all the parameters, and tests the consistency
of the determination. The precise extraction of |Vcb| requires using
a “threshold” quark mass definition [46,47]. Inclusive measurements
have been performed using B mesons from Z0 decays at LEP, and
at e+e− machines operated at the Υ(4S). At LEP, the large boost
of B mesons from the Z0 allows the determination of the moments
throughout phase space, which is not possible otherwise, but the
large statistics available at the B factories lead to more precise
determinations. An average of the measurements and a compilation of
the references are provided by Ref. [48]: |Vcb| = (41.5 ± 0.7) × 10−3.

Exclusive determinations are based on semileptonic B decays to D
and D∗. In the mb,c ≫ ΛQCD limit, all form factors are given by a
single Isgur-Wise function [49], which depends on the product of the

four-velocities of the B and D(∗) mesons, w = v · v′. Heavy quark
symmetry determines the normalization of the rate at w = 1, the
maximum momentum transfer to the leptons, and |Vcb| is obtained
from an extrapolation to w = 1. The exclusive determination,
|Vcb| = (38.7 ± 1.1) × 10−3 [48], is less precise than the inclusive one
because of the theoretical uncertainty in the form factor and the
experimental uncertainty in the rate near w = 1. Ref. [48] quotes a
combination with a scaled error as

|Vcb| = (40.6 ± 1.3)× 10−3. (11.11)
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11.2.6. |Vub| :

The determination of |Vub| from inclusive B → Xuℓν̄ decay suffers
from large B → Xcℓν̄ backgrounds. In most regions of phase space
where the charm background is kinematically forbidden, the hadronic
physics enters via unknown nonperturbative functions, so-called
shape functions. (In contrast, the nonperturbative physics for |Vcb|
is encoded in a few parameters.) At leading order in ΛQCD/mb,
there is only one shape function, which can be extracted from
the photon energy spectrum in B → Xsγ [50,51], and applied to
several spectra in B → Xuℓν̄. The subleading shape functions are
modeled in the current determinations. Phase space cuts for which
the rate has only subleading dependence on the shape function are
also possible [52]. The measurements of both the hadronic and the
leptonic systems are important for an optimal choice of phase space.
A different approach is to make the measurements more inclusive by
extending them deeper into the B → Xcℓν̄ region, and thus reduce
the theoretical uncertainties. Analyses of the electron-energy endpoint
from CLEO [53], BABAR [54], and Belle [55] quote B → Xueν̄ partial
rates for |�pe| ≥ 2.0GeV and 1.9GeV, which are well below the charm
endpoint. The large and pure BB samples at the B factories permit
the selection of B → Xuℓν̄ decays in events where the other B is
fully reconstructed [56]. With this full-reconstruction tag method, the
four-momenta of both the leptonic and the hadronic systems can be
measured. It also gives access to a wider kinematic region because
of improved signal purity. Ref. [48] quotes an inclusive average as
|Vub| = (4.27 ± 0.38)× 10−3.

To extract |Vub| from an exclusive channel, the form factors have
to be known. Experimentally, better signal-to-background ratios are
offset by smaller yields. The B → πℓν̄ branching ratio is now known
to 5%. Unquenched lattice QCD calculations of the B → πℓν̄ form
factor are available [57,58] for the high q2 region (q2 > 16 or 18 GeV2).
A simultaneous fit to the experimental partial rates and lattice points
versus q2 yields |Vub| = (3.38±0.36)×10−3 [58]. Light-cone QCD sum
rules are applicable for q2 < 14 GeV2 [59] and yield similar results.

The theoretical uncertainties in extracting |Vub| from inclusive and
exclusive decays are different. A combination of the determinations is
quoted by Ref. [48] as

|Vub| = (3.89 ± 0.44)× 10−3. (11.12)

11.2.7. |Vtd| and |Vts| :

The CKM elements |Vtd| and |Vts| cannot be measured from
tree-level decays of the top quark, so one has to rely on determinations
from B–B oscillations mediated by box diagrams with top quarks,
or loop-mediated rare K and B decays. Theoretical uncertainties in
hadronic effects limit the accuracy of the current determinations.
These can be reduced by taking ratios of processes that are equal in
the flavor SU(3) limit to determine |Vtd/Vts|.

The mass difference of the two neutral B meson mass eigenstates
is very well measured, ∆md = (0.507 ± 0.005) ps−1 [60]. For the B0

s
system, CDF measured ∆ms = (17.77±0.10±0.07) ps−1 [61] with more
than 5σ significance (the DØ result [62] is compatible and has about
2σ significance). Using the unquenched lattice QCD calculations [63]

fBd

√
B̂Bd

= (216 ± 9 ± 13)MeV, fBs

√
B̂Bs = (275 ± 7 ± 13)MeV,

and assuming |Vtb| = 1, one finds

|Vtd| = (8.4 ± 0.6) × 10−3, |Vts| = (38.7 ± 2.1) × 10−3. (11.13)

The uncertainties are dominated by lattice QCD. Several un-
certainties are reduced in the calculation of the ratio ξ =
(
fBs

√
B̂Bs

)
/
(
fBd

√
B̂Bd

)
= 1.243 ± 0.021 ± 0.021, and therefore

the constraint on |Vtd/Vts| from ∆md/∆ms is more reliable theo-
retically. These provide a new, theoretically clean, and significantly
improved constraint

∣∣Vtd/Vts
∣∣ = 0.211± 0.001 ± 0.005. (11.14)

The inclusive branching ratio B(B → Xsγ) = (3.52 ± 0.25) × 10−4

extrapolated to Eγ > E0 = 1.6 GeV [64] is also sensitive to VtbV
∗
ts.

In addition to t-quark penguins, a large part of the sensitivity comes
from charm contributions proportional to VcbV

∗
cs via the application

of 3 × 3 CKM unitarity (which is used here; any CKM determination
from loop processes necessarily assumes the SM). With the NNLO
calculation of B(B → Xsγ)Eγ>E0

/B(B → Xceν̄) [65], we obtain
|Vts/Vcb| = (1.04 ± 0.05).

A complementary determination of |Vtd/Vts| is possible from
the ratio of B → ργ and K∗γ rates. The ratio of the neutral
modes is theoretically cleaner than that of the charged ones,
because the poorly known spectator-interaction contribution is
expected to be smaller (W -exchange vs. weak annihilation). For now,
because of low statistics we average the charged and neutral rates
assuming the isospin symmetry and heavy quark limit motivated
relation, |Vtd/Vts|2/ξ2

γ = [Γ(B+ → ρ+γ) + 2Γ(B0 → ρ0γ)]/[Γ(B+ →
K∗+γ) + Γ(B0 → K∗0γ)] = (3.19 ± 0.46)% [64]. Here ξγ contains
the poorly known hadronic physics. Using ξγ = 1.2 ± 0.2 [66], and
combining the experimental and theoretical errors in quadrature, gives
|Vtd/Vts| = 0.21 ± 0.04.

A theoretically clean determination of |VtdV ∗
ts| is possible from

K+ → π+νν̄ decay [67]. Experimentally, only seven events have
been observed [68] and the rate is consistent with the SM with
large uncertainties. Much more data are needed for a precision
measurement.

11.2.8. |Vtb| :

The determination of |Vtb| from top decays uses the ratio of branch-
ing fractions R = B(t → Wb)/B(t → Wq) = |Vtb|2/(

∑
q |Vtq |2) =

|Vtb|2, where q = b, s, d. The CDF and DØ measurements performed
on data collected during Run II of the Tevatron give |Vtb| > 0.78 [69]
and |Vtb| > 0.89 [70], respectively, at 95% CL. The direct determi-
nation of |Vtb| without assuming unitarity is possible from the single
top-quark-production cross section. The (2.76+0.58

−0.47) pb [71] average
cross section measured by DØ [72] and CDF [73] implies

|Vtb| = 0.88 ± 0.07 . (11.15)

An attempt at constraining |Vtb| from the precision electroweak
data was made in [74]. The result, mostly driven by the top-loop
contributions to Γ(Z → bb̄), gives |Vtb| = 0.77+0.18

−0.24.

11.3. Phases of CKM elements

As can be seen from Fig. 11.1, the angles of the unitarity triangle
are

β = φ1 = arg

(
−VcdV

∗
cb

VtdV ∗
tb

)
,

α = φ2 = arg

(
− VtdV ∗

tb

VudV
∗
ub

)
,

γ = φ3 = arg

(
−VudV

∗
ub

VcdV
∗
cb

)
. (11.16)

Since CP violation involves phases of CKM elements, many
measurements of CP -violating observables can be used to constrain
these angles and the ρ̄, η̄ parameters.

11.3.1. ǫ and ǫ′ :

The measurement of CP violation in K0–K0 mixing, |ǫ| =
(2.233± 0.015)× 10−3 [75], provides important information about the
CKM matrix. In the SM, in the basis where VudV ∗

us is real [76]

|ǫ| =
G2

F f2
KmKm2

W

12
√

2π2∆mK
B̂K

{
η1S(xc) Im[(VcsV

∗
cd)2]

+ η2S(xt) Im[(VtsV
∗
td)2] + 2η3S(xc, xt) Im(VcsV

∗
cdVtsV

∗
td)

}
,(11.17)

where S is an Inami-Lim function [77], xq = m2
q/m2

W , and ηi are
perturbative QCD corrections. The constraint from ǫ in the ρ̄, η̄ plane
is bounded by approximate hyperbolas. The dominant uncertainties
are due to the bag parameter, for which we use B̂K = 0.725 ± 0.026
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from lattice QCD [63], and the parametric uncertainty proportional to
σ(A4) from (VtsV

∗
td)2, which is approximately σ(|Vcb|4).

The measurement of 6 Re(ǫ′/ǫ) = 1 − |η00/η+−|2, where η00 and
η+− are the CP -violating amplitude ratios of K0

S and K0
L decays to

two pions, provides a qualitative test of the CKM mechanism. Its
nonzero experimental average, Re(ǫ′/ǫ) = (1.67 ± 0.23) × 10−3 [75],
demonstrates the existence of direct CP violation, a prediction of the
KM ansatz. While Re(ǫ′/ǫ) ∝ Im(VtdV ∗

ts), this quantity cannot easily
be used to extract CKM parameters, because the electromagnetic
penguin contributions tend to cancel the gluonic penguins for large
mt [78], thereby significantly increasing the hadronic uncertainties.
Most estimates [79–82] agree with the observed value, indicating that
η̄ is positive. Progress in lattice QCD, in particular finite-volume
calculations [83,84], may eventually provide a determination of the
K → ππ matrix elements.

11.3.2. β / φ1 :

11.3.2.1. Charmonium modes:

CP -violation measurements in B-meson decays provide direct
information on the angles of the unitarity triangle, shown in
Fig. 11.1. These overconstraining measurements serve to improve
the determination of the CKM elements, or to reveal effects beyond
the SM.

The time-dependent CP asymmetry of neutral B-decays to a final
state f common to B0 and B0 is given by [85,86]

Af =
Γ(B0(t) → f) − Γ(B0(t) → f)

Γ(B0(t) → f) + Γ(B0(t) → f)
= Sf sin(∆md t)−Cf cos(∆md t),

(11.18)
where

Sf =
2 Imλf

1 + |λf |2
, Cf =

1 − |λf |2
1 + |λf |2

, λf =
q

p

Āf

Af
. (11.19)

Here, q/p describes B0–B0 mixing and, to a good approximation

in the SM, q/p = V ∗
tbVtd/VtbV

∗
td = e−2iβ+O(λ4) in the usual phase

convention. Af (Āf ) is the amplitude of the B0 → f (B0 → f) decay.
If f is a CP eigenstate, and amplitudes with one CKM phase dominate
the decay, then |Af | = |Āf |, Cf = 0, and Sf = sin(arg λf ) = ηf sin 2φ,
where ηf is the CP eigenvalue of f and 2φ is the phase difference

between the B0 → f and B0 → B0 → f decay paths. A contribution
of another amplitude to the decay with a different CKM phase makes
the value of Sf sensitive to relative strong interaction phases between
the decay amplitudes (it also makes Cf �= 0 possible).

The b → cc̄s decays to CP eigenstates (B0 → charmonium K0
S,L)

are the theoretically cleanest examples, measuring Sf = −ηf sin 2β.
The b → sqq̄ penguin amplitudes have dominantly the same weak
phase as the b → cc̄s tree amplitude. Since only λ2-suppressed penguin
amplitudes introduce a new CP -violating phase, amplitudes with a
single weak phase dominate, and we expect

∣∣|ĀψK/AψK | − 1
∣∣ < 0.01.

The e+e− asymmetric-energy B-factory experiments, BABAR [88] and
Belle [89], provide precise measurements. The world average is [64]

sin 2β = 0.673 ± 0.023 . (11.20)

This measurement has a four-fold ambiguity in β, which can be
resolved by a global fit as mentioned in Sec. 11.4. Experimentally, the
two-fold ambiguity β → π/2 − β (but not β → π + β) can be resolved
by a time-dependent angular analysis of B0 → J/ψK∗0 [90,91], or a
time-dependent Dalitz plot analysis of B0 → D0h0 (h0 = π0, η, ω)
with D0 → K0

Sπ+π− [92,93]. These results indicate that negative
cos 2β solutions are very unlikely, in agreement with the global CKM
fit result.

The b → cc̄d mediated transitions, such as B0 → J/ψπ0 and

B0 → D(∗)+D(∗)−, also measure approximately sin 2β. However,
the dominant component of the b → d penguin amplitude has a
different CKM phase (V ∗

tbVtd) than the tree amplitude (V ∗
cbVcd), and

its magnitudes are of the same order in λ. Therefore, the effect of
penguins could be large, resulting in Sf �= −ηf sin 2β and Cf �= 0.

These decay modes have also been measured by BABAR and Belle. The
world averages [64], SJ/ψπ0 = −0.93 ± 0.15, SD+D− = −0.89 ± 0.26,

and SD∗+D∗− = −0.77 ± 0.14 (ηf = +1 for these modes), are

consistent with sin 2β obtained from B0 → charmonium K0 decays,
and the Cf ’s are consistent with zero, although the uncertainties are
sizable.

The b → cūd decays, B0 → D0h0 with D0 → CP eigenstates,
have no penguin contributions and provide theoretically clean sin 2β
measurements. BABAR measured S

D(∗)h0 = −0.56 ± 0.25 [87].

11.3.2.2. Penguin-dominated modes:

The b → sq̄q penguin-dominated decays have the same CKM phase
as the b → cc̄s tree level decays, up to corrections suppressed by
λ2, since V ∗

tbVts = −V ∗
cbVcs[1 + O(λ2)]. Therefore, decays such as

B0 → φK0 and η′K0 provide sin 2β measurements in the SM. Any
new physics contribution to the amplitude with a different weak phase
would give rise to Sf �= −ηf sin 2β, and possibly Cf �= 0. Therefore,
the main interest in these modes is not simply to measure sin 2β, but
to search for new physics. Measurements of many other decay modes
in this category, such as B → π0K0

S , K0
SK0

SK0
S , etc., have also been

performed by BABAR and Belle. The results and their uncertainties
are summarized in Fig. 12.3 and Table 12.1 of Ref. [86].

11.3.3. α / φ2 :

Since α is the phase between V ∗
tbVtd and V ∗

ubVud, only time-
dependent CP asymmetries in b → uūd decay dominated modes
can directly measure sin 2α, in contrast to sin 2β, where several
different transitions can be used. Since b → d penguin amplitudes
have a different CKM phase than b → uūd tree amplitudes, and their
magnitudes are of the same order in λ, the penguin contribution can
be sizable, which makes the determination of α complicated. To date,
α has been measured in B → ππ, ρπ and ρρ decay modes.

11.3.3.1. B → ππ:

It is now experimentally well established that there is a sizable
contribution of b → d penguin amplitudes in B → ππ decays. Thus,
Sπ+π− in the time-dependent B0 → π+π− analysis does not measure
sin 2α, but

Sπ+π− =
√

1 − C2
π+π− sin(2α + 2∆α), (11.21)

where 2∆α is the phase difference between e2iγĀπ+π− and Aπ+π− .
The value of ∆α, hence α, can be extracted using the isospin relation
among the amplitudes of B0 → π+π−, B0 → π0π0, and B+ → π+π0

decays [94],
1√
2

Aπ+π− + Aπ0π0 − Aπ+π0 = 0, (11.22)

and a similar expression for the Āππ’s. This method utilizes the fact
that a pair of pions from B → ππ decay must be in a zero angular
momentum state, and, because of Bose statistics, they must have even
isospin. Consequently, π0π± is in a pure isospin-2 state, while the
penguin amplitudes only contribute to the isospin-0 final state. The
latter does not hold for the electroweak penguin amplitudes, but their
effect is expected to be small. The isospin analysis uses the world
averages [64] Sπ+π− = −0.65 ± 0.07, Cπ+π− = −0.38 ± 0.06, the
branching fractions of all three modes, and the direct CP asymmetry
Cπ0π0 = −0.43+0.25

−0.24. This analysis leads to 16 mirror solutions for
0 ≤ α < 2π. Because of this, and the sizable experimental error of
the B0 → π0π0 rate and CP asymmetry, only a loose constraint on
α can be obtained at present [95], 0◦ < α < 7◦, 81◦ < α < 103◦,
121◦ < α < 150◦, and 166◦ < α < 180◦ at 68% CL.

11.3.3.2. B → ρρ:

The decay B0 → ρ+ρ− contains two vector mesons in the final state,
which in general is a mixture of CP -even and CP -odd components.
Therefore, it was thought that extracting α from this mode would be
complicated.

However, the longitudinal polarization fractions (fL) in B+ → ρ+ρ0

and B0 → ρ+ρ− decays were measured to be close to unity [96],
which implies that the final states are almost purely CP -even.
Furthermore, B(B0 → ρ0ρ0) = (0.73+0.27

−0.28) × 10−6 is much smaller
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than B(B0 → ρ+ρ−) = (24.2+3.1
−3.2) × 10−6 and B(B+ → ρ+ρ0) =

(24.0+1.9
−2.0) × 10−6 [64], which implies that the effect of the penguin

diagrams is small. The isospin analysis using the world averages,
Sρ+ρ− = −0.05 ± 0.17 and Cρ+ρ− = −0.06 ± 0.13 [64], together
with the time-dependent CP asymmetry, Sρ0ρ0 = −0.3 ± 0.7 and

Cρ0ρ0 = −0.2± 0.9 [97], and the above-mentioned branching fractions,

gives α = (89.9 ± 5.4)◦ [95], with a mirror solution at 3π/2 − α. A
possible small violation of Eq. (11.22) due to the finite width of the
ρ [98] is neglected.

11.3.3.3. B → ρπ:

The final state in B0 → ρ+π− decay is not a CP eigenstate,
but this decay proceeds via the same quark-level diagrams as
B0 → π+π−, and both B0 and B0 can decay to ρ+π−. Consequently,
mixing-induced CP violations can occur in four decay amplitudes,
B0 → ρ±π∓ and B0 → ρ±π∓. The time-dependent Dalitz plot
analysis of B0 → π+π−π0 decays permits the extraction of α with a
single discrete ambiguity, α → α + π, since one knows the variation
of the strong phases in the interference regions of the ρ+π−, ρ−π+,
and ρ0π0 amplitudes in the Dalitz plot [99]. The combination of
Belle [100] and BABAR [101] measurements gives α = (120+11

−7 )◦ [95].
This constraint is still moderate, and there are also solutions around
30◦ and 90◦ within 2σ significance level.

Combining the above-mentioned three decay modes [95], α is
constrained as

α = (89.0+4.4
−4.2)

◦. (11.23)

A different statistical approach [102] gives similar constraint from the
combination of these measurements.

11.3.4. γ / φ3 :

By virtue of Eq. (11.16), γ does not depend on CKM elements
involving the top quark, so it can be measured in tree-level B decays.
This is an important distinction from the measurements of α and β,
and implies that the measurements of γ are unlikely to be affected by
physics beyond the SM.

11.3.4.1. B± → DK±:

The interference of B− → D0K− (b → cūs) and B− → D0K−

(b → uc̄s) transitions can be studied in final states accessible in both
D0 and D0 decays [85]. In principle, it is possible to extract the B
and D decay amplitudes, the relative strong phases, and the weak
phase γ from the data.

A practical complication is that the precision depends sensitively
on the ratio of the interfering amplitudes

rB =
∣∣∣A(B− → D0K−)

/
A(B− → D0K−)

∣∣∣ , (11.24)

which is around 0.1−0.2. The original GLW method [103,104] considers

D decays to CP eigenstates, such as B± → D
(∗)
CP (→ π+π−)K±(∗).

To alleviate the smallness of rB and make the interfering amplitudes
(which are products of the B and D decay amplitudes) comparable
in magnitude, the ADS method [105] considers final states where
Cabibbo-allowed D0 and doubly-Cabibbo-suppressed D0 decays
interfere. Extensive measurements have been made by the B factories
using both methods [106].

It was realized that both D0 and D0 have large branching
fractions to certain three-body final states, such as KSπ+π−, and
the analysis can be optimized by studying the Dalitz plot dependence
of the interferences [107,108]. The best present determination of
γ comes from this method. Belle [109] and BABAR [110] obtained
γ = (76+12

−13 ± 4 ± 9)◦ and γ = (76 ± 22 ± 5 ± 5)◦, respectively, where
the last uncertainty is due to the D-decay modeling. The error is
sensitive to the central value of the amplitude ratio rB (and r∗B for
the D∗K mode), for which Belle found somewhat larger central values

than BABAR. The same values of r
(∗)
B enter the ADS analyses, and the

data can be combined to fit for r
(∗)
B and γ. The D0–D0-mixing has

been neglected in all measurements, but its effect on γ is far below
the present experimental accuracy [111], unless D0–D0-mixing is due

to CP -violating new physics, in which case it can be included in the
analysis [112].

Combining the GLW, ADS, and Dalitz analyses [95], γ is constrained
as

γ = (73+22
−25)

◦. (11.25)

Similar results are found in [102].

11.3.4.2. B0 → D(∗)±π∓:

The interference of b → u and b → c transitions can be studied in
B0 → D(∗)+π− (b → cūd) and B0 → B0 → D(∗)+π− (b̄ → ūcd̄) decays

and their CP conjugates, since both B0 and B0 decay to D(∗)±π∓ (or
D±ρ∓, etc.). Since there are only tree and no penguin contributions
to these decays, in principle, it is possible to extract from the four
time-dependent rates the magnitudes of the two hadronic amplitudes,
their relative strong phase, and the weak phase between the two-decay
paths, which is 2β + γ.

A complication is that the ratio of the interfering amplitudes
is very small, rDπ = A(B0 → D+π−)/A(B0 → D+π−) = O(0.01)
(and similarly for rD∗π and rDρ), and therefore it has not been
possible to measure it. To obtain 2β + γ, SU(3) flavor symmetry and
dynamical assumptions have been used to relate A(B0 → D−π+) to
A(B0 → D−

s π+), so this measurement is not model-independent at
present. Combining the D±π∓ D∗±π∓ and D±ρ∓ measurements [113]
gives sin(2β +γ) > 0.68 at 68% CL [95], consistent with the previously
discussed results for β and γ. The amplitude ratio is much larger in
the analogous B0

s → D±
s K∓ decays, so it will be possible at LHCb

to measure it and model-independently extract γ − 2βs [114] (where
βs = arg(−VtsV

∗
tb/VcsV

∗
cb) is related to the phase of Bs mixing).

11.4. Global fit in the Standard Model

Using the independently measured CKM elements mentioned
in the previous sections, the unitarity of the CKM matrix can be
checked. We obtain |Vud|2+ |Vus|2+ |Vub|2 = 0.9999±0.0006 (1st row),
|Vcd|2+|Vcs|2+|Vcb|2 = 1.101±0.074 (2nd row), |Vud|2+|Vcd|2+|Vtd|2 =
1.002± 0.005 (1st column), and |Vus|2 + |Vcs|2 + |Vts|2 = 1.098± 0.074
(2nd column), respectively. The uncertainties in the second row
and column are dominated by that of |Vcs|. For the second row,
a more stringent check is obtained from the measurement of∑

u,c,d,s,b |Vij |2 in Sec. 11.2.4 minus the sum in the first row above:

|Vcd|2 + |Vcs|2 + |Vcb|2 = 1.002 ± 0.027. These provide strong tests of
the unitarity of the CKM matrix. The sum of the three angles of the
unitarity triangle, α + β + γ = (183+22

−25)
◦, is also consistent with the

SM expectation.

The CKM matrix elements can be most precisely determined
by a global fit that uses all available measurements and imposes
the SM constraints (i.e., three generation unitarity). The fit must
also use theory predictions for hadronic matrix elements, which
sometimes have significant uncertainties. There are several approaches
to combining the experimental data. CKMfitter [6,95] and Ref. [115]
(which develops [116,117] further) use frequentist statistics, while
UTfit [102,118] uses a Bayesian approach. These approaches provide
similar results.

The constraints implied by the unitarity of the three generation
CKM matrix significantly reduce the allowed range of some of the
CKM elements. The fit for the Wolfenstein parameters defined in
Eq. (11.4) gives

λ = 0.2253± 0.0007 , A = 0.808+0.022
−0.015 ,

ρ̄ = 0.132+0.022
−0.014 , η̄ = 0.341± 0.013 . (11.26)

These values are obtained using the method of Refs. [6,95]. Using
the prescription of Refs. [102,118] gives λ = 0.2246 ± 0.0011,
A = 0.832± 0.017, ρ̄ = 0.130± 0.018, η̄ = 0.350± 0.013 [119]. The fit
results for the magnitudes of all nine CKM elements are.

VCKM =

⎛

⎝
0.97428± 0.00015 0.2253± 0.0007 0.00347+0.00016

−0.00012

0.2252± 0.0007 0.97345+0.00015
−0.00016 0.0410+0.0011

−0.0007

0.00862+0.00026
−0.00020 0.0403+0.0011

−0.0007 0.999152+0.000030
−0.000045

⎞

⎠ ,

(11.27)
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Figure 11.2: Constraints on the ρ̄, η̄ plane. The shaded areas
have 95% CL. Color version at end of book.

and the Jarlskog invariant is J = (2.91+0.19
−0.11) × 10−5.

Fig. 11.2 illustrates the constraints on the ρ̄, η̄ plane from various
measurements and the global fit result. The shaded 95% CL regions
all overlap consistently around the global fit region, though the
consistency of |Vub/Vcb| and sin 2β is not very good.

11.5. Implications beyond the SM

The effects in B, K, and D decays and mixings due to high-scale
physics (W , Z, t, h in the SM, and new physics particles) can
be parameterized by operators made of SM fields, obeying the
SU(3) × SU(2) × U(1) gauge symmetry. The non-SM contributions
to the coefficients of these operators are suppressed by powers of
the scale of new physics. At lowest order, there are of order a
hundred flavor-changing operators of dimension-6, and the observable
effects of non-SM interactions are encoded in their coefficients. In
the SM, these coefficients are determined by just the four CKM
parameters, and the W , Z, and quark masses. For example, ∆md,
Γ(B → ργ), and Γ(B → Xdℓ

+ℓ−) are all proportional to |VtdV ∗
tb|2 in

the SM, however, they may receive unrelated contributions from new
physics. The new physics contributions may or may not obey the SM
relations. (For example, the flavor sector of the MSSM contains 69
CP -conserving parameters and 41 CP -violating phases, i.e., 40 new
ones [120]). Thus, similar to the measurements of sin 2β in tree- and
loop-dominated decay modes, overconstraining measurements of the
magnitudes and phases of flavor-changing neutral current amplitudes
give good sensitivity to new physics.

To illustrate the level of suppression required for non-SM
contributions, consider a class of models in which the unitarity of
the CKM matrix is maintained, and the dominant effect of new
physics is to modify the neutral meson mixing amplitudes [121] by
(zij/Λ2)(qiγ

μPLqj)
2 (for recent reviews, see [122,123]). It is only

known since the measurements of γ and α that the SM gives the
leading contribution to B0 –B0 mixing [6,124]. Nevertheless, new
physics with a generic weak phase may still contribute to neutral
meson mixings at a significant fraction of the SM [125,118]. The

existing data imply that Λ/|zij|1/2 has to exceed about 104 TeV for

K0 –K0 mixing, 103 TeV for D0 –D0 mixing, 500TeV for B0 –B0

mixing, and 100TeV for B0
s –B0

s mixing [118,123]. (Some other
operators are even better constrained [118].) The constraints are
the strongest in the kaon sector, because the CKM suppression is
the most severe. Thus, if there is new physics at the TeV scale,
|zij | ≪ 1 is required. Even if |zij | are suppressed by a loop factor

and |V ∗
tiVtj |2 (in the down quark sector), similar to the SM, one

expects percent-level effects, which may be observable in forthcoming

flavor physics experiments. To constrain such extensions of the SM,
many measurements irrelevant for the SM-CKM fit, such as the CP
asymmetry in semileptonic B decays [126], are important.

Many key measurements, which are sensitive to non-SM flavor
physics, are not useful to think about in terms of constraining CKM
parameters. For example, besides the angles in Eq. (11.16), a key
quantity in the Bs sector is βs = arg(−VtsV

∗
tb/VcsV

∗
cb), which is

the small, λ2-suppressed, angle of a “squashed” unitarity triangle,
obtained by taking the scalar product of the second and third columns.
The angle βs can be measured via time-dependent CP violation in
B0

s → J/ψφ, similar to β in B0 → J/ψK0. Checking if βs agrees with
its SM prediction, βs = 0.018± 0.001 [95], is an equally important test
of the theory. The first flavor-tagged time-dependent CP -asymmetry
measurements of B0

s → J/ψφ decay appeared recently [127], giving a
mild hint of a possible deviation.

In the kaon sector, the two measured CP -violating observables
ǫ and ǫ′ are tiny, so models in which all sources of CP violation
are small were viable before the B-factory measurements. Since the
measurement of sin 2β, we know that CP violation can be an O(1)
effect, and only flavor mixing is suppressed between the three quark
generations. Thus, many models with spontaneous CP violation
are excluded. In the kaon sector, a very clean test of the SM will
come from measurements of K+ → π+νν̄ and K0

L → π0νν̄. These
loop-induced rare decays are sensitive to new physics, and will
allow a determination of β independent of its value measured in B
decays [128].

The CKM elements are fundamental parameters, so they should be
measured as precisely as possible. The overconstraining measurements
of CP asymmetries, mixing, semileptonic, and rare decays have
started to severely constrain the magnitudes and phases of possible
new physics contributions to flavor-changing interactions. When new
particles are observed at the LHC, it will be important to know the
flavor parameters as precisely as possible to understand the underlying
physics.
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The CP transformation combines charge conjugation C with
parity P . Under C, particles and antiparticles are interchanged,
by conjugating all internal quantum numbers, e.g., Q → −Q for
electromagnetic charge. Under P , the handedness of space is reversed,
�x → −�x. Thus, for example, a left-handed electron e−L is transformed

under CP into a right-handed positron, e+
R.

If CP were an exact symmetry, the laws of Nature would be the
same for matter and for antimatter. We observe that most phenomena
are C- and P -symmetric, and therefore, also CP -symmetric. In
particular, these symmetries are respected by the gravitational,
electromagnetic, and strong interactions. The weak interactions, on
the other hand, violate C and P in the strongest possible way. For
example, the charged W bosons couple to left-handed electrons, e−L ,

and to their CP -conjugate right-handed positrons, e+
R, but to neither

their C-conjugate left-handed positrons, e+
L , nor their P -conjugate

right-handed electrons, e−R. While weak interactions violate C and P
separately, CP is still preserved in most weak interaction processes.
The CP symmetry is, however, violated in certain rare processes, as
discovered in neutral K decays in 1964 [1], and observed in recent
years in B decays. A KL meson decays more often to π−e+νe than to
π+e−νe, thus allowing electrons and positrons to be unambiguously
distinguished, but the decay-rate asymmetry is only at the 0.003 level.
The CP -violating effects observed in B decays are larger: the CP

asymmetry in B0/B
0

meson decays to CP eigenstates like J/ψKS is

about 0.70 [2,3]. These effects are related to K0 − K
0

and B0 − B
0

mixing, but CP violation arising solely from decay amplitudes has
also been observed, first in K → ππ decays [4–6] and more recently
in various neutral [7,8] and charged [9,10] B decays. CP violation
has not yet been observed in D or Bs meson decays, or in the lepton
sector.

In addition to parity and to continuous Lorentz transformations,
there is one other spacetime operation that could be a symmetry of
the interactions: time reversal T , t → −t. Violations of T symmetry
have been observed in neutral K decays [11], and are expected as
a corollary of CP violation if the combined CPT transformation is
a fundamental symmetry of Nature [12]. All observations indicate
that CPT is indeed a symmetry of Nature. Furthermore, one cannot
build a Lorentz-invariant quantum field theory with a Hermitian
Hamiltonian that violates CPT . (At several points in our discussion,
we avoid assumptions about CPT , in order to identify cases where
evidence for CP violation relies on assumptions about CPT .)

Within the Standard Model, CP symmetry is broken by complex
phases in the Yukawa couplings (that is, the couplings of the Higgs
scalar to quarks). When all manipulations to remove unphysical
phases in this model are exhausted, one finds that there is a single
CP -violating parameter [13]. In the basis of mass eigenstates, this
single phase appears in the 3 × 3 unitary matrix that gives the
W -boson couplings to an up-type antiquark and a down-type quark.
(If the Standard Model is supplemented with Majorana mass terms
for the neutrinos, the analogous mixing matrix for leptons has three
CP -violating phases.) The beautifully consistent and economical
Standard-Model description of CP violation in terms of Yukawa
couplings, known as the Kobayashi-Maskawa (KM) mechanism [13],
agrees with all measurements to date. Furthermore, one can fit the
data allowing new physics contributions to loop processes to compete
with, or even dominate over, the Standard Model ones [14,15]. Such
an analysis provides a model-independent proof that the KM phase
is different from zero, and that the matrix of three-generation quark
mixing is the dominant source of CP violation in meson decays.

The current level of experimental accuracy and the theoretical
uncertainties involved in the interpretation of the various observations
leave room, however, for additional subdominant sources of CP
violation from new physics. Indeed, almost all extensions of the
Standard Model imply that there are such additional sources.
Moreover, CP violation is a necessary condition for baryogenesis, the
process of dynamically generating the matter-antimatter asymmetry
of the Universe [16]. Despite the phenomenological success of the KM

mechanism, it fails (by several orders of magnitude) to accommodate
the observed asymmetry [17]. This discrepancy strongly suggests
that Nature provides additional sources of CP violation beyond the
KM mechanism. (Recent evidence for neutrino masses implies that
CP can be violated also in the lepton sector. This situation makes
leptogenesis [18], a scenario where CP -violating phases in the Yukawa
couplings of the neutrinos play a crucial role in the generation of the
baryon asymmetry, a very attractive possibility.) The expectation of
new sources motivates the large ongoing experimental effort to find
deviations from the predictions of the KM mechanism.

CP violation can be experimentally searched for in a variety of
processes, such as meson decays, electric dipole moments of neutrons,
electrons and nuclei, and neutrino oscillations. Meson decays probe
flavor-changing CP violation. The search for electric dipole moments
may find (or constrain) sources of CP violation that, unlike the KM
phase, are not related to flavor-changing couplings. Future searches
for CP violation in neutrino oscillations might provide further input
on leptogenesis.

The present measurements of CP asymmetries provide some of
the strongest constraints on the weak couplings of quarks. Future
measurements of CP violation in K, D, B, and Bs meson decays
will provide additional constraints on the flavor parameters of the
Standard Model, and can probe new physics. In this review, we give
the formalism and basic physics that are relevant to present and near
future measurements of CP violation in meson decays.

Before going into details, we list here the independent CP -violating
observables where a signal has been established [19,20,21]:

1. Indirect CP violation in K → ππ decays and in K → πℓν decays
is given by

|ǫ| = (2.228 ± 0.011)× 10−3 . (12.1)

2. Direct CP violation in K → ππ decays is given by

Re(ǫ′/ǫ) = (1.65 ± 0.26)× 10−3. (12.2)

3. CP violation in the interference of mixing and decay in the
B → ψK0 and other related modes is given by (we use K0 throughout
to denote results that combine KS and KL modes, but use the sign
appropriate to KS):

SψK0 = +0.673± 0.023. (12.3)

4. CP violation in the interference of mixing and decay in the
B → η′K0 modes is given by

Sη′K0 = +0.60 ± 0.07. (12.4)

5. CP violation in the interference of mixing and decay in the
B → K+K−KS mode is given by

S(K+K−K0)+
= −0.74+0.12

−0.10. (12.5)

6. CP violation in the interference of mixing and decay in the
B → π+π− mode is given by

Sπ+π− = −0.61 ± 0.08. (12.6)

7. CP violation in the interference of mixing and decay in the
B → ψπ0 mode is given by

Sψπ0 = −0.94 ± 0.29. (12.7)

8. CP violation in the interference of mixing and decay in the
B → D+D− mode is given by

SD+D− = −0.87 ± 0.26. (12.8)

9. CP violation in the interference of mixing and decay in the
B → D∗+D∗− mode is given by

SD∗+D∗− = −0.70 ± 0.16. (12.9)
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10. Direct CP violation in the B0 → K−π+ mode is given by

AK∓π± = −0.098± 0.013. (12.10)

11. Direct CP violation in the B0 → ηK∗0 mode is given by

AηK∗0 = +0.19 ± 0.05. (12.11)

12. Direct CP violation in the B− → K−ρ0 mode is given by

Aρ0K∓ = +0.37 ± 0.10. (12.12)

In addition, there is evidence for CP violation in neutral B decays
into final D∗D and D∗π and various additional (cc̄)KS modes.

12.1. Formalism

The phenomenology of CP violation is superficially different in K,
D, B, and Bs decays. This is primarily because each of these systems
is governed by a different balance between decay rates, oscillations,
and lifetime splitting. However, the underlying mechanisms of CP
violation are identical for all pseudoscalar mesons.

In this section, we present a general formalism for, and classification
of, CP violation in the decay of a pseudoscalar meson M that
might be a charged or neutral K, D, B, or Bs meson. Subsequent
sections describe the CP -violating phenomenology, approximations,
and alternative formalisms that are specific to each system.

12.1.1. Charged- and neutral-meson decays : We define decay
amplitudes of M (which could be charged or neutral) and its CP
conjugate M to a multi-particle final state f and its CP conjugate f
as

Af = 〈f |H|M〉 , Af = 〈f |H|M〉 ,

Af = 〈f |H|M〉 , Af = 〈f |H|M〉 , (12.13)

where H is the Hamiltonian governing weak interactions. The action
of CP on these states introduces phases ξM and ξf that depend on
their flavor content, according to

CP |M〉 = e+iξM |M〉 , CP |f〉 = e+iξf |f〉 , (12.14)

with
CP |M〉 = e−iξM |M〉 , CP |f〉 = e−iξf |f〉 (12.15)

so that (CP )2 = 1. The phases ξM and ξf are arbitrary and
unphysical because of the flavor symmetry of the strong interaction.
If CP is conserved by the dynamics, [CP,H] = 0, then Af and Af
have the same magnitude and an arbitrary unphysical relative phase

Af = ei(ξf−ξM ) Af . (12.16)

12.1.2. Neutral-meson mixing : A state that is initially a

superposition of M0 and M
0
, say

|ψ(0)〉 = a(0)|M0〉 + b(0)|M0〉 , (12.17)

will evolve in time acquiring components that describe all possible
decay final states {f1, f2, . . .}, that is,

|ψ(t)〉 = a(t)|M0〉 + b(t)|M0〉 + c1(t)|f1〉 + c2(t)|f2〉 + · · · . (12.18)

If we are interested in computing only the values of a(t) and b(t)
(and not the values of all ci(t)), and if the times t in which we are
interested are much larger than the typical strong interaction scale,
then we can use a much simplified formalism [22]. The simplified
time evolution is determined by a 2 × 2 effective Hamiltonian H that
is not Hermitian, since otherwise the mesons would only oscillate and
not decay. Any complex matrix, such as H, can be written in terms
of Hermitian matrices M and Γ as

H = M − i

2
Γ . (12.19)

M and Γ are associated with (M0, M
0
) ↔ (M0, M

0
) transitions via

off-shell (dispersive), and on-shell (absorptive) intermediate states,
respectively. Diagonal elements of M and Γ are associated with

the flavor-conserving transitions M0 → M0 and M
0 → M

0
, while

off-diagonal elements are associated with flavor-changing transitions

M0 ↔ M
0
.

The eigenvectors of H have well-defined masses and decay widths.
To specify the components of the strong interaction eigenstates, M0

and M
0
, in the light (ML) and heavy (MH) mass eigenstates, we

introduce three complex parameters: p, q, and, for the case that both
CP and CPT are violated in mixing, z:

|ML〉 ∝ p
√

1 − z |M0〉 + q
√

1 + z |M0〉
|MH〉 ∝ p

√
1 + z |M0〉 − q

√
1 − z |M0〉 , (12.20)

with the normalization |q|2 + |p|2 = 1 when z = 0. (Another possible
choice, which is in standard usage for K mesons, defines the mass
eigenstates according to their lifetimes: KS for the short-lived and
KL for the long-lived state. The KL is experimentally found to be the
heavier state.)

The real and imaginary parts of the eigenvalues ωL,H corresponding
to |ML,H〉 represent their masses and decay widths, respectively. The
mass and width splittings are

∆m ≡ mH − mL = Re(ωH − ωL) ,

∆Γ ≡ ΓH − ΓL = −2 Im(ωH − ωL) . (12.21)

Note that here ∆m is positive by definition, while the sign of ∆Γ is
to be experimentally determined. The sign of ∆Γ has not yet been
established for the B and Bs mesons, while ∆Γ < 0 is established for
K mesons and ∆Γ > 0 is established for D mesons. The Standard
Model predicts ∆Γ < 0 for B and Bs mesons (for this reason,
∆Γ = ΓL − ΓH , which is still a signed quantity, is often used in the B
and Bs literature and is the convention used in the PDG experimental
summaries).

Solving the eigenvalue problem for H yields

(
q

p

)2

=
M∗

12 − (i/2)Γ∗
12

M12 − (i/2)Γ12
(12.22)

and

z ≡ δm − (i/2)δΓ

∆m − (i/2)∆Γ
, (12.23)

where
δm ≡ M11 − M22 , δΓ ≡ Γ11 − Γ22 (12.24)

are the differences in effective mass and decay-rate expectation values

for the strong interaction states M0 and M
0
.

If either CP or CPT is a symmetry of H (independently of whether
T is conserved or violated), then the values of δm and δΓ are both
zero, and hence z = 0. We also find that

ωH − ωL = 2

√

(

M12 − i

2
Γ12

) (

M∗
12 − i

2
Γ∗

12

)

. (12.25)

If either CP or T is a symmetry of H (independently of whether CPT
is conserved or violated), then Γ12/M12 is real, leading to

(

q

p

)2

= e2iξM ⇒
∣

∣

∣

∣

q

p

∣

∣

∣

∣

= 1 , (12.26)

where ξM is the arbitrary unphysical phase introduced in Eq. (12.15).
If, and only if, CP is a symmetry of H (independently of CPT and
T ), then both of the above conditions hold, with the result that the
mass eigenstates are orthogonal

〈MH |ML〉 = |p|2 − |q|2 = 0 . (12.27)
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12.1.3. CP -violating observables : All CP -violating observables
in M and M decays to final states f and f can be expressed in
terms of phase-convention-independent combinations of Af , Af , Af ,

and Af , together with, for neutral-meson decays only, q/p. CP

violation in charged-meson decays depends only on the combination
|Af/Af |, while CP violation in neutral-meson decays is complicated

by M0 ↔ M
0

oscillations, and depends, additionally, on |q/p| and on
λf ≡ (q/p)(Af/Af ).

The decay rates of the two neutral K mass eigenstates, KS and
KL, are different enough (ΓS/ΓL ∼ 500) that one can, in most cases,
actually study their decays independently. For neutral D, B, and
Bs mesons, however, values of ∆Γ/Γ (where Γ ≡ (ΓH + ΓL)/2) are
relatively small, and so both mass eigenstates must be considered
in their evolution. We denote the state of an initially pure |M0〉 or

|M0〉 after an elapsed proper time t as |M0
phys(t)〉 or |M0

phys(t)〉,
respectively. Using the effective Hamiltonian approximation, but not
assuming CPT is a good symmetry, we obtain

|M0
phys(t)〉 = (g+(t) + z g−(t)) |M0〉 −

√
1 − z2 q

p
g−(t)|M0〉,

|M0
phys(t)〉 = (g+(t) − z g−(t)) |M0〉 −

√
1 − z2 p

q
g−(t)|M0〉 ,

(12.28)

where

g±(t) ≡ 1

2

⎛

⎝e
−imH t−

1

2
ΓH t

± e
−imLt−

1

2
ΓLt

⎞

⎠ (12.29)

and z = 0 if either CPT or CP is conserved.

Defining x ≡ ∆m/Γ and y ≡ ∆Γ/(2Γ), and assuming z = 0, one
obtains the following time-dependent decay rates:

dΓ
[

M0
phys(t) → f

]

/dt

e−ΓtNf
=

(

|Af |2 + |(q/p)Af |2
)

cosh(yΓt) +
(

|Af |2 − |(q/p)Af |2
)

cos(xΓt)

+ 2Re((q/p)A∗
fAf ) sinh(yΓt) − 2 Im((q/p)A∗

fAf ) sin(xΓt) ,

(12.30)

dΓ
[

M
0
phys(t) → f

]

/dt

e−ΓtNf
=

(

|(p/q)Af |2 + |Af |2
)

cosh(yΓt) −
(

|(p/q)Af |2 − |Af |2
)

cos(xΓt)

+ 2Re((p/q)AfA
∗
f ) sinh(yΓt) − 2 Im((p/q)AfA

∗
f ) sin(xΓt) ,

(12.31)

where Nf is a common, time-independent, normalization factor. Decay

rates to the CP -conjugate final state f are obtained analogously,
with Nf = Nf and the substitutions Af → Af and Af → Af

in Eqs. (12.30, 12.31). Terms proportional to |Af |2 or |Af |2 are

associated with decays that occur without any net M ↔ M oscillation,
while terms proportional to |(q/p)Af |2 or |(p/q)Af |2 are associated
with decays following a net oscillation. The sinh(yΓt) and sin(xΓt)
terms of Eqs. (12.30, 12.31) are associated with the interference
between these two cases. Note that, in multi-body decays, amplitudes
are functions of phase-space variables. Interference may be present in
some regions but not others, and is strongly influenced by resonant
substructure.

When neutral pseudoscalar mesons are produced coherently in pairs

from the decay of a vector resonance, V → M0M
0

(for example,

Υ(4S) → B0B
0

or φ → K0K0), the time-dependence of their
subsequent decays to final states f1 and f2 has a similar form to
Eqs. (12.30, 12.31):

dΓ
[

Vphys(t1, t2) → f1f2
]

/dt

e−Γ|∆t|Nf1f2

=

(

|a+|2 + |a−|2
)

cosh(yΓ∆t) +
(

|a+|2 − |a−|2
)

cos(xΓ∆t)

− 2Re(a∗+a−) sinh(yΓ∆t) + 2 Im(a∗+a−) sin(xΓ∆t) ,

(12.32)

where ∆t ≡ t2 − t1 is the difference in the production times, t1 and t2,
of f1 and f2, respectively, and the dependence on the average decay
time and on decay angles has been integrated out. The coefficients in
Eq. (12.32) are determined by the amplitudes for no net oscillation
from t1 → t2, Af1

Af2
, and Af1

Af2
, and for a net oscillation,

(q/p)Af1
Af2

and (p/q)Af1
Af2

, via

a+ ≡ Af1
Af2

− Af1
Af2

, (12.33)

a− ≡ −
√

1 − z2

(

q

p
Af1

Af2
− p

q
Af1

Af2

)

+ z
(

Af1
Af2

+ Af1
Af2

)

.

Assuming CPT conservation, z = 0, and identifying ∆t → t and
f2 → f , we find that Eqs. (12.32) and (12.33) reduce to Eq. (12.30)
with Af1

= 0, Af1
= 1, or to Eq. (12.31) with Af1

= 0, Af1
= 1.

Indeed, such a situation plays an important role in experiments. Final
states f1 with Af1

= 0 or Af1
= 0 are called tagging states, because

they identify the decaying pseudoscalar meson as, respectively, M
0

or

M0. Before one of M0 or M
0

decays, they evolve in phase, so that

there is always one M0 and one M
0

present. A tagging decay of one
meson sets the clock for the time evolution of the other: it starts at t1
as purely M0 or M

0
, with time evolution that depends only on t2 − t1.

When f1 is a state that both M0 and M
0

can decay into, then
Eq. (12.32) contains interference terms proportional to Af1

Af1
�= 0

that are not present in Eqs. (12.30, 12.31). Even when f1 is dominantly

produced by M0 decays rather than M
0

decays, or vice versa, Af1
Af1

can be non-zero owing to doubly-CKM-suppressed decays (with
amplitudes suppressed by at least two powers of λ relative to the
dominant amplitude, in the language of Section 12.3), and these terms
should be considered for precision studies of CP violation in coherent

V → M0M
0

decays [23].

12.1.4. Classification of CP -violating effects : We distinguish
three types of CP -violating effects in meson decays:

I. CP violation in decay is defined by

|Af/Af | �= 1 . (12.34)

In charged meson decays, where mixing effects are absent,
this is the only possible source of CP asymmetries:

Af± ≡ Γ(M− → f−) − Γ(M+ → f+)

Γ(M− → f−) + Γ(M+ → f+)
=

|Af−/Af+ |2 − 1

|Af−/Af+ |2 + 1
. (12.35)

II. CP (and T ) violation in mixing is defined by

|q/p| �= 1 . (12.36)

In charged-current semileptonic neutral meson decays
M, M → ℓ±X (taking |Aℓ+X | = |Aℓ−X | and Aℓ−X =
Aℓ+X = 0, as is the case in the Standard Model, to lowest
order in GF , and in most of its reasonable extensions), this is
the only source of CP violation, and can be measured via the
asymmetry of “wrong-sign” decays induced by oscillations:

ASL(t) ≡
dΓ/dt

[

M
0
phys(t) → ℓ+X

]

− dΓ/dt
[

M0
phys(t) → ℓ−X

]

dΓ/dt
[

M
0
phys(t) → ℓ+X

]

+ dΓ/dt
[

M0
phys(t) → ℓ−X

]

=
1 − |q/p|4
1 + |q/p|4 . (12.37)

Note that this asymmetry of time-dependent decay rates is
actually time-independent.

III. CP violation in interference between a decay without mixing,

M0 → f , and a decay with mixing, M0 → M
0 → f (such an

effect occurs only in decays to final states that are common to

M0 and M
0
, including all CP eigenstates), is defined by

Im(λf ) �= 0 , (12.38)
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with

λf ≡ q

p

Af

Af
. (12.39)

This form of CP violation can be observed, for example,
using the asymmetry of neutral meson decays into final CP
eigenstates fCP

AfCP
(t) ≡

dΓ/dt
[

M
0
phys(t) → fCP

]

− dΓ/dt
[

M0
phys(t) → fCP

]

dΓ/dt
[

M
0
phys(t) → fCP

]

+ dΓ/dt
[

M0
phys(t) → fCP

]

.

(12.40)
If ∆Γ = 0 and |q/p| = 1, as expected to a good approximation
for B mesons, but not for K mesons, then AfCP

has a
particularly simple form (see Eq. (12.74), below). If, in
addition, the decay amplitudes fulfill |AfCP

| = |AfCP
|,

the interference between decays with and without mixing
is the only source of the asymmetry and AfCP

(t) =
Im(λfCP

) sin(xΓt).

Examples of these three types of CP violation will be given in
Sections 12.4, 12.5, and 12.6.

12.2. Theoretical Interpretation: General Consider-

ations

Consider the M → f decay amplitude Af , and the CP conjugate

process, M → f , with decay amplitude Af . There are two types

of phases that may appear in these decay amplitudes. Complex
parameters in any Lagrangian term that contributes to the amplitude
will appear in complex conjugate form in the CP -conjugate amplitude.
Thus, their phases appear in Af and Af with opposite signs. In the

Standard Model, these phases occur only in the couplings of the W±

bosons, and hence, are often called “weak phases.” The weak phase
of any single term is convention-dependent. However, the difference
between the weak phases in two different terms in Af is convention-
independent. A second type of phase can appear in scattering or
decay amplitudes, even when the Lagrangian is real. Their origin
is the possible contribution from intermediate on-shell states in the
decay process. Since these phases are generated by CP -invariant
interactions, they are the same in Af and Af . Usually the dominant

rescattering is due to strong interactions; hence the designation
“strong phases” for the phase shifts so induced. Again, only the
relative strong phases between different terms in the amplitude are
physically meaningful.

The ‘weak’ and ‘strong’ phases discussed here appear in addition
to the ‘spurious’ CP -transformation phases of Eq. (12.16). Those
spurious phases are due to an arbitrary choice of phase convention,
and do not originate from any dynamics or induce any CP violation.
For simplicity, we set them to zero from here on.

It is useful to write each contribution ai to Af in three parts: its
magnitude |ai|, its weak phase φi, and its strong phase δi. If, for
example, there are two such contributions, Af = a1 + a2, we have

Af = |a1|ei(δ1+φ1) + |a2|ei(δ2+φ2),

Af = |a1|ei(δ1−φ1) + |a2|ei(δ2−φ2). (12.41)

Similarly, for neutral meson decays, it is useful to write

M12 = |M12|eiφM , Γ12 = |Γ12|eiφΓ . (12.42)

Each of the phases appearing in Eqs. (12.41, 12.42) is convention-
dependent, but combinations such as δ1 − δ2, φ1 − φ2, φM − φΓ, and
φM + φ1 − φ1 (where φ1 is a weak phase contributing to Af ) are
physical.

It is now straightforward to evaluate the various asymmetries in
terms of the theoretical parameters introduced here. We will do so
with approximations that are often relevant to the most interesting
measured asymmetries.

1. The CP asymmetry in charged meson decays [Eq. (12.35)] is
given by

Af± = − 2|a1a2| sin(δ2 − δ1) sin(φ2 − φ1)

|a1|2 + |a2|2 + 2|a1a2| cos(δ2 − δ1) cos(φ2 − φ1)
. (12.43)

The quantity of most interest to theory is the weak phase difference
φ2 − φ1. Its extraction from the asymmetry requires, however, that
the amplitude ratio |a2/a1| and the strong phase difference δ2 − δ1

are known. Both quantities depend on non-perturbative hadronic
parameters that are difficult to calculate.

2. In the approximation that |Γ12/M12| ≪ 1 (valid for B and Bs

mesons), the CP asymmetry in semileptonic neutral-meson decays
[Eq. (12.37)] is given by

ASL = −
∣

∣

∣

∣

Γ12

M12

∣

∣

∣

∣

sin(φM − φΓ). (12.44)

The quantity of most interest to theory is the weak phase φM − φΓ.
Its extraction from the asymmetry requires, however, that |Γ12/M12|
is known. This quantity depends on long-distance physics that is
difficult to calculate.

3. In the approximations that only a single weak phase contributes

to decay, Af = |af |ei(δf+φf ), and that |Γ12/M12| = 0, we obtain
|λf | = 1, and the CP asymmetries in decays to a final CP eigenstate
f [Eq. (12.40)] with eigenvalue ηf = ±1 are given by

AfCP
(t) = Im(λf ) sin(∆mt) with Im(λf ) = ηf sin(φM + 2φf ).

(12.45)
Note that the phase so measured is purely a weak phase, and no
hadronic parameters are involved in the extraction of its value from
Im(λf ) .

The discussion above allows us to introduce another classification
of CP -violating effects:

1. Indirect CP violation is consistent with taking φM �= 0 and
setting all other CP violating phases to zero. CP violation in
mixing (type II) belongs to this class.

2. Direct CP violation cannot be accounted for by just φM �= 0. CP
violation in decay (type I) belongs to this class.

As concerns type III CP violation, observing ηf1
Im(λf1

) �=
ηf2

Im(λf2
) (for the same decaying meson and two different final

CP eigenstates f1 and f2) would establish direct CP violation. The
significance of this classification is related to theory. In superweak
models [24], CP violation appears only in diagrams that contribute
to M12, hence they predict that there is no direct CP violation. In
most models and, in particular, in the Standard Model, CP violation
is both direct and indirect. The experimental observation of ǫ′ �= 0
(see Section 12.4) excluded the superweak scenario.

12.3. Theoretical Interpretation: The KM Mecha-

nism

Of all the Standard Model quark parameters, only the Kobayashi-
Maskawa (KM) phase is CP -violating. Having a single source of CP
violation, the Standard Model is very predictive for CP asymmetries:
some vanish, and those that do not are correlated.

To be precise, CP could be violated also by strong interactions.
The experimental upper bound on the electric-dipole moment of the
neutron implies, however, that θQCD, the non-perturbative parameter
that determines the strength of this type of CP violation, is tiny,
if not zero. (The smallness of θQCD constitutes a theoretical puzzle,
known as ‘the strong CP problem.’) In particular, it is irrelevant to
our discussion of meson decays.

The charged current interactions (that is, the W± interactions) for
quarks are given by

−LW± =
g√
2

uLi γμ (VCKM)ij dLj W+
μ + h.c. (12.46)

Here i, j = 1, 2, 3 are generation numbers. The Cabibbo-Kobayashi-
Maskawa (CKM) mixing matrix for quarks is a 3×3 unitary matrix [25].
Ordering the quarks by their masses, i.e., (u1, u2, u3) → (u, c, t) and
(d1, d2, d3) → (d, s, b), the elements of VCKM are written as follows:

VCKM =

⎛

⎝

Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

⎞

⎠ . (12.47)
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While a general 3 × 3 unitary matrix depends on three real angles
and six phases, the freedom to redefine the phases of the quark mass
eigenstates can be used to remove five of the phases, leaving a single
physical phase, the Kobayashi-Maskawa phase, that is responsible for
all CP violation in meson decays in the Standard Model.

The fact that one can parametrize VCKM by three real and only
one imaginary physical parameters can be made manifest by choosing
an explicit parametrization. The Wolfenstein parametrization [26,27]
is particularly useful:

VCKM =
⎛

⎜

⎜

⎜

⎝

1−
1

2
λ2
−

1

8
λ4 λ Aλ3(ρ− iη)

−λ +
1

2
A2λ5[1− 2(ρ + iη)] 1−

1

2
λ2
−

1

8
λ4(1 + 4A2) Aλ2

Aλ3[1− (1−
1

2
λ2)(ρ + iη)] −Aλ2 +

1

2
Aλ4[1− 2(ρ + iη)] 1−

1

2
A2λ4

⎞

⎟

⎟

⎟

⎠

.

(12.48)

Here λ ≈ 0.23 (not to be confused with λf ) plays the role of an
expansion parameter, and η represents the CP -violating phase. Terms
of O(λ6) were neglected.

The unitarity of the CKM matrix, (V V †)ij = (V †V )ij = δij , leads
to twelve distinct complex relations among the matrix elements. The
six relations with i �= j can be represented geometrically as triangles
in the complex plane. Two of these,

VudV ∗
ub + VcdV

∗
cb + VtdV ∗

tb = 0

VtdV ∗
ud + VtsV

∗
us + VtbV

∗
ub = 0 ,

have terms of equal order, O(Aλ3), and so have corresponding
triangles whose interior angles are all O(1) physical quantities that
can, in principle, be independently measured. The angles of the first
triangle (see Fig. 12.1) are given by

α ≡ ϕ2 ≡ arg

(

− VtdV ∗
tb

VudV
∗
ub

)

≃ arg

(

−1 − ρ − iη

ρ + iη

)

,

β ≡ ϕ1 ≡ arg

(

−VcdV
∗
cb

VtdV ∗
tb

)

≃ arg

(

1

1 − ρ − iη

)

,

γ ≡ ϕ3 ≡ arg

(

−VudV
∗
ub

VcdV
∗
cb

)

≃ arg (ρ + iη) . (12.49)

The angles of the second triangle are equal to (α, β, γ) up to corrections
of O(λ2). The notations (α, β, γ) and (ϕ1, ϕ2, ϕ3) are both in common
usage but, for convenience, we only use the first convention in the
following.

VtdVtb
*

VcdVcb
*

α=ϕ2
β=ϕ1

γ=ϕ3

VudVub
*

Figure 12.1: Graphical representation of the unitarity con-
straint VudV ∗

ub + VcdV
∗
cb + VtdV ∗

tb = 0 as a triangle in the complex
plane.

All unitarity triangles have the same area, commonly denoted
by J/2 [28]. If CP is violated, J is different from zero and can
be taken as the single CP -violating parameter. In the Wolfenstein
parametrization of Eq. (12.48), J ≃ λ6A2η.

12.4. K Decays

CP violation was discovered in K → ππ decays in 1964 [1]. The
same mode provided the first evidence for direct CP violation [4–6].

The decay amplitudes actually measured in neutral K decays refer
to the mass eigenstates KL and KS , rather than to the K and K
states referred to in Eq. (12.13). The final π+π− and π0π0 states
are CP -even. In the CP limit, KS(KL) would be CP -even (odd),
and therefore would (would not) decay to two pions. We define
CP -violating amplitude ratios for two-pion final states,

η00 ≡ 〈π0π0|H|KL〉
〈π0π0|H|KS〉

, η+− ≡ 〈π+π−|H|KL〉
〈π+π−|H|KS〉

. (12.50)

Another important observable is the asymmetry of time-integrated
semileptonic decay rates:

δL ≡ Γ(KL → ℓ+νℓπ
−) − Γ(KL → ℓ−νℓπ

+)

Γ(KL → ℓ+νℓπ−) + Γ(KL → ℓ−νℓπ+)
. (12.51)

CP violation has been observed as an appearance of KL decays to
two-pion final states [19],

|η00| = (2.221 ± 0.011)× 10−3 |η+−| = (2.232 ± 0.011)× 10−3

(12.52)
|η00/η+−| = 0.9951± 0.0008 , (12.53)

where the phase φij of the amplitude ratio ηij has been determined
both assuming CPT invariance:

φ00 = (43.52 ± 0.06)◦, φ+− = (43.51± 0.05)◦, (12.54)

and without assuming CPT invariance:

φ00 = (43.7 ± 0.8)◦, φ+− = (43.4 ± 0.7)◦ . (12.55)

CP violation has also been observed in semileptonic KL decays [19]

δL = (3.32 ± 0.06)× 10−3 , (12.56)

where δL is a weighted average of muon and electron measurements, as
well as in KL decays to π+π−γ and π+π−e+e− [19]. CP violation
in K → 3π decays has not yet been observed [19,29].

Historically, CP violation in neutral K decays has been described
in terms of parameters ǫ and ǫ′. The observables η00, η+−, and δL are
related to these parameters, and to those of Section 12.1, by

η00 =
1 − λπ0π0

1 + λπ0π0
= ǫ − 2ǫ′ ,

η+− =
1 − λπ+π−

1 + λπ+π−
= ǫ + ǫ′ ,

δL =
1 − |q/p|2

1 + |q/p|2
=

2Re(ǫ)

1 + |ǫ|2
, (12.57)

where, in the last line, we have assumed that
∣

∣

∣Aℓ+ν�π
−

∣

∣

∣ =
∣

∣

∣
Aℓ−ν�π

+

∣

∣

∣
and

∣

∣

∣
Aℓ−ν�π

+

∣

∣

∣
=

∣

∣

∣
Aℓ+ν�π

−

∣

∣

∣
= 0. (The convention-

dependent parameter ǫ̃ ≡ (1 − q/p)/(1 + q/p), sometimes used in the
literature, is, in general, different from ǫ but yields a similar expression,
δL = 2Re(ǫ̃)/(1 + |ǫ̃|2).) A fit to the K → ππ data yields [19]

|ǫ| = (2.228 ± 0.011)× 10−3 ,

Re(ǫ′/ǫ) = (1.65 ± 0.26) × 10−3 . (12.58)

In discussing two-pion final states, it is useful to express the
amplitudes Aπ0π0 and Aπ+π− in terms of their isospin components
via

Aπ0π0 =

√

1

3
|A0| ei(δ0+φ0) −

√

2

3
|A2| ei(δ2+φ2),

Aπ+π− =

√

2

3
|A0| ei(δ0+φ0) +

√

1

3
|A2| ei(δ2+φ2) , (12.59)
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where we parameterize the amplitude AI(AI) for K0(K
0
) decay into

two pions with total isospin I = 0 or 2 as

AI ≡ 〈(ππ)I |H|K0〉 = |AI | ei(δI+φI ) ,

AI ≡ 〈(ππ)I |H|K0〉 = |AI | ei(δI−φI ) . (12.60)

The smallness of |η00| and |η+−| allows us to approximate

ǫ ≃ 1

2
(1 − λ(ππ)I=0

), ǫ′ ≃ 1

6

(

λπ0π0 − λπ+π−

)

. (12.61)

The parameter ǫ represents indirect CP violation, while ǫ′ parame-
terizes direct CP violation: Re(ǫ′) measures CP violation in decay
(type I), Re(ǫ) measures CP violation in mixing (type II), and Im(ǫ)
and Im(ǫ′) measure the interference between decays with and without
mixing (type III).

The following expressions for ǫ and ǫ′ are useful for theoretical
evaluations:

ǫ ≃ eiπ/4
√

2

Im(M12)

∆m
, ǫ′ =

i√
2

∣

∣

∣

∣

A2

A0

∣

∣

∣

∣

ei(δ2−δ0) sin(φ2 − φ0). (12.62)

The expression for ǫ is only valid in a phase convention where φ2 = 0,
corresponding to a real VudV

∗
us, and in the approximation that also

φ0 = 0. The phase of ǫ, arg(ǫ) ≈ arctan(−2∆m/∆Γ), is independent
of the electroweak model and is experimentally determined to be
about π/4. The calculation of ǫ benefits from the fact that Im(M12)
is dominated by short distance physics. Consequently, the main source
of uncertainty in theoretical interpretations of ǫ are the values of
matrix elements, such as 〈K0 |(sd)V −A(sd)V −A|K0〉. The expression
for ǫ′ is valid to first order in |A2/A0| ∼ 1/20. The phase of ǫ′ is
experimentally determined, π/2+ δ2− δ0 ≈ π/4, and is independent of
the electroweak model. Note that, accidentally, ǫ′/ǫ is real to a good
approximation.

A future measurement of much interest is that of CP violation
in the rare K → πνν decays. The signal for CP violation is simply
observing the KL → π0νν decay. The effect here is that of interference
between decays with and without mixing (type III) [30]:

Γ(KL → π0νν)

Γ(K+ → π+νν)
=

1

2

[

1 + |λπνν |2 − 2Re(λπνν)
]

≃ 1 −Re(λπνν),

(12.63)
where in the last equation we neglect CP violation in decay and
in mixing (expected, model-independently, to be of order 10−5 and
10−3, respectively). Such a measurement would be experimentally
very challenging and theoretically very rewarding [31]. Similar to the
CP asymmetry in B → J/ψKS , the CP violation in K → πνν decay
is predicted to be large (that is, the ratio in Eq. (12.63) is neither
CKM- nor loop-suppressed) and can be very cleanly interpreted.

Within the Standard Model, the KL → π0νν decay is dominated
by an intermediate top quark contribution and, consequently, can be
interpreted in terms of CKM parameters [32]. (For the charged mode,
K+ → π+νν, the contribution from an intermediate charm quark
is not negligible, and constitutes a source of hadronic uncertainty.)
In particular, B(KL → π0νν) provides a theoretically clean way to
determine the Wolfenstein parameter η [33]:

B(KL → π0νν) = κL[X(m2
t /m2

W )]2A4η2, (12.64)

where κL ∼ 2 × 10−10 incorporates the value of the four-fermion
matrix element which is deduced, using isospin relations, from
B(K+ → π0e+ν), and X(m2

t /m2
W ) is a known function of the top

mass.

12.5. D Decays

First evidence for D0–D0 mixing has been recently obtained [34–36].
Long-distance contributions make it difficult to calculate the Standard
Model prediction for the D0–D0 mixing parameters. Therefore, the
goal of the search for D0–D0 mixing is not to constrain the CKM
parameters, but rather to probe new physics. Here CP violation plays
an important role. Within the Standard Model, the CP -violating
effects are predicted to be negligibly small, since the mixing and
the relevant decays are described, to an excellent approximation, by
physics of the first two generations. Observation of CP violation in
D0–D0 mixing (at a level much higher than O(10−3)) will constitute
an unambiguous signal of new physics. At present, the most sensitive
searches involve the D → K+K− and D → K±π∓ modes.

The neutral D mesons decay via a singly-Cabibbo-suppressed
transition to the CP eigenstate K+K−. Since the decay proceeds
via a Standard-Model tree diagram, it is very likely unaffected
by new physics and, furthermore, dominated by a single weak
phase. It is safe then to assume that direct CP violation plays no
role here. In addition, given the experimental constraints [21,37],
x ≡ ∆m/Γ = 0.0100± 0.0025 and y ≡ ∆Γ/(2Γ) = 0.0077± 0.0018, we
can expand the decay rates to first order in these parameters. Using
Eq. (12.30) with these assumptions and approximations yields, for
xt, yt ∼< Γ−1,

Γ[D0
phys(t) → K+K−]

= e−Γt |AKK |2
[

1 − |q/p| (y cosφD − x sin φD)Γt
]

,

Γ[D0
phys(t) = e−Γt |AKK |2 [1 − |p/q| (y cosφD + x sin φD)Γt] ,

(12.65)

where φD is defined via λK+K− = − |q/p| eiφD . (In the limit of CP
conservation, choosing φD = 0 is equivalent to defining the mass

eigenstates by their CP eigenvalue: |D∓〉 = p|D0〉 ± q|D0〉, with
D−(D+) being the CP -odd (CP -even) state; that is, the state that
does not (does) decay into K+K−.) Given the small values of x
and y, the time dependencies of the rates in Eq. (12.65) can be
recast into purely exponential forms, but with modified decay-rate
parameters [38]:

ΓD0→K+K− = Γ × [1 + |q/p| (y cosφD − x sin φD)] ,

ΓD0→K+K− = Γ × [1 + |p/q| (y cosφD + x sin φD)] . (12.66)

One can define CP -conserving and CP -violating combinations of these
two observables (normalized to the true width Γ):

yCP ≡ ΓD0→K+K− + ΓD0→K+K−

2Γ
− 1

=
|q/p| + |p/q|

2
y cosφD − |q/p| − |p/q|

2
x sin φD ,

AΓ ≡ ΓD0→K+K− − ΓD0→K+K−

2Γ

=
|q/p| − |p/q|

2
y cosφD − |q/p| + |p/q|

2
x sin φD .

(12.67)

In the limit of CP conservation (and, in particular, within the
Standard Model), yCP = (Γ+ − Γ−)/2Γ (where Γ+(Γ−) is the decay
width of the CP -even (-odd) mass eigenstate) and AΓ = 0. Indeed,
present measurements imply that CP violation is small [21],

yCP = +1.07 ± 0.26,

AΓ = +0.12 ± 0.25.

The K±π∓ states are not CP eigenstates, but they are still
common final states for D0 and D0 decays. Since D0(D0) → K−π+

is a Cabibbo-favored (doubly-Cabibbo-suppressed) process, these
processes are particularly sensitive to x and/or y = O(λ2). Taking
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into account that
∣

∣λK−π+

∣

∣ ,
∣

∣

∣
λ−1

K+π−

∣

∣

∣
≪ 1 and x, y ≪ 1, assuming

that there is no direct CP violation (again, these are Standard Model
tree-level decays dominated by a single weak phase), and expanding
the time-dependent rates for xt, yt ∼< Γ−1, one obtains

Γ[D0
phys(t) → K+π−] = e−Γt|AK−π+ |2

×
[

r2
d + rd
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∣

∣
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q
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∣

∣
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∣

∣

∣

∣

q

p
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∣

∣

∣

2 y2 + x2

4
(Γt)2

]

,

Γ[D0
phys(t) → K−π+] = e−Γt|AK−π+ |2

×
[

r2
d + rd

∣

∣

∣

∣

p

q

∣

∣

∣

∣

(y′ cosφD + x′ sin φD)Γt +

∣

∣

∣

∣

p

q

∣

∣

∣

∣

2 y2 + x2

4
(Γt)2

]

,

(12.68)

where
y′ ≡ y cos δ − x sin δ ,

x′ ≡ x cos δ + y sin δ . (12.69)

The weak phase φD is the same as that of Eq. (12.65) (a
consequence of the absence of direct CP violation), δ is a strong-
phase difference for these processes, and rd = O(tan2 θc) is the
amplitude ratio, rd =

∣

∣AK−π+/AK−π+

∣

∣ =
∣

∣AK+π−/AK+π−

∣

∣, that

is, λK−π+ = rd(q/p)e−i(δ−φD) and λ−1
K+π− = rd(p/q)e−i(δ+φD). By

fitting to the six coefficients of the various time-dependences, one can
extract rd, |q/p|, (x2 + y2), y′ cosφD , and x′ sin φD. In particular,
finding CP violation (|q/p| �= 1 and/or sinφD �= 0) at a level higher
than 10−3 would constitute evidence for new physics.

A fit to all data [21], assuming no direct CP violation, yields no
evidence for indirect CP violation:

1 − |q/p| = +0.06 ± 0.14,

φD = −0.05 ± 0.09.

More details on theoretical and experimental aspects of D0 − D
0

mixing can be found in [39].

12.6. B and Bs Decays

The upper bound on the CP asymmetry in semileptonic B

decays [20] implies that CP violation in B0 − B
0

mixing is a small
effect (we use ASL/2 ≈ 1 − |q/p|, see Eq. (12.37)):

ASL = (−0.4 ± 5.6) × 10−3 =⇒ |q/p| = 1.0002± 0.0028. (12.70)

The Standard Model prediction is

ASL = O
[

(m2
c/m2

t ) sinβ
]

∼< 0.001. (12.71)

In models where Γ12/M12 is approximately real, such as the Standard
Model, an upper bound on ∆Γ/∆m ≈ Re(Γ12/M12) provides yet
another upper bound on the deviation of |q/p| from one. This
constraint does not hold if Γ12/M12 is approximately imaginary. (An
alternative parameterization uses q/p = (1 − ǫ̃B)/(1 + ǫ̃B), leading to
ASL ≃ 4Re(ǫ̃B).)

The small deviation (less than one percent) of |q/p| from 1 implies
that, at the present level of experimental precision, CP violation in B
mixing is a negligible effect. Thus, for the purpose of analyzing CP
asymmetries in hadronic B decays, we can use

λf = e
−iφM(B)(Af/Af ) , (12.72)

where φM(B) refers to the phase of M12 appearing in Eq. (12.42) that

is appropriate for B0 − B
0

oscillations. Within the Standard Model,
the corresponding phase factor is given by

e
−iφM(B) = (V ∗

tbVtd)/(VtbV
∗
td) . (12.73)

Some of the most interesting decays involve final states that are

common to B0 and B
0

[40,41]. It is convenient to rewrite Eq. (12.40)
for B decays as [42–44]

Af (t) = Sf sin(∆mt) − Cf cos(∆mt),

Sf ≡ 2 Im(λf )

1 +
∣

∣λf

∣

∣

2
, Cf ≡ 1 −

∣

∣λf

∣

∣

2

1 +
∣

∣λf

∣

∣

2
, (12.74)

where we assume that ∆Γ = 0 and |q/p| = 1. An alternative notation
in use is Af ≡ −Cf , but this Af should not be confused with the Af
of Eq. (12.13).

A large class of interesting processes proceed via quark transitions
of the form b → qqq′ with q′ = s or d. For q = c or u, there are
contributions from both tree (t) and penguin (pqu , where qu = u, c, t
is the quark in the loop) diagrams (see Fig. 12.2) which carry different
weak phases:

Af =
(

V ∗
qbVqq′

)

tf +
∑

qu=u,c,t

(

V ∗
qubVquq′

)

p
qu

f . (12.75)

(The distinction between tree and penguin contributions is a heuristic
one; the separation by the operator that enters is more precise. For a
detailed discussion of the more complete operator product approach,
which also includes higher order QCD corrections, see, for example,
Ref. 45.) Using CKM unitarity, these decay amplitudes can always
be written in terms of just two CKM combinations. For example, for
f = ππ, which proceeds via b → uud transition, we can write

Aππ = (V ∗
ubVud)Tππ + (V ∗

tbVtd)P t
ππ, (12.76)

where Tππ = tππ + pu
ππ − pc

ππ and P t
ππ = pt

ππ − pc
ππ. CP -violating

phases in Eq. (12.76) appear only in the CKM elements, so that

Aππ

Aππ
=

(

VubV
∗
ud

)

Tππ +
(

VtbV
∗
td

)

P t
ππ

(

V ∗
ubVud

)

Tππ +
(

V ∗
tbVtd

)

P t
ππ

. (12.77)

For f = J/ψK, which proceeds via b → ccs transition, we can write

AψK = (V ∗
cbVcs) TψK + (V ∗

ubVus) Pu
ψK , (12.78)

where TψK = tψK + pc
ψK − pt

ψK and Pu
ψK = pu

ψK − pt
ψK . A subtlety

arises in this decay that is related to the fact that B0 decays into

a final J/ψK0 state while B
0

decays into a final J/ψK0 state. A
common final state, e.g., J/ψKS , is reached only via K0 −K0 mixing.
Consequently, the phase factor (defined in Eq. (12.42)) corresponding

to neutral K mixing, e
−iφM(K) = (V ∗

cdVcs)/(VcdV
∗
cs), plays a role:

AψKS

AψKS

= −
(

VcbV
∗
cs

)

TψK +
(

VubV
∗
us

)

Pu
ψK

(

V ∗
cbVcs

)

TψK +
(

V ∗
ubVus

)

Pu
ψK

× V ∗
cdVcs

VcdV ∗
cs

. (12.79)

For q = s or d, there are only penguin contributions to Af , that

is, tf = 0 in Eq. (12.75). (The tree b → uuq′ transition followed by
uu → qq rescattering is included below in the Pu terms.) Again, CKM
unitarity allows us to write Af in terms of two CKM combinations.

For example, for f = φKS , which proceeds via b → sss transition, we
can write

AφKS

AφKS

= −
(

VcbV
∗
cs

)

P c
φK +

(

VubV
∗
us

)

Pu
φK

(

V ∗
cbVcs

)

P c
φK +

(

V ∗
ubVus

)

Pu
φK

× V ∗
cdVcs

VcdV
∗
cs

, (12.80)

where P c
φK = pc

φK − pt
φK and Pu

φK = pu
φK − pt

φK .

Since the amplitude Af involves two different weak phases, the
corresponding decays can exhibit both CP violation in the interference
of decays with and without mixing, Sf �= 0, and CP violation in
decays, Cf �= 0. (At the present level of experimental precision,
the contribution to Cf from CP violation in mixing is negligible,
see Eq. (12.70).) If the contribution from a second weak phase is
suppressed, then the interpretation of Sf in terms of Lagrangian
CP -violating parameters is clean, while Cf is small. If such a second
contribution is not suppressed, Sf depends on hadronic parameters
and, if the relevant strong phase is large, Cf is large.

A summary of b → qqq′ modes with q′ = s or d is given in
Table 12.1. The b → ddq transitions lead to final states that are
similar to the b → uuq transitions and have similar phase dependence.
Final states that consist of two-vector mesons (ψφ and φφ) are not CP
eigenstates, and angular analysis is needed to separate the CP -even
from the CP -odd contributions.
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Figure 12.2: Feynman diagrams for (a) tree and (b) penguin
amplitudes contributing to B0 → f or Bs → f via a b → qqq′

quark-level process.

Table 12.1: Summary of b → qqq′ modes with q′ = s or d.
The second and third columns give examples of final hadronic
states. The fourth column gives the CKM dependence of the
amplitude Af , using the notation of Eqs. (12.76, 12.78,12.80),
with the dominant term first and the subdominant second.
The suppression factor of the second term compared to the
first is given in the last column. “Loop” refers to a penguin
versus tree-suppression factor (it is mode-dependent and roughly
O(0.2 − 0.3)) and λ = 0.23 is the expansion parameter of
Eq. (12.48).

b → qqq′ B0 → f Bs → f CKM dependence of Af Suppression

b̄ → c̄cs̄ ψKS ψφ (V ∗
cbVcs)T + (V ∗

ubVus)P
u loop × λ2

b̄ → s̄ss̄ φKS φφ (V ∗
cbVcs)P

c + (V ∗
ubVus)P

u λ2

b̄ → ūus̄ π0KS K+K− (V ∗
cbVcs)P

c + (V ∗
ubVus)T λ2/loop

b̄ → c̄cd̄ D+D− ψKS (V ∗
cbVcd)T + (V ∗

tbVtd)P t loop

b̄ → s̄sd̄ φπ φKS (V ∗
tbVtd)P t + (V ∗

cbVcd)P c ∼< 1

b̄ → ūud̄ π+π− π0KS (V ∗
ubVud)T + (V ∗

tbVtd)P t loop

The cleanliness of the theoretical interpretation of Sf can be
assessed from the information in the last column of Table 12.1. In case
of small uncertainties, the expression for Sf in terms of CKM phases
can be deduced from the fourth column of Table 12.1 in combination
with Eq. (12.73) (and, for b → qqs decays, the example in Eq. (12.79)).
Here we consider several interesting examples.

For B → J/ψKS and other b → ccs processes, we can neglect the
Pu contribution to Af , in the Standard Model, to an approximation
that is better than one percent:

λψKS
= −e−2iβ ⇒ SψKS

= sin 2β, CψKS
= 0 . (12.81)

In the presence of new physics, Af is still likely to be dominated by the

T term, but the mixing amplitude might be modified. We learn that,
model-independently, Cf ≈ 0 while Sf cleanly determines the mixing
phase (φM − 2 arg(VcbV

∗
cd)). The experimental measurement [21],

SψK = 0.673 ± 0.023, gave the first precision test of the Kobayashi-
Maskawa mechanism, and its consistency with the predictions for
sin 2β makes it very likely that this mechanism is indeed the dominant
source of CP violation in meson decays.

For B → φKS and other b → sss processes (as well as some
b → uus processes), we can neglect the subdominant contributions, in
the Standard Model, to an approximation that is good on the order of
a few percent:

λφKS
= −e−2iβ ⇒ SφKS

= sin 2β, CφKS
= 0 . (12.82)

In the presence of new physics, both Af and M12 can get contributions
that are comparable in size to those of the Standard Model and
carry new weak phases. Such a situation gives several interesting
consequences for penguin-dominated b → qqs decays (q = u, d, s) to a
final state f :

1. The value of −ηfSf may be different from SψKS
by more than a

few percent, where ηf is the CP eigenvalue of the final state.

2. The values of ηfSf for different final states f may be different
from each other by more than a few percent (for example,
SφKS

�= Sη′KS
).

3. The value of Cf may be different from zero by more than a few
percent.

While a clear interpretation of such signals in terms of Lagrangian
parameters will be difficult because, under these circumstances,
hadronic parameters do play a role, any of the above three options
will clearly signal new physics. Fig. 12.3 summarizes the present
experimental results: none of the possible signatures listed above is
unambiguously established, but there is definitely still room for new
physics.
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Figure 12.3: Summary of the results [21] of time-dependent
analyses of b → qqs decays, which are potentially sensitive
to new physics. Subdominant corrections are expected to be
smallest for the modes shown in green (darker). Results for
final states including K0 mesons combine CP -conjugate KS
and KL measurements. The final state K+K−K0 is not a CP
eigenstate; the mixture of CP -even and CP -odd components
is taken into account in obtaining an effective value for ηfSf .
Correlations between Cf and Sf are included when available.
Color version at end of book.
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For B → ππ and other b → uud processes, the penguin-to-tree ratio
can be estimated using SU(3) relations and experimental data on
related B → Kπ decays. The result is that the suppression is on the
order of 0.2− 0.3 and so cannot be neglected. The expressions for Sππ

and Cππ to leading order in RPT ≡ (|VtbVtd|P t
ππ)/(|VubVud|Tππ) are:

λππ = e2iα
[
(1 − RPT e−iα)/(1 − RPT e+iα)

]
⇒

Sππ ≈ sin 2α + 2Re(RPT ) cos 2α sin α, Cππ ≈ 2 Im(RPT ) sin α.
(12.83)

Note that RPT is mode-dependent and, in particular, could be
different for π+π− and π0π0. If strong phases can be neglected, then
RPT is real, resulting in Cππ = 0. The size of Cππ is an indicator
of how large the strong phase is. The present experimental range is
Cππ = −0.38±0.06 [21]. As concerns Sππ, it is clear from Eq. (12.83)
that the relative size or strong phase of the penguin contribution must
be known to extract α. This is the problem of penguin pollution.

The cleanest solution involves isospin relations among the B → ππ
amplitudes [46]:

1√
2
Aπ+π− + Aπ0π0 = Aπ+π0 . (12.84)

The method exploits the fact that the penguin contribution to P t
ππ

is pure ∆I =
1

2
(this is not true for the electroweak penguins which,

however, are expected to be small), while the tree contribution to

Tππ contains pieces which are both ∆I =
1

2
and ∆I =

3

2
. A simple

geometric construction then allows one to find RPT and extract α
cleanly from Sπ+π− . The key experimental difficulty is that one must

measure accurately the separate rates for B0, B
0 → π0π0.

CP asymmetries in B → ρπ and B → ρρ can also be used to
determine α. In particular, the B → ρρ measurements are presently
very significant in constraining α. The extraction proceeds via isospin
analysis similar to that of B → ππ. There are, however, several
important differences. First, due to the finite width of the ρ mesons,
a final (ρρ)I=1 state is possible [47]. The effect is, however, small, on
the order of (Γρ/mρ)

2 ∼ 0.04. Second, due to the presence of three
helicity states for the two-vector mesons, angular analysis is needed
to separate the CP -even and CP -odd components. The theoretical
expectation is, however, that the CP -odd component is small. This
expectation is supported by experiments which find that the ρ+ρ−

and ρ±ρ0 modes are dominantly longitudinally polarized. Third, an
important advantage of the ρρ modes is that the penguin contribution
is expected to be small due to different hadronic dynamics. This
expectation is confirmed by the smallness of the upper bound on
B(B0 → ρ0ρ0). Thus, Sρ+ρ− is not far from sin 2α. Finally, both
Sρ0ρ0 and Cρ0ρ0 are experimentally accessible, which may allow a
precision determination of α. The consistency between the range of
α determined by the B → ππ, ρπ, ρρ measurements and the range
allowed by CKM fits (excluding these direct determinations) provides
further support to the Kobayashi-Maskawa mechanism.

An interesting class of decay modes is that of the tree level decays
B± → D(∗)0K±. These decays provide golden methods for a clean
determination of the angle γ [48–51]. The method uses the decays
B+ → D0K+, which proceeds via the quark transition b → ucs, and

B+ → D
0
K+, which proceeds via the quark transition b → cus,

with the D0 and D
0

decaying into a common final state. The decays
into common final states, such (π0KS)DK+, involve interference
effects between the two amplitudes, with sensitivity to the relative
phase, δ + γ (δ is the relevant strong phase). The CP -conjugate
processes are sensitive to δ − γ. Measurements of branching ratios
and CP asymmetries allow an extraction of γ and δ from amplitude
triangle relations. The extraction suffers from discrete ambiguities
but involves no hadronic uncertainties. However, the smallness of the
CKM-suppressed b → u transitions makes it difficult at present to
use the simplest methods [48–50] to determine γ. These difficulties
are overcome by performing a Dalitz plot analysis for multi-body
D decays [51]. The consistency between the range of γ determined
by the B → DK measurements and the range allowed by CKM fits

(excluding these direct determinations) provides further support to
the Kobayashi-Maskawa mechanism.

For Bs decays, one has to replace Eq. (12.73) with e
−iφM(Bs) =

(V ∗
tbVts)/(VtbV

∗
ts). Note that one expects ∆Γ/Γ = O(0.1), and

therefore, y should not be put to zero in Eqs. (12.30, 12.31), but
|q/p| = 1 is expected to hold to an even better approximation than for
B mesons. The CP asymmetry in Bs → J/ψφ will determine (with
angular analysis to disentangle the CP -even and CP -odd components
of the final state) sin 2βs, where

βs ≡ arg

(
− VtsV

∗
tb

VcsV ∗
cb

)
. (12.85)

Other observables, such as the width difference between the neutral
Bs-mesons and the semileptonic asymmetry in their decay, are also
sensitive to φM(Bs). The CDF and D0 experiments are now providing
first constraints on these observables.

12.7. Summary and Outlook

CP violation has been experimentally established in neutral K and
B meson decays:

1. All three types of CP violation have been observed in K → ππ
decays:

Re(ǫ′) =
1
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∣

∣

∣

∣
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∣
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= (2.5 ± 0.4) × 10−6(I)

Re(ǫ) =
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q

p

∣
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∣

)

= (1.66 ± 0.02)× 10−3 (II)

Im(ǫ) = − 1

2
Im(λ(ππ)I=0

) = (1.57 ± 0.02)× 10−3 . (III)

(12.86)

2. Direct CP violation has been observed, first in B0 → K+π−

decays (and more recently also in B → π+π−, B0 → ηK∗0, and
B+ → ρ0K+ decays), and CP violation in interference of decays
with and without mixing has been observed, first in B → J/ψKS
decays and related modes (as well as other final CP eigenstates:
η′KS , K+K−KS , J/ψπ0 and π+π−):

AK+π− =
|AK−π+/AK+π− |2 − 1

|AK−π+/AK+π− |2 + 1
= −0.098± 0.013 (I)

SψK = Im(λψK) = 0.673 ± 0.023 . (III)

(12.87)

Searches for additional CP asymmetries are ongoing in B, D, and
K decays, and current limits are consistent with Standard Model
expectations.

Based on Standard Model predictions, further observation of CP
violation in B decays seems promising for the near future, both at
LHCb [52] and a possible higher-luminosity asymmetric-energy B
factory [53,54]. Observables that are subject to clean theoretical
interpretation, such as SψKS

and B(KL → π0νν), are of particular
value for constraining the values of the CKM parameters and probing
the flavor sector of extensions to the Standard Model. Other probes
of CP violation now being pursued experimentally include the electric
dipole moments of the neutron and electron, and the decays of tau
leptons. Additional processes that are likely to play an important role
in future CP studies include top-quark production and decay, and
neutrino oscillations.

All measurements of CP violation to date are consistent with the
predictions of the Kobayashi-Maskawa mechanism of the Standard
Model. Actually, it is now established that the KM mechanism
plays a major role in the CP violation measured in meson decays.
However, a dynamically-generated matter-antimatter asymmetry of
the universe requires additional sources of CP violation, and such
sources are naturally generated by extensions to the Standard Model.
New sources might eventually reveal themselves as small deviations
from the predictions of the KM mechanism in meson decay rates, or
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else might not be observable in meson decays at all, but observable
with future probes such as neutrino oscillations or electric dipole
moments. We cannot guarantee that new sources of CP violation
will ever be found experimentally, but the fundamental nature of CP
violation demands a vigorous effort.

A number of excellent reviews of CP violation are available [55–62],
where the interested reader may find a detailed discussion of the
various topics that are briefly reviewed here.
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13. NEUTRINO MASS, MIXING, AND OSCILLATIONS

Written May 2010 by K. Nakamura (IPMU, U. Tokyo, KEK) and
S.T. Petcov (SISSA/INFN Trieste, IPMU, U. Tokyo, Bulgarian
Academy of Sciences).

The experiments with solar, atmospheric, reactor and accelerator
neutrinos have provided compelling evidences for oscillations of
neutrinos caused by nonzero neutrino masses and neutrino mixing.
The data imply the existence of 3-neutrino mixing in vacuum. We
review the theory of neutrino oscillations, the phenomenology of
neutrino mixing, the problem of the nature - Dirac or Majorana, of
massive neutrinos, the issue of CP violation in the lepton sector, and
the current data on the neutrino masses and mixing parameters. The
open questions and the main goals of future research in the field of
neutrino mixing and oscillations are outlined.

13.1. Introduction: Massive neutrinos and neutrino

mixing

It is a well-established experimental fact that the neutrinos and
antineutrinos which take part in the standard charged current (CC)
and neutral current (NC) weak interaction are of three varieties
(types) or flavours: electron, νe and ν̄e, muon, νμ and ν̄μ, and tauon,
ντ and ν̄τ . The notion of neutrino type or flavour is dynamical: νe

is the neutrino which is produced with e+, or produces an e− in
CC weak interaction processes; νμ is the neutrino which is produced
with μ+, or produces μ−, etc. The flavour of a given neutrino is
Lorentz invariant. Among the three different flavour neutrinos and
antineutrinos, no two are identical. Correspondingly, the states which
describe different flavour neutrinos must be orthogonal (within the
precision of the corresponding data): 〈νl′ |νl〉 = δl′l, 〈ν̄l′ |ν̄l〉 = δl′l,
〈ν̄l′ |νl〉 = 0.

It is also well-known from the existing data (all neutrino experiments
were done so far with relativistic neutrinos or antineutrinos), that the
flavour neutrinos νl (antineutrinos ν̄l), are always produced in weak
interaction processes in a state that is predominantly left-handed
(LH) (right-handed (RH)). To account for this fact, νl and ν̄l are
described in the Standard Model (SM) by a chiral LH flavour neutrino
field νlL(x), l = e, μ, τ . For massless νl, the state of νl (ν̄l) which
the field νlL(x) annihilates (creates) is with helicity (-1/2) (helicity
+1/2). If νl has a non-zero mass m(νl), the state of νl (ν̄l) is a linear
superposition of the helicity (-1/2) and (+1/2) states, but the helicity
+1/2 state (helicity (-1/2) state) enters into the superposition with
a coefficient ∝ m(νl)/E, E being the neutrino energy, and thus is
strongly suppressed. Together with the LH charged lepton field lL(x),
νlL(x) forms an SU(2)L doublet. In the absence of neutrino mixing
and zero neutrino masses, νlL(x) and lL(x) can be assigned one unit
of the additive lepton charge Ll and the three charges Ll, l = e, μ, τ ,
are conserved by the weak interaction.

At present there is no evidence for the existence of states of
relativistic neutrinos (antineutrinos), which are predominantly right-
handed, νR (left-handed, ν̄L). If RH neutrinos and LH antineutrinos
exist, their interaction with matter should be much weaker than
the weak interaction of the flavour LH neutrinos νl and RH
antineutrinos ν̄l, i.e., νR (ν̄L) should be “sterile” or “inert” neutrinos
(antineutrinos) [1]. In the formalism of the Standard Model, the
sterile νR and ν̄L can be described by SU(2)L singlet RH neutrino
fields νR(x). In this case, νR and ν̄L will have no gauge interactions,
i.e., will not couple to the weak W± and Z0 bosons. If present in
an extension of the Standard Model, the RH neutrinos can play a
crucial role i) in the generation of neutrino masses and mixing, ii) in
understanding the remarkable disparity between the magnitudes of
neutrino masses and the masses of the charged leptons and quarks, and
iii) in the generation of the observed matter-antimatter asymmetry of
the Universe (via the leptogenesis mechanism [2]) . In this scenario
which is based on the see-saw theory [3], there is a link between
the generation of neutrino masses and the generation of the baryon
asymmetry of the Universe. The simplest hypothesis is that to each
LH flavour neutrino field νlL(x) there corresponds a RH neutrino field
νlR(x), l = e, μ, τ .

The experiments with solar, atmospheric and reactor neutrinos
[4–16] have provided compelling evidences for the existence of neutrino

oscillations [17,18], transitions in flight between the different flavour
neutrinos νe, νμ, ντ (antineutrinos ν̄e, ν̄μ, ν̄τ ), caused by nonzero
neutrino masses and neutrino mixing. Strong evidences for oscillations
of muon neutrinos were obtained also in the long-baseline accelerator
neutrino experiments K2K [20] and MINOS [21,22]. In addition, a
short-baseline accelerator experiment LSND [23] observed a possible
indication of ν̄μ → ν̄e oscillations. If confirmed, this result required
the existence of at least one additional neutrino type. More recently,
MiniBooNE searched for νμ → νe transitions, and if the neutrinos
oscillate in the same way as antineutrinos, the MiniBooNE result [24]
does not support the interpretation of the LSND data in terms of
ν̄μ → ν̄e oscillations.

The existence of flavour neutrino oscillations implies that if a
neutrino of a given flavour, say νμ, with energy E is produced in some
weak interaction process, at a sufficiently large distance L from the νμ

source the probability to find a neutrino of a different flavour, say ντ ,
P (νμ → ντ ; E, L), is different from zero. P (νμ → ντ ; E, L) is called the
νμ → ντ oscillation or transition probability. If P (νμ → ντ ; E, L) �= 0,
the probability that νμ will not change into a neutrino of a different
flavour, i.e., the “νμ survival probability” P (νμ → νμ; E, L), will be
smaller than one. If only muon neutrinos νμ are detected in a given
experiment and they take part in oscillations, one would observe a
“disappearance” of muon neutrinos on the way from the νμ source
to the detector. As a consequence of the results of the experiments
quoted above the existence of oscillations or transitions of the solar νe,
atmospheric νμ and ν̄μ, accelerator νμ (at L ∼ 250 km and L ∼ 730
km) and reactor ν̄e (at L ∼ 180 km), driven by nonzero neutrino
masses and neutrino mixing, was firmly established. There are strong
indications that the solar νe transitions are affected by the solar
matter [25,26].

Oscillations of neutrinos are a consequence of the presence of flavour
neutrino mixing, or lepton mixing, in vacuum. In the formalism of
local quantum field theory, used to construct the Standard Model,
this means that the LH flavour neutrino fields νlL(x), which enter
into the expression for the lepton current in the CC weak interaction
Lagrangian, are linear combinations of the fields of three (or more)
neutrinos νj , having masses mj �= 0:

νlL(x) =
∑

j

Ulj νjL(x), l = e, μ, τ, (13.1)

where νjL(x) is the LH component of the field of νj possessing a mass
mj and U is a unitary matrix - the neutrino mixing matrix [1,17,18].
The matrix U is often called the Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) or Maki-Nakagawa-Sakata (MNS) mixing matrix. Obviously,
Eq. (13.1) implies that the individual lepton charges Ll, l = e, μ, τ ,
are not conserved.

All existing neutrino oscillation data, except for the LSND result
[23], can be described assuming 3-flavour neutrino mixing in vacuum.
The data on the invisible decay width of the Z0-boson is compatible
with only 3 light flavour neutrinos coupled to Z0 [19]. The number
of massive neutrinos νj , n, can, in general, be bigger than 3, n > 3,
if, for instance, there exist sterile neutrinos and they mix with the
flavour neutrinos. It follows from the existing data that at least 3 of
the neutrinos νj , say ν1, ν2, ν3, must be light, m1,2,3 � 1 eV, and
must have different masses, m1 �= m2 �= m3. At present there are no
compelling experimental evidences for the existence of more than 3
light neutrinos.

Being electrically neutral, the neutrinos with definite mass νj can
be Dirac fermions or Majorana particles [27,28]. The first possibility
is realised when there exists a lepton charge carried by the neutrinos
νj , which is conserved by the particle interactions. This could be, e.g.,
the total lepton charge L = Le + Lμ + Lτ : L(νj) = 1, j = 1, 2, 3. In
this case the neutrino νj has a distinctive antiparticle ν̄j : ν̄j differs
from νj by the value of the lepton charge L it carries, L(ν̄j) = − 1.
The massive neutrinos νj can be Majorana particles if no lepton
charge is conserved (see, e.g., Ref. 29). A massive Majorana particle
χj is identical with its antiparticle χ̄j : χj ≡ χ̄j . On the basis of
the existing neutrino data it is impossible to determine whether the
massive neutrinos are Dirac or Majorana fermions.
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In the case of n neutrino flavours and n massive neutrinos, the n×n
unitary neutrino mixing matrix U can be parametrised by n(n − 1)/2
Euler angles and n(n + 1)/2 phases. If the massive neutrinos νj are
Dirac particles, only (n − 1)(n − 2)/2 phases are physical and can be
responsible for CP violation in the lepton sector. In this respect the
neutrino (lepton) mixing with Dirac massive neutrinos is similar to
the quark mixing. For n = 3 there is just one CP violating phase in U ,
which is usually called “the Dirac CP violating phase.” CP invariance
holds if (in a certain standard convention) U is real, U∗ = U .

If, however, the massive neutrinos are Majorana fermions, νj ≡ χj ,
the neutrino mixing matrix U contains n(n− 1)/2 CP violation phases
[30,31], i.e., by (n − 1) phases more than in the Dirac neutrino
case: in contrast to Dirac fields, the massive Majorana neutrino fields
cannot “absorb” phases. In this case U can be cast in the form [30]

U = V P (13.2)

where the matrix V contains the (n − 1)(n − 2)/2 Dirac CP violation
phases, while P is a diagonal matrix with the additional (n − 1)
Majorana CP violation phases α21, α31,..., αn1,

P = diag
(

1, ei
α21
2 , ei

α31
2 , ..., ei

αn1
2

)

. (13.3)

The Majorana phases will conserve CP if [32] αj1 = πqj , qj = 0, 1, 2,
j = 2, 3, ..., n. In this case exp[i(αj1−αk1)] = ±1 has a simple physical
interpretation: this is the relative CP-parity of Majorana neutrinos
χj and χk. The condition of CP invariance of the leptonic CC weak
interaction in the case of mixing and massive Majorana neutrinos
reads [29]:

U∗
lj = Ulj ρj , ρj =

1

i
ηCP (χj) = ±1 , (13.4)

where ηCP (χj) = iρj = ±i is the CP parity of the Majorana neutrino
χj [32]. Thus, if CP invariance holds, the elements of U are either
real or purely imaginary.

In the case of n = 3 there are altogether 3 CP violation phases
- one Dirac and two Majorana. Even in the mixing involving only
2 massive Majorana neutrinos there is one physical CP violation
Majorana phase. In contrast, the CC weak interaction is automatically
CP-invariant in the case of mixing of two massive Dirac neutrinos or
of two quarks.

13.2. Neutrino oscillations in vacuum

Neutrino oscillations are a quantum mechanical consequence of the
existence of nonzero neutrino masses and neutrino (lepton) mixing,
Eq. (13.1), and of the relatively small splitting between the neutrino
masses. The neutrino mixing and oscillation phenomena are analogous
to the K0 − K̄0 and B0 − B̄0 mixing and oscillations.

In what follows we will present a simplified version of the derivation
of the expressions for the neutrino and antineutrino oscillation
probabilities. The complete derivation would require the use of the
wave packet formalism for the evolution of the massive neutrino states,
or, alternatively, of the field-theoretical approach, in which one takes
into account the processes of production, propagation and detection of
neutrinos [33].

Suppose the flavour neutrino νl is produced in a CC weak
interaction process and after a time T it is observed by a neutrino
detector, located at a distance L from the neutrino source and capable
of detecting also neutrinos νl′ , l′ �= l. We will consider the evolution
of the neutrino state |νl〉 in the frame in which the detector is at rest
(laboratory frame). The oscillation probability, as we will see, is a
Lorentz invariant quantity. If lepton mixing, Eq. (13.1), takes place
and the masses mj of all neutrinos νj are sufficiently small, the state
of the neutrino νl, |νl〉, will be a coherent superposition of the states
|νj〉 of neutrinos νj :

|νl〉 =
∑

j

U∗
lj |νj ; p̃j〉, l = e, μ, τ , (13.5)

where U is the neutrino mixing matrix and p̃j is the 4-momentum of
νj [34].

We will consider the case of relativistic neutrinos νj , which
corresponds to the conditions in both past and currently planned
future neutrino oscillation experiments [36]. In this case the state
|νj ; p̃j〉 practically coincides with the helicity (-1) state |νj , L; p̃j〉 of
the neutrino νj , the admixture of the helicity (+1) state |νj , R; p̃j〉
in |νj ; p̃j〉 being suppressed due to the factor ∼ mj/Ej , where Ej is
the energy of νj . If νj are Majorana particles, νj ≡ χj , due to the
presence of the helicity (+1) state |χj , R; p̃j〉 in |χj ; p̃j〉, the neutrino
νl can produce an l+ (instead of l−) when it interacts with nucleons.
The cross section of such a |ΔLl| = 2 process is suppressed by the
factor (mj/Ej)

2, which renders the process unobservable at present.

If the number n of massive neutrinos νj is bigger than 3 due to a
mixing between the active flavour and sterile neutrinos, one will have
additional relations similar to that in Eq. (13.5) for the state vectors
of the (predominantly LH) sterile antineutrinos. In the case of just
one RH sterile neutrino field νsR(x), for instance, we will have in
addition to Eq. (13.5):

|ν̄sL〉 =

4
∑

j=1

U∗
sj |νj ; p̃j〉 ∼=

4
∑

j=1

U∗
sj |νj , L; p̃j〉 , (13.6)

where the neutrino mixing matrix U is now a 4 × 4 unitary matrix.

For the state vector of RH flavour antineutrino ν̄l, produced in a
CC weak interaction process we similarly get:

|ν̄l〉 =
∑

j

Ulj |ν̄j ; p̃j〉 ∼=
∑

j=1

Ulj |ν̄j , R; p̃j〉, l = e, μ, τ , (13.7)

where |ν̄j , R; p̃j〉 is the helicity (+1) state of the antineutrino ν̄j if
νj are Dirac fermions, or the helicity (+1) state of the neutrino
νj ≡ ν̄j ≡ χj if the massive neutrinos are Majorana particles. Thus, in
the latter case we have in Eq. (13.7): |ν̄j ; p̃j〉 ∼= |νj , R; p̃j〉 ≡ |χj , R; p̃j〉.
The presence of the matrix U in Eq. (13.7) (and not of U∗) follows
directly from Eq. (13.1).

We will assume in what follows that the spectrum of masses of
neutrinos is not degenerate: mj �= mk, j �= k. Then the states |νj ; p̃j〉
in the linear superposition in the r.h.s. of Eq. (13.5) will have, in
general, different energies and different momenta, independently of
whether they are produced in a decay or interaction process: p̃j �= p̃k,

or Ej �= Ek, pj �= pk, j �= k, where Ej =
√

p2
j + m2

j , pj ≡ |pj |.
The deviations of Ej and pj from the values for a massless neutrino

E and p = E are proportional to m2
j/E0, E0 being a characteristic

energy of the process, and are extremely small. In the case of π+ →
μ+ + νμ decay at rest, for instance, we have: Ej = E + m2

j/(2mπ),

pj = E − ξm2
j/(2E), where E = (mπ/2)(1 − m2

μ/m2
π) ∼= 30 MeV,

ξ = (1 + m2
μ/m2

π)/2 ∼= 0.8, and mμ and mπ are the μ+ and π+

masses. Taking mj = 1 eV we find: Ej
∼= E (1 + 1.2 × 10−16) and

pj
∼= E (1 − 4.4 × 10−16).

Suppose that the neutrinos are observed via a CC weak interaction
process and that in the detector’s rest frame they are detected after
time T after emission, after traveling a distance L. Then the amplitude
of the probability that neutrino νl′ will be observed if neutrino νl was
produced by the neutrino source can be written as [33,35,37]:

A(νl → νl′) =
∑

j

Ul′j Dj U†
jl , l, l′ = e, μ, τ , (13.8)

where Dj = Dj(pj ; L, T ) describes the propagation of νj between

the source and the detector, U
†
jl and Ul′j are the amplitudes to find

νj in the initial and in the final flavour neutrino state, respectively.
It follows from relativistic Quantum Mechanics considerations that
[33,35]

Dj ≡ Dj(p̃j ; L, T ) = e−ip̃j (xf−x0) = e−i(EjT−pjL) , pj ≡ |pj | ,
(13.9)

where [38] x0 and xf are the space-time coordinates of the points of
neutrino production and detection, T = (tf − t0) and L = k(xf − x0),
k being the unit vector in the direction of neutrino momentum,
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pj = kpj. What is relevant for the calculation of the probability

P (νl → νl′) = |A(νl → νl′)|2 is the interference factor DjD
∗
k which

depends on the phase

δϕjk = (Ej − Ek)T − (pj − pk)L = (Ej − Ek)

[

T − Ej + Ek

pj + pk
L

]

+
m2

j − m2
k

pj + pk
L . (13.10)

Some authors [39] have suggested that the distance traveled
by the neutrinos L and the time interval T are related by T =
(Ej +Ek)L/(pj +pk) = L/v̄, v̄ = (Ej/(Ej +Ek))vj +(Ek/(Ej +Ek))vk
being the “average” velocity of νj and νk, where vj,k = pj,k/Ej,k.
In this case the first term in the r.h.s. of Eq. (13.10) vanishes. The
indicated relation has not emerged so far from any dynamical wave
packet calculations. We arrive at the same conclusion concerning
the term under discussion in Eq. (13.10) if one assumes [40] that
Ej = Ek = E0. Finally, it was proposed in Ref. 37 and Ref. 41 that
the states of νj and ν̄j in Eq. (13.5) and Eq. (13.7) have the same
3-momentum, pj = pk = p. Under this condition the first term in the
r.h.s. of Eq. (13.10) is negligible, being suppressed by the additional
factor (m2

j + m2
k)/p2 since for relativistic neutrinos L = T up to terms

∼ m2
j,k/p2. We arrive at the same conclusion if Ej �= Ek, pj �= pk,

j �= k, and we take into account that neutrinos are relativistic and
therefore, up to corrections ∼ m2

j,k/E2
j,k, we have L ∼= T (see, e.g., C.

Giunti quoted in Ref. 33).

Although the cases considered above are physically quite different,
they lead to the same result for the phase difference δϕjk. Thus, we
have:

δϕjk
∼=

m2
j − m2

k

2p
L = 2π

L

Lv
jk

sgn(m2
j − m2

k) , (13.11)

where p = (pj + pk)/2 and

Lv
jk = 4π

p

|Δm2
jk|

∼= 2.48 m
p[MeV ]

|Δm2
jk|[eV 2]

(13.12)

is the neutrino oscillation length associated with Δm2
jk. We can safely

neglect the dependence of pj and pk on the masses mj and mk and
consider p to be the zero neutrino mass momentum, p = E. The phase
difference δϕjk, Eq. (13.11), is Lorentz-invariant.

Eq. (13.9) corresponds to a plane-wave description of the
propagation of neutrinos νj . It accounts only for the movement of the
center of the wave packet describing νj . In the wave packet treatment
of the problem, the interference between the states of νj and νk is
subject to a number of conditions [33], the localisation condition and
the condition of overlapping of the wave packets of νj and νk at the
detection point being the most important. For relativistic neutrinos,
the localisation condition reads: σxP , σxD < Lv

jk/(2π), σxP (D) being

the spatial width of the production (detection) wave packet. Thus,
the interference will not be suppressed if the spatial width of the
neutrino wave packets detetermined by the neutrino production and
detection processes is smaller than the corresponding oscillation length
in vacuum. In order for the interference to be nonzero, the wave
packets describing νj and νk should also overlap in the point of
neutrino detection. This requires that the spatial separation between
the two wave packets at the point of neutrinos detection, caused
by the two wave packets having different group velocities vj �= vk,
satisfies |(vj − vk)T | ≪ max(σxP , σxD). If the interval of time T is
not measured, T in the preceding condition must be replaced by the
distance L between the neutrino source and the detector (for further
discussion see, e.g., [33,35,37]) .

For the νl → νl′ and ν̄l → ν̄l′ oscillation probabilities we get from
Eq. (13.8), Eq. (13.9), and Eq. (13.11):

P (νl → νl′) =
∑

j

|Ul′j |2 |Ulj |2 + 2
∑

j>k

|Ul′j U∗
lj Ulk U∗

l′k|

cos
(Δm2

jk

2p
L − φl′l;jk

)

, (13.13)

P (ν̄l → ν̄l′) =
∑

j

|Ul′j |2 |Ulj |2 + 2
∑

j>k

|Ul′j U∗
lj Ulk U∗

l′k|

cos
(Δm2

jk

2p
L + φl′l;jk

)

, (13.14)

where l, l′ = e, μ, τ and φl′l;jk = arg
(

Ul′j U∗
lj Ulk U∗

l′k

)

. It follows

from Eq. (13.8) - Eq. (13.10) that in order for neutrino oscillations
to occur, at least two neutrinos νj should not be degenerate in mass
and lepton mixing should take place, U �= 1. The neutrino oscillations
effects can be large if we have

|Δm2
jk|

2p
L = 2π

L

Lv
jk

� 1 , j �= k . (13.15)

at least for one Δm2
jk. This condition has a simple physical

interpretation: the neutrino oscillation length Lv
jk should be of the

order of, or smaller, than source-detector distance L, otherwise the
oscillations will not have time to develop before neutrinos reach the
detector.

We see from Eq. (13.13) and Eq. (13.14) that P (νl → νl′) =
P (ν̄l′ → ν̄l), l, l′ = e, μ, τ . This is a consequence of CPT invariance.
The conditions of CP and T invariance read [30,42,43]: P (νl →
νl′) = P (ν̄l → ν̄l′), l, l′ = e, μ, τ (CP), P (νl → νl′) = P (νl′ → νl),
P (ν̄l → ν̄l′) = P (ν̄l′ → ν̄l), l, l′ = e, μ, τ (T). In the case of CPT
invariance, which we will assume to hold throughout this article,
we get for the survival probabilities: P (νl → νl) = P (ν̄l → ν̄l),
l, l′ = e, μ, τ . Thus, the study of the “disappearance” of νl and ν̄l,
caused by oscillations in vacuum, cannot be used to test whether
CP invariance holds in the lepton sector. It follows from Eq. (13.13)
and Eq. (13.14) that we can have CP violation effects in neutrino
oscillations only if φl′l;jk �= πq, q = 0, 1, 2, i.e., if Ul′j U∗

lj Ulk U∗
l′k

, and

therefore U itself, is not real. As a measure of CP and T violation in
neutrino oscillations we can consider the asymmetries:

A
(l′l)
CP ≡ P (νl → νl′)−P (ν̄l → ν̄l′) , A

(l′l)
T ≡ P (νl → νl′)−P (νl′ → νl) .

(13.16)

CPT invariance implies: A
(l′l)
CP = −A

(ll′)
CP , A

(l′l)
T = P (ν̄l′ → ν̄l)−P (ν̄l →

ν̄l′) = A
(l′l)
CP . It follows further directly from Eq. (13.13) and

Eq. (13.14) that

A
(l′l)
CP = 4

∑

j>k

Im
(

Ul′j U∗
lj Ulk U∗

l′k

)

sin
Δm2

jk

2p
L , l, l′ = e, μ, τ .

(13.17)

Eq. (13.2) and Eq. (13.13) - Eq. (13.14) imply that P (νl → νl′) and
P (ν̄l → ν̄l′) do not depend on the Majorana CP violation phases in the
neutrino mixing matrix U [30]. Thus, the experiments investigating
the νl → νl′ and ν̄l → ν̄l′ oscillations, l, l′ = e, μ, τ , cannot provide
information on the nature - Dirac or Majorana, of massive neutrinos.
The same conclusions hold also when the νl → νl′ and ν̄l → ν̄l′

oscillations take place in matter [44]. In the case of νl ↔ νl′ and
ν̄l ↔ ν̄l′ oscillations in vacuum, only the Dirac phase(s) in U can cause
CP violating effects leading to P (νl → νl′) �= P (ν̄l → ν̄l′), l �= l′.

In the case of 3-neutrino mixing all different Im(Ul′jU
∗
ljUlkU∗

l′k
)

coincide up to a sign as a consequence of the unitarity of U . Therefore
one has [45]:

A
(μe)
CP = −A

(τe)
CP = A

(τμ)
CP =

4 JCP

(

sin
Δm2

32

2p
L + sin

Δm2
21

2p
L + sin

Δm2
13

2p
L

)

,(13.18)

where

JCP = Im
(

Uμ3 U∗
e3 Ue2 U∗

μ2

)

, (13.19)
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Figure 13.1: The νe (ν̄e) survival probability P (νe → νe) =
P (ν̄e → ν̄e), Eq. (13.30), as a function of the neutrino energy for
L = 180 km, Δm2 = 7.0 × 10−5 eV2 and sin2 2θ = 0.84 (from
[48]) .

is the “rephasing invariant” associated with the Dirac CP violation
phase in U . It is analogous to the rephasing invariant associated
with the Dirac CP violating phase in the CKM quark mixing matrix
[46]. It is clear from Eq. (13.18) that JCP controls the magnitude of
CP violation effects in neutrino oscillations in the case of 3-neutrino
mixing. If sin(Δm2

ij/(2p))L ∼= 0 for (ij) = (32), or (21), or (13),

we get A
(l′l)
CP

∼= 0. Thus, if as a consequence of the production,
propagation and/or detection of neutrinos, effectively oscillations due
only to one non-zero neutrino mass squared difference take place, the
CP violating effects will be strongly suppressed. In particular, we get

A
(l′l)
CP = 0, unless all three Δm2

ij �= 0, (ij) = (32), (21), (13).

If the number of massive neutrinos n is equal to the number
of neutrino flavours, n = 3, one has as a consequence of the
unitarity of the neutrino mixing matrix:

∑

l′=e,μ,τ P (νl → νl′) = 1,

l = e, μ, τ ,
∑

l=e,μ,τ P (νl → νl′) = 1, l′ = e, μ, τ . Similar “probability

conservation” equations hold for P (ν̄l → ν̄l′). If, however, the number
of light massive neutrinos is bigger than the number of flavour
neutrinos as a consequence, e.g., of a flavour neutrino - sterile neutrino
mixing, we would have

∑

l′=e,μ,τ P (νl → νl′) = 1 − P (νl → ν̄sL),
l = e, μ, τ , where we have assumed the existence of just one
sterile neutrino. Obviously, in this case

∑

l′=e,μ,τ P (νl → νl′) < 1 if

P (νl → ν̄sL) �= 0. The former inequality is used in the searches for
oscillations between active and sterile neutrinos.

Consider next neutrino oscillations in the case of one neutrino mass
squared difference “dominance”: suppose that |Δm2

j1| ≪ |Δm2
n1|,

j = 2, ..., (n − 1), |Δm2
n1|L/(2p)�1 and |Δm2

j1|L/(2p) ≪ 1, so that

exp[i(Δm2
j1 L/(2p)] ∼= 1, j = 2, ..., (n − 1). Under these conditions we

obtain from Eq. (13.13) and Eq. (13.14), keeping only the oscillating
terms involving Δm2

n1:

P (νl(l′) → νl′(l))
∼= P (ν̄l(l′) → ν̄l′(l))

∼= δll′ − 2|Uln|2
[

δll′ − |Ul′n|2
]

(

1 − cos
Δm2

n1

2p
L

)

. (13.20)

It follows from the neutrino oscillation data (Sections 13.4 and
13.5) that in the case of 3-neutrino mixing, one of the two independent
neutrino mass squared differences, say Δm2

21, is much smaller in
absolute value than the second one, Δm2

31: |Δm2
21| ≪ |Δm2

31|. The
data imply:

|Δm2
21| ∼= 7.6 × 10−5 eV2 ,

|Δm2
31| ∼= 2.4 × 10−3 eV2 ,

|Δm2
21|/|Δm2

31| ∼= 0.032 . (13.21)

Neglecting the effects due to Δm2
21 we get from Eq. (13.20) by

setting n = 3 and choosing, e.g., i) l = l′ = e and ii) l = e(μ), l′ = μ(e)
[47]:

P (νe → νe) = P (ν̄e → ν̄e) ∼= 1−2|Ue3|2
(

1 − |Ue3|2
)

(

1 − cos
Δm2

31

2p
L

)

,

(13.22)

P (νμ(e) → νe(μ))
∼= 2 |Uμ3|2 |Ue3|2

(

1 − cos
Δm2

31

2p
L

)

=
|Uμ3|2

1 − |Ue3|2
P 2ν

(

|Ue3|2, m2
31

)

, (13.23)

Table 13.1: Sensitivity of different oscillation experiments.

Source Type of ν E[MeV] L[km] min(Δm2)[eV2]

Reactor νe ∼ 1 1 ∼ 10−3

Reactor νe ∼ 1 100 ∼ 10−5

Accelerator νμ, νμ ∼ 103 1 ∼ 1

Accelerator νμ, νμ ∼ 103 1000 ∼ 10−3

Atmospheric ν’s νμ,e, νμ,e ∼ 103 104 ∼ 10−4

Sun νe ∼ 1 1.5 × 108 ∼ 1011

and P (ν̄μ(e) → ν̄e(μ)) = P (νμ(e) → νe(μ)). Here P 2ν
(

|Ue3|2, m2
31

)

is

the probability of the 2-neutrino transition νe → (s23νμ + c23ντ ) due
to Δm2

31 and a mixing with angle θ13, where

sin2 θ13 = |Ue3|2, s2
23 ≡ sin2 θ23 =

|Uμ3|2
1 − |Ue3|2

,

c223 ≡ cos2 θ23 =
|Uτ3|2

1 − |Ue3|2
. (13.24)

Eq. (13.22) describes with a relatively high precision the oscillations of
reactor ν̄e on a distance L ∼ 1 km in the case of 3-neutrino mixing. It
was used in the analysis of the results of the CHOOZ experiment and
can be used in the analyses of the data of the Double Chooz, Daya Bay
and RENO experiments, which are under preparation. Eq. (13.20)
with n = 3 and l = l′ = μ describes with a relatively good precision
the effects of oscillations of the accelerator νμ, seen in the K2K and
MINOS experiments. The νμ → ντ oscillations, which the OPERA
experiment is aiming to detect, can be described by Eq. (13.20) with
n = 3 and l = μ, l′ = τ . Finally, the probability Eq. (13.23) describes
with a good precision the νμ → νe and ν̄μ → ν̄e oscillations under the
conditions of the MINOS experiment.

In certain cases the dimensions of the neutrino source, ΔL, are
not negligible in comparison with the oscillation length. Similarly,
when analyzing neutrino oscillation data one has to include the
energy resolution of the detector, ΔE, etc. in the analysis. As can
be shown [29], if 2πΔL/Lv

jk ≫ 1, and/or 2π(L/Lv
jk)(ΔE/E) ≫ 1,

the oscillating terms in the neutrino oscillation probabilities will be
strongly suppressed. In this case (as well as in the case of sufficiently
large separation of the νj and νk wave packets at the detection point)
the interference terms in P (νl → νl′) and P (ν̄l′ → ν̄l) will be negligibly
small and the neutrino flavour conversion will be determined by the
average probabilities:

P̄ (νl → νl′) = P̄ (ν̄l → ν̄l′)
∼=

∑

j

|Ul′j |2 |Ulj |2 . (13.25)

Suppose next that in the case of 3-neutrino mixing, |Δm2
21|L/(2p) ∼

1, while at the same time |Δm2
31(32)|L/(2p) ≫ 1, and the oscillations

due to Δm2
31 and Δm2

32 are strongly suppressed (averaged out) due
to integration over the region of neutrino production, the energy
resolution function, etc. In this case we get for the νe and ν̄e survival
probabilities:

P (νe → νe) = P (ν̄e → ν̄e) ∼= |Ue3|4 +
(

1 − |Ue3|2
)2

P 2ν(νe → νe) ,

(13.26)
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P 2ν(νe → νe) = P 2ν(ν̄e → ν̄e) ≡ P 2ν
ee (θ12, Δm2

21)

= 1 − 1

2
sin2 2θ12

(

1 − cos
Δm2

21

2p
L

)

(13.27)

being the νe and ν̄e survival probability in the case of 2-neutrino
oscillations “driven” by the angle θ12 and Δm2

21, with θ12 determined
by

cos2 θ12 =
|Ue1|2

1 − |Ue3|2
, sin2 θ12 =

|Ue2|2
1 − |Ue3|2

. (13.28)

Eq. (13.26) with P 2ν(ν̄e → ν̄e) given by Eq. (13.27) describes the
effects of neutrino oscillations of reactor ν̄e observed by the KamLAND
experiment.

In the case of 3-neutrino mixing with 0 < Δm2
21 < |Δm2

31(32)| and

|Ue3|2 = | sin θ13|2 ≪ 1 (see Section 13.6), one can identify Δm2
21

and θ12 as the neutrino mass squared difference and mixing angle
responsible for the solar νe oscillations, and Δm2

31 and θ23 as those
associated with the dominant atmospheric νμ and ν̄μ oscillations.
Thus, θ12 and θ23 are often called “solar” and “atmospheric” neutrino
mixing angles and denoted as θ12 = θ⊙ and θ23 = θA (or θatm),
while Δm2

21 and Δm2
31 are often referred to as the “solar” and

“atmospheric” neutrino mass squared differences and denoted as
Δm2

21 ≡ Δm2
⊙ and Δm2

31 ≡ Δm2
A(or Δm2

atm).

The data of ν-oscillations experiments is often analyzed assuming
2-neutrino mixing:

|νl〉 = |ν1〉 cos θ + |ν2〉 sin θ , |νx〉 = −|ν1〉 sin θ + |ν2〉 cos θ ,
(13.29)

where θ is the neutrino mixing angle in vacuum and νx is another
flavour neutrino or sterile (anti-) neutrino, x = l′ �= l or νx ≡ ν̄sL. In
this case we have [41]:

P 2ν(νl → νl) = 1 − 1

2
sin2 2θ

(

1 − cos 2π
L

Lv

)

,

P 2ν(νl → νx) = 1 − P 2ν(νl → νl) , (13.30)

where Lv = 4π p/Δm2, Δm2 = m2
2 − m2

1 > 0. Combining the CPT
invariance constraints with the probability conservation one obtains:
P (νl → νx) = P (ν̄l → ν̄x) = P (νx → νl) = P (ν̄x → ν̄l). These
equalities and Eq. (13.30) with l = μ and x = τ were used, for
instance, in the analysis of the Super-K atmospheric neutrino data
[13], in which the first compelling evidence for oscillations of neutrinos
was obtained. The probability P 2ν(νl → νx), Eq. (13.30), depends on
two factors: on (1−cos 2πL/Lv), which exhibits oscillatory dependence
on the distance L and on the neutrino energy p = E (hence the
name “neutrino oscillations”), and on sin2 2θ, which determines the
amplitude of the oscillations. In order to have P 2ν(νl → νx) ∼= 1,
two conditions have to be fulfilled: one should have sin2 2θ ∼= 1 and
Lv � 2πL with cos 2πL/Lv ∼= −1. If Lv ≫ 2πL, the oscillations do not
have enough time to develop on the way to the neutrino detector and
P (νl → νx) ∼= 0. This is illustrated in Fig. 1 showing the dependence
of the probability P 2ν(νe → νe) = P 2ν(ν̄e → ν̄e) on the neutrino
energy.

A given experiment searching for neutrino oscillations is specified,
in particular, by the average energy of the neutrinos being studied, Ē,
and by the source-detector distance L. The requirement Lv

jk � 2πL

determines the minimal value of a generic neutrino mass squared
difference Δm2 > 0, to which the experiment is sensitive (figure
of merit of the experiment): min(Δm2) ∼ 2Ē/L. Because of the
interference nature of neutrino oscillations, experiments can probe,
in general, rather small values of Δm2 (see, e.g., Ref. 37). Values
of min(Δm2), characterizing qualitatively the sensitivity of different
experiments are given in Table 1. They correspond to the reactor
experiments CHOOZ (L ∼ 1 km) and KamLAND (L ∼ 100 km),
to accelerator experiments - past (L ∼ 1 km), recent, current and
future (K2K, MINOS, OPERA, T2K, NOνA), L ∼ (300 ÷ 1000) km),
to the Super-Kamiokande experiment studying atmospheric neutrino
oscillations, and to the solar neutrino experiments.

13.3. Matter effects in neutrino oscillations

The presence of matter can change drastically the pattern
of neutrino oscillations: neutrinos can interact with the particles
forming the matter. Accordingly, the Hamiltonian of the neutrino
system in matter Hm, differs from the Hamiltonian in vacuum H0,
Hm = H0 + Hint, where Hint describes the interaction of neutrinos
with the particles of matter. When, for instance, νe and νμ propagate
in matter, they can scatter (due to Hint) on the electrons (e−), protons
(p) and neutrons (n) present in matter. The incoherent elastic and
the quasi-elastic scattering, in which the states of the initial particles
change in the process (destroying the coherence between the neutrino
states), are not of interest - they have a negligible effect on the solar
neutrino propagation in the Sun and on the solar, atmospheric and
reactor neutrino propagation in the Earth [49]: even in the center
of the Sun, where the matter density is relatively high (∼ 150 g/cm3),
a νe with energy of 1 MeV has a mean free path with respect to the
indicated scattering processes ∼ 1010 km. We recall that the solar
radius is much smaller: R⊙ = 6.96 × 105 km. The oscillating νe and
νμ can scatter also elastically in the forward direction on the e−, p and
n, with the momenta and the spin states of the particles remaining
unchanged. In such a process the coherence of the neutrino states is
preserved.

The νe and νμ coherent elastic scattering on the particles of matter
generates nontrivial indices of refraction of the νe and νμ in matter
[25]: κ(νe) �= 1, κ(νμ) �= 1. Most importantly, we have κ(νe) �= κ(νμ).
The difference κ(νe)−κ(νμ) is determined essentially by the difference
of the real parts of the forward νe − e− and νμ − e− elastic scattering
amplitudes [25] Re [Fνe−e−(0)] − Re [Fνµ−e−(0)]: due to the flavour

symmetry of the neutrino – quark (neutrino – nucleon) neutral current
interaction, the forward νe − p, n and νμ − p, n elastic scattering
amplitudes are equal and therefore do not contribute to the difference
of interest [50]. The imaginary parts of the forward scattering
amplitudes (responsible, in particular, for decoherence effects) are
proportional to the corresponding total scattering cross-sections and
in the case of interest are negligible in comparison with the real parts.
The real parts of the amplitudes Fνe−e−(0) and Fνµ−e−(0) can be

calculated in the Standard Model. To leading order in the Fermi
constant GF , only the term in Fνe−e−(0) due to the diagram with

exchange of a virtual W±-boson contributes to Fνe−e−(0)−Fνµ−e−(0).

One finds the following result for κ(νe) − κ(νμ) in the rest frame of
the scatters [25,52,53]:

κ(νe) − κ(νμ) =
2π

p2

(

Re [Fνe−e−(0)] − Re [Fνµ−e−(0)]
)

= − 1

p

√
2GF Ne , (13.31)

where Ne is the electron number density in matter. Given κ(νe) −
κ(νμ), the system of evolution equations describing the νe ↔ νμ

oscillations in matter reads [25]:

i
d

dt

(

Ae(t, t0)
Aμ(t, t0)

)

=

(

−ǫ(t) ǫ′

ǫ′ ǫ(t)

) (

Ae(t, t0)
Aμ(t, t0)

)

(13.32)

where Ae(t, t0) (Aμ(t, t0)) is the amplitude of the probability to find
νe (νμ) at time t of the evolution of the system if at time t0 ≤ t the
neutrino νe or νμ has been produced and

ǫ(t) =
1

2
[

Δm2

2E
cos 2θ −

√
2GF Ne(t)], ǫ′ =

Δm2

4E
sin 2θ. (13.33)

The term
√

2GF Ne(t) in ǫ(t) accounts for the effects of matter on
neutrino oscillations. The system of evolution equations describing
the oscillations of antineutrinos ν̄e ↔ ν̄μ in matter has exactly the
same form except for the matter term in ǫ(t) which changes sign. The
effect of matter in neutrino oscillations is usually called the Mikheyev,
Smirnov, Wolfenstein (or MSW) effect.

Consider first the case of νe ↔ νμ oscillations in matter with
constant density: Ne(t) = Ne = const. Due to the interaction term
Hint in Hm, the eigenstates of the Hamiltonian of the neutrino system
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in vacuum, |ν1,2〉 are not eigenstates of Hm. For the eigenstates |νm
1,2〉

of Hm, which diagonalize the evolution matrix in the r.h.s. of the
system Eq. (13.32) we have:

|νe〉 = |νm
1 〉 cos θm+|νm

2 〉 sin θm , |νμ〉 = −|νm
1 〉 sin θm +|νm

2 〉 cos θm .
(13.34)

Here θm is the neutrino mixing angle in matter [25],

sin 2θm =
tan 2θ

√

(1 − Ne
Nres

e
)2 + tan2 2θ

, cos 2θm =
1 − Ne/N

res
e

√

(1 − Ne
Nres

e
)2 + tan2 2θ

,

(13.35)
where the quantity

Nres
e =

Δm2 cos 2θ

2E
√

2GF

∼= 6.56 × 106 Δm2[eV2]

E[MeV]
cos 2θ cm−3 NA ,

(13.36)
is called (for Δm2 cos 2θ > 0) “resonance density” [26,52], NA being
Avogadro’s number. The “adiabatic” states |νm

1,2〉 have energies Em
1,2

whose difference is given by

Em
2 − Em

1 =
Δm2

2E

(

(1 − Ne

Nres
e

)2 cos2 2θ + sin2 2θ

)
1
2
≡ ΔM2

2E
.

(13.37)
The probability of νe → νμ transition in matter with Ne = const. has
the form [25,52]

P 2ν
m (νe → νμ) = |Aμ(t)|2 =

1

2
sin2 2θm [1 − cos 2π

L

Lm
]

Lm = 2π/(Em
2 − Em

1 ) , (13.38)

where Lm is the oscillation length in matter. As Eq. (13.35) indicates,
the dependence of sin2 2θm on Ne has a resonance character [26].
Indeed, if Δm2 cos 2θ > 0, for any sin2 2θ �= 0 there exists a value of
Ne given by Nres

e , such that when Ne = Nres
e we have sin2 2θm = 1

independently of the value of sin2 2θ < 1. This implies that the
presence of matter can lead to a strong enhancement of the oscillation
probability P 2ν

m (νe → νμ) even when the νe ↔ νμ oscillations in
vacuum are suppressed due to a small value of sin2 2θ. For obvious
reasons

Ne = Nres
e ≡ Δm2 cos 2θ

2E
√

2GF
, (13.39)

is called the “resonance condition” [26,52], while the energy at which
Eq. (13.39) holds for given Ne and Δm2 cos 2θ, is referred to as the
“resonance energy”, Eres. The oscillation length at resonance is given
by [26] Lres

m = Lv/ sin 2θ, while the width in Ne of the resonance at
half height reads ΔNres

e = 2Nres
e tan 2θ. Thus, if the mixing angle

in vacuum is small, the resonance is narrow, ΔNres
e ≪ Nres

e , and
Lres

m ≫ Lv. The energy difference Em
2 − Em

1 has a minimum at the
resonance: (Em

2 − Em
1 )res = min (Em

2 − Em
1 ) = (Δm2/(2E)) sin 2θ.

It is instructive to consider two limiting cases. If Ne ≪ Nres
e ,

we have from Eq. (13.35) and Eq. (13.37), θm
∼= θ, Lm

∼= Lv

and neutrinos oscillate practically as in vacuum. In the limit
Ne ≫ Nres

e , Nres
e tan2 2θ, one finds θm

∼= π/2 ( cos 2θm
∼= −1) and

the presence of matter suppresses the νe ↔ νμ oscillations. In this
case |νe〉 ∼= |νm

2 〉, |νμ〉 = −|νm
1 〉, i.e., νe practically coincides with the

heavier matter-eigenstate, while νμ coincides with the lighter one.

Since the neutral current weak interaction of neutrinos in the
Standard Model is flavour symmetric, the formulae and results we
have obtained are valid for the case of νe − ντ mixing and νe ↔ ντ

oscillations in matter as well. The case of νμ − ντ mixing, however, is
different: to a relatively good precision we have [54] κ(νμ) ∼= κ(ντ )
and the νμ ↔ ντ oscillations in the matter of the Earth and the Sun
proceed practically as in vacuum [55].

The analogs of Eq. (13.35) to Eq. (13.38) for oscillations of
antineutrinos, ν̄e ↔ ν̄μ, in matter can formally be obtained by
replacing Ne with (−Ne) in the indicated equations. It should be
clear that depending on the sign of Δm2 cos 2θ, the presence of matter
can lead to resonance enhancement either of the νe ↔ νμ or of the
ν̄e ↔ ν̄μ oscillations, but not of both types of oscillations [52].
For Δm2 cos 2θ < 0, for instance, the matter can only suppress the

νe → νμ oscillations, while it can enhance the ν̄e → ν̄μ transitions.
This disparity between the behavior of neutrinos and that of
antineutrinos is a consequence of the fact that the matter in the
Sun or in the Earth we are interested in is not charge-symmetric (it
contains e−, p and n, but does not contain their antiparticles) and
therefore the oscillations in matter are neither CP- nor CPT- invariant
[44]. Thus, even in the case of 2-neutrino mixing and oscillations we
have, e.g., P 2ν

m (νe → νμ(τ)) �= P 2ν
m (ν̄e → ν̄μ(τ)).

The matter effects in the νe ↔ νμ(τ) (ν̄e ↔ ν̄μ(τ)) oscillations will
be invariant with respect to the operation of time reversal if the Ne

distribution along the neutrino path is symmetric with respect to
this operation [45,56]. The latter condition is fulfilled (to a good
approximation) for the Ne distribution along a path of a neutrino
crossing the Earth [57].

13.3.1. Effects of Earth matter on oscillations of neutrinos :

The formalism we have developed can be applied, e.g., to the study
of matter effects in the νe ↔ νμ(τ) (νμ(τ) ↔ νe) and ν̄e ↔ ν̄μ(τ)

(ν̄μ(τ) ↔ ν̄e) oscillations of neutrinos which traverse the Earth [58].
Indeed, the Earth density distribution in the existing Earth models
[57] is assumed to be spherically symmetric and there are two major
density structures - the core and the mantle, and a certain number
of substructures (shells or layers). The Earth radius is R⊕ = 6371
km; the Earth core has a radius of Rc = 3486 km, so the Earth
mantle depth is 2885 km. For a spherically symmetric Earth density
distribution, the neutrino trajectory in the Earth is specified by the
value of the Nadir angle θn of the trajectory. For θn ≤ 33.17o, or
path lengths L ≥ 10660 km, neutrinos cross the Earth core. The path
length for neutrinos which cross only the Earth mantle is given by
L = 2R⊕ cos θn. If neutrinos cross the Earth core, the lengths of the
paths in the mantle, 2Lman, and in the core, Lcore, are determined by:

Lman = R⊕ cos θn − (R2
c −R2

⊕ sin2 θn)
1
2 , Lcore = 2(R2

c −R2
⊕ sin2 θn)

1
2 .

The mean electron number densities in the mantle and in the core
according to the PREM model read [57]: N̄man

e
∼= 2.2 cm−3 NA,

N̄ c
e
∼= 5.4 cm−3 NA. Thus, we have N̄ c

e
∼= 2.5 N̄man

e . The change
of Ne from the mantle to the core can well be approximated by
a step function [57]. The electron number density Ne changes
relatively little around the indicated mean values along the trajectories
of neutrinos which cross a substantial part of the Earth mantle,
or the mantle and the core, and the two-layer constant density
approximation, Nman

e = const. = Ñman
e , N c

e = const. = Ñ c
e , Ñman

e
and Ñ c

e being the mean densities along the given neutrino path in
the Earth, was shown to be sufficiently accurate in what concerns
the calculation of neutrino oscillation probabilities [45,60,63] (and
references quoted in [60,63]) in a large number of specific cases. This
is related to the fact that the relatively small changes of density along
the path of the neutrinos in the mantle (or in the core) take place
over path lengths which are typically considerably smaller than the
corresponding oscillation length in matter.

In the case of 3-neutrino mixing and for neutrino energies of E � 2
GeV, the effects due to Δm2

21 (|Δm2
21| ≪ |Δm2

31|, see Eq. (13.21))
in the neutrino oscillation probabilities are sub-dominant and to
leading order can be neglected: the corresponding resonance density
|Nres

e21 |� 0.25 cm−3 NA ≪ N̄man,c
e and the Earth matter strongly

suppresses the oscillations due to Δm2
21. For oscillations in vacuum

this approximation is valid as long as the leading order contribution
due to Δm2

31 in the relevant probabilities is bigger than approximately
10−3. In this case the 3-neutrino νe → νμ(τ) (ν̄e → ν̄μ(τ)) and

νμ(τ) → νe (ν̄μ(τ) → ν̄e) transition probabilities for neutrinos
traversing the Earth, reduce effectively to a 2-neutrino transition
probability (see, e.g., [61–63]) , with Δm2

31 and θ13 playing the role of
the relevant 2-neutrino vacuum oscillation parameters. The 3-neutrino
oscillation probabilities of the atmospheric and accelerator νe,μ having
energy E and crossing the Earth along a trajectory characterized by a
Nadir angle θn, for instance, have the following form:

P 3ν
m (νe → νe) ∼= 1 − P 2ν

m , (13.40)

P 3ν
m (νe → νμ) ∼= P 3ν

m (νμ → νe) ∼= s2
23 P 2ν

m , P 3ν
m (νe → ντ ) ∼= c223 P 2ν

m ,
(13.41)

P 3ν
m (νμ → νμ) ∼= 1−s4

23 P 2ν
m −2c223s

2
23

[

1 − Re (e−iκA2ν
m (ν′ → ν′))

]

,

(13.42)
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P 3ν
m (νμ → ντ ) = 1 − P 3ν

m (νμ → νμ) − P 3ν
m (νμ → νe). (13.43)

Here P 2ν
m ≡ P 2ν

m (Δm2
31, θ13; E, θn) is the probability of the 2-neutrino

νe → ν′ ≡ (s23νμ + c23ντ ) oscillations in the Earth, and κ and
A2ν

m (ν′ → ν′) ≡ A2ν
m are known phase and 2-neutrino transition

probability amplitude (see, e.g., [62,63]). We note that Eq. (13.40)
to Eq. (13.42) are based only on the assumption that |Nres

e21 | is much
smaller than the densities in the Earth mantle and core and does
not rely on the constant density approximation. Similar results are
valid for the corresponding antineutrino oscillation probabilities: one
has just to replace P 2ν

m , κ and A2ν
m in the expressions given above

with the corresponding quantities for antineutrinos (the latter are
obtained from those for neutrinos by changing the sign in front of Ne).
Obviously, we have: P (νe(μ) → νμ(e)), P (ν̄e(μ) → ν̄μ(e)) ≤ sin2 θ23,

and P (νe → ντ ), P (ν̄e → ν̄τ ) ≤ cos2 θ23. The one Δm2 dominance
approximation and correspondingly Eq. (13.40) to Eq. (13.43) were
used by the Super-Kamiokande Collaboration in their latest neutrino
oscillation analysis of the multi-GeV atmospheric neutrino data [64].

In the case of neutrinos crossing only the Earth mantle and in
the constant density approximation, P 2ν

m is given by the r.h.s. of
Eq. (13.38) with θ and Δm2 replaced by θ13 and Δm2

31, while for κ
and A2ν

m we have (see, e.g., Ref. 63):

κ ∼= 1

2
[
Δm2

31

2E
L +

√
2GF N̄man

e L − ΔM2L

2E
],

A2ν
m = 1 +

(

e−i∆M2L
2E − 1

)

cos2 θ′m , (13.44)

where ΔM2 is defined in Eq. (13.37) (with θ = θ13 and Δm2 = Δm2
31),

θ′m is the mixing angle in the mantle which coincides in vacuum with
θ13 (Eq. (13.35) with Ne = N̄man

e and θ = θ13), and L = 2R⊕ cos θn

is the distance the neutrino travels in the mantle.

It follows from Eq. (13.40) and Eq. (13.41) that for Δm2
31 cos 2θ13 >

0, the oscillation effects of interest, e.g., in the νe(μ) → νμ(e) and

νe → ντ transitions will be maximal if P 2ν
m

∼= 1, i.e., if Eq. (13.39)
leading to sin2 2θm

∼= 1 is fulfilled, and ii) cos(ΔM2L/(2E)) ∼= −1.
Given the value of N̄man

e , the first condition determines the neutrino’s
energy, while the second determines the path length L, for which one
can have P 2ν

m
∼= 1. For Δm2

31
∼= 2.4 × 10−3 eV2, sin2 θ13 < 0.056

(99.73% C.L.) following from the data (see Sections 13.6 and
13.7) and N̄man

e
∼= 2.2 NAcm−3, one finds that Eres

∼= 7.2 GeV
and L ∼= 2370/ sin2θ13 km ∼= 7600 (5200) km, where we used
sin2 θ13 = 0.025 (0.056) in the last equality. Thus, for Δm2

31 > 0, the
Earth matter effects can amplify P 2ν

m , and therefore P (νe(μ) → νμ(e))

and P (νe → ντ ), significantly when the neutrinos cross only the
mantle for E ∼ 7 GeV and L � 5200 km, or cos θn � 0.35. If
Δm2

31 < 0 the same considerations apply for the corresponding
antineutrino oscillation probabilities P̄ 2ν

m = P̄ 2ν
m (ν̄e → (s23ν̄μ + c23ν̄τ ))

and correspondingly for P (ν̄e(μ) → ν̄μ(e)) and P (ν̄e → ν̄τ ). For

Δm2
31 > 0, the ν̄e(μ) → ν̄μ(e) and ν̄e → ν̄τ oscillations are suppressed

by the Earth matter, while if Δm2
31 < 0, the same conclusion holds

for the νe(μ) → νμ(e) and νe → ντ , oscillations.

In the case of neutrinos crossing the Earth core, new resonance-like
effects become possible in the νμ → νe and νe → νμ(τ) (or ν̄μ → ν̄e

and ν̄e → ν̄μ(τ)) transitions [60,62,63,65–67]. For sin2 θ13 < 0.05 and

Δm2
31 > 0, we can have [66] P 2ν

m (Δm2
31, θ13) ∼= 1, and correspondingly

maximal P 3ν
m (νe → νμ) = P 3ν

m (νμ → νe) ∼= s2
23, only due to the effect

of maximal constructive interference between the amplitudes of the
νe → ν′ transitions in the Earth mantle and in the Earth core.
The effect differs from the MSW one and the enhancement happens
in the case of interest at a value of the energy between the MSW
resonance energies corresponding to the density in the mantle and
that of the core, or at a value of the resonance density Nres

e which
lies between the values of Ne in the mantle and in the core [60].
In [60,63] the enhancement was called “neutrino oscillation length
resonance”, while in [62,65] the term “parametric resonance” for the
same effect was used [68]. The mantle-core enhancement effect is
caused by the existence (for a given neutrino trajectory through the
Earth core) of points of resonance-like maximal neutrino conversion,
P 2ν

m (Δm2
31, θ13) = 1, in the corresponding space of neutrino oscillation

parameters [66]. For Δm2
31 < 0 the mantle-core enhancement can

take place for the antineutrino transitions, ν̄μ → ν̄e and ν̄e → ν̄μ(τ).

A rather complete set of values of Δm2
31/E > 0 and sin2 2θ13 for

which P 2ν
m (Δm2

31, θ13) = 1 was found in [66]. The location of these
points in the Δm2

31/E − sin2 2θ13 plane determines the regions where
P 2ν

m (Δm2
31, θ13) is large, P 2ν

m (Δm2, θ)� 0.5. These regions vary slowly
with the Nadir angle, being remarkably wide in the Nadir angle and
rather wide in the neutrino energy [66], so that the transitions of
interest can produce noticeable effects in the measured observables.
For sin2 θ13 < 0.05, there are two sets of values of (Δm2

31/E, sin2 θ13)
for which P 2ν

m (Δm2
31, θ13) = 1. For Δm2

31 = 2.4 × 10−3 eV2 and
Nadir angles, e.g., θn=0; 130; 230, we have P 2ν

m (Δm2
31, θ13) = 1

at the following points in the E − sin2 θ13 plane: 1) sin2 2θ13 =
0.034; 0.039; 0.051, E ∼= 3.3; 3.4; 3.7 GeV; and 2) sin2 2θ13 =
0.15; 0.17; 0.22, E ∼= 5.0; 5.3; 6.3 GeV (see Table 2 in the last article
in Ref. 66; see also the last article in Ref. 67). The values of sin2 2θ13

at which the 2nd solution takes place are marginally allowed by the
data.

The mantle-core enhancement of P 2ν
m (or P̄ 2ν

m ) is relevant, in
particular, for the searches of sub-dominant νe(μ) → νμ(e) (or

ν̄e(μ) → ν̄μ(e)) oscillations of atmospheric neutrinos having energies
E � 2 GeV and crossing the Earth core on the way to the detector
(see Ref. 60 to Ref. 67 and the references quoted therein). The effects
of Earth matter on the oscillations of atmospheric and accelerator
neutrinos have not been observed so far. At present there are no
compelling evidences for oscillations of the atmospheric νe and/or ν̄e.

The expression for the probability of the νe → νμ oscillations
taking place in the Earth mantle in the case of 3-neutrino mixing,
in which both neutrino mass squared differences Δm2

21 and Δm2
31

contribute and the CP violation effects due to the Dirac phase in
the neutrino mixing matrix are taken into account, has the following
form in the constant density approximation and keeping terms up to
second order in the two small parameters |α| ≡ |Δm2

21|/|Δm2
31| ≪ 1

and sin2 θ13 ≪ 1 [69]:

P 3ν man
m (νe → νμ) ∼= P0 + Psin δ + Pcos δ + P3 . (13.45)

Here

P0 = sin2 θ23
sin2 2θ13

(A − 1)2
sin2[(A − 1)Δ]

P3 = α2 cos2 θ23
sin2 2θ12

A2
sin2(AΔ) , (13.46)

Psin δ = α
8 JCP

A(1 − A)
(sin Δ) (sin AΔ) (sin[(1 − A)Δ]) , (13.47)

Pcos δ = α
8 JCP cot δ

A(1 − A)
(cosΔ) (sin AΔ) (sin[(1 − A)Δ]) , (13.48)

where

α =
Δm2

21

Δm2
31

, Δ =
Δm2

31 L

4E
, A =

√
2GFNman

e
2E

Δm2
31

, (13.49)

and cot δ = J−1
CP Re(Uμ3U

∗
e3Ue2U

∗
μ2), JCP = Im(Uμ3U

∗
e3Ue2U

∗
μ2).

The analytic expression for P 3ν man
m (νe → νμ) given above is

valid for [69] neutrino path lengths in the mantle (L ≤ 10660 km)
satisfying L � 10560 km E[GeV] (7.6×10−5 eV2/Δm2

21), and energies
E � 0.34 GeV(Δm2

21/7.6 × 10−5 eV2) (1.4 cm−3NA/Nman
e ). The

expression for the ν̄e → ν̄μ oscillation probability can be obtained
formally from that for P 3ν man

m (νe → νμ) by making the changes
A → −A and JCP → −JCP , with JCP cot δ ≡ Re(Uμ3U

∗
e3Ue2U

∗
μ2)

remaining unchanged. The term Psin δ in P 3ν man
m (νe → νμ) would

be equal to zero if the Dirac phase in the neutrino mixing matrix
U possesses a CP-conserving value. Even in this case, however, we

have A
(μe) man
CP ≡ (P 3ν man

m (νe → νμ) − P 3ν man
m (ν̄e → ν̄μ)) �= 0

due to the effects of the Earth matter. It will be important to
experimentally disentangle the effects of the Earth matter and of JCP

in A
(μe) man
CP : this will allow to get information about the Dirac CP

violation phase in U . In the vacuum limit of Nman
e = 0 (A = 0) we

have A
(μe) man
CP = A

(μe)
CP (see Eq. (13.18)) and only the term Psin δ

contributes to the asymmetry A
(μe)
CP .
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13.3.2. Oscillations of solar neutrinos :

Consider next the oscillations of solar νe while they prop-
agate from the central part of the Sun, where they are pro-
duced, to the surface of the Sun [26,59] (see also, e.g.,
[70]). Details concerning the production, spectrum, magnitude and
particularities of the solar neutrino flux, the methods of detection
of solar neutrinos, description of solar neutrino experiments and of
the data they provided will be discussed in the next section (see also
Ref. 71). The electron number density Ne changes considerably along
the neutrino path in the Sun: it decreases monotonically from the
value of ∼ 100 cm−3 NA in the center of the Sun to 0 at the surface
of the Sun. According to the contemporary solar models (see, e.g.,
[71,72]) , Ne decreases approximately exponentially in the radial
direction towards the surface of the Sun:

Ne(t) = Ne(t0) exp

{

− t − t0
r0

}

, (13.50)

where (t − t0) ∼= d is the distance traveled by the neutrino in the Sun,
Ne(t0) is the electron number density at the point of νe production
in the Sun, r0 is the scale-height of the change of Ne(t) and one has
[71,72] r0 ∼ 0.1R⊙.

Consider the case of 2-neutrino mixing, Eq. (13.34). Obviously,
if Ne changes with t (or equivalently with the distance) along
the neutrino trajectory, the matter-eigenstates, their energies, the
mixing angle and the oscillation length in matter, become, through
their dependence on Ne, also functions of t: |νm

1,2〉 = |νm
1,2(t)〉,

Em
1,2 = Em

1,2(t), θm = θm(t) and Lm = Lm(t). It is not difficult to
understand qualitatively the possible behavior of the neutrino system
when solar neutrinos propagate from the center to the surface of the
Sun if one realizes that one is dealing effectively with a two-level
system whose Hamiltonian depends on time and admits “jumps”
from one level to the other (see Eq. (13.32)). Consider the case of
Δm2 cos 2θ > 0. Let us assume first for simplicity that the electron
number density at the point of a solar νe production in the Sun is
much bigger than the resonance density, Ne(t0) ≫ Nres

e . Actually,
this is one of the cases relevant to the solar neutrinos. In this case we
have θm(t0) ∼= π/2 and the state of the electron neutrino in the initial
moment of the evolution of the system practically coincides with the
heavier of the two matter-eigenstates:

|νe〉 ∼= |νm
2 (t0)〉 . (13.51)

Thus, at t0 the neutrino system is in a state corresponding to the
“level” with energy Em

2 (t0). When neutrinos propagate to the surface
of the Sun they cross a layer of matter in which Ne = Nres

e : in
this layer the difference between the energies of the two “levels”
(Em

2 (t) − Em
1 (t)) has a minimal value on the neutrino trajectory

(Eq. (13.37) and Eq. (13.39)). Correspondingly, the evolution of the
neutrino system can proceed basically in two ways. First, the system
can stay on the “level” with energy Em

2 (t), i.e., can continue to be
in the state |νm

2 (t)〉 up to the final moment ts, when the neutrino
reaches the surface of the Sun. At the surface of the Sun Ne(ts) = 0
and therefore θm(ts) = θ, |νm

1,2(ts)〉 ≡ |ν1,2〉 and Em
1,2(ts) = E1,2.

Thus, in this case the state describing the neutrino system at t0 will
evolve continuously into the state |ν2〉 at the surface of the Sun. Using
Eq. (13.29) with l = e and x = μ, it is easy to obtain the probabilities
to find νe and νμ at the surface of the Sun:

P (νe → νe; ts, t0) ∼= |〈νe|ν2〉|2 = sin2 θ

P (νe → νμ; ts, t0) ∼= |〈νμ|ν2〉|2 = cos2 θ . (13.52)

It is clear that under the assumption made and if sin2 θ ≪ 1,
practically a total νe → νμ conversion is possible. This type of
evolution of the neutrino system and the νe → νμ transitions taking
place during the evolution, are called [26] “adiabatic.” They
are characterized by the fact that the probability of the “jump”
from the upper “level” (having energy Em

2 (t)) to the lower “level”
(with energy Em

1 (t)), P ′, or equivalently the probability of the
νm
2 (t0) → νm

1 (ts) transition, P ′ ≡ P ′(νm
2 (t0) → νm

1 (ts)), on the whole
neutrino trajectory is negligible:

P ′ ≡ P ′(νm
2 (t0) → νm

1 (ts)) ∼= 0 : adiabatic transitions . (13.53)

The second possibility is realized if in the resonance region, where
the two “levels” approach each other closest the system “jumps” from
the upper “level” to the lower “level” and after that continues to be
in the state |νm

1 (t)〉 until the neutrino reaches the surface of the Sun.
Evidently, now we have P ′ ≡ P ′(νm

2 (t0) → νm
1 (ts)) ∼ 1. In this case

the neutrino system ends up in the state |νm
1 (ts)〉 ≡ |ν1〉 at the surface

of the Sun and

P (νe → νe; ts, t0) ∼= |〈νe|ν1〉|2 = cos2 θ

P (νe → νμ; ts, t0) ∼= |〈νμ|ν1〉|2 = sin2 θ . (13.54)

Obviously, if sin2 θ ≪ 1, practically no transitions of the solar νe into
νμ will occur. The considered regime of evolution of the neutrino
system and the corresponding νe → νμ transitions are usually referred
to as “extremely nonadiabatic.”

Clearly, the value of the “jump” probability P ′ plays a crucial role
in the the νe → νμ transitions: it fixes the type of the transition
and determines to a large extent the νe → νμ transition probability
[59,73,74]. We have considered above two limiting cases. Obviously,
there exists a whole spectrum of possibilities since P ′ can have any
value from 0 to cos2 θ [75,76]. In general, the transitions are called
“nonadiabatic” if P ′ is non-negligible.

Numerical studies have shown [26] that solar neutrinos can undergo
both adiabatic and nonadiabatic νe → νμ transitions in the Sun and
the matter effects can be substantial in the solar neutrino oscillations
for 10−8 eV2 �Δm2 � 10−4 eV2, 10−4 � sin2 2θ < 1.0.

The condition of adiabaticity of the solar νe transitions in Sun can
be written as [59,73]

γ(t) ≡
√

2GF
(Nres

e )2

|Ṅe(t)|
tan2 2θ

(

1 + tan−2 2θm(t)
)

3
2 ≫ 1

adiabatic transitions , (13.55)

while if γ(t)� 1 the transitions are nonadiabatic (see also Ref. 76),
where Ṅe(t) ≡ d

dtNe(t). Condition in Eq. (13.55) implies that the
νe → νμ(τ) transitions in the Sun will be adiabatic if Ne(t) changes
sufficiently slowly along the neutrino path. In order for the transitions
to be adiabatic, condition in Eq. (13.55) has to be fulfilled at any
point of the neutrino’s path in the Sun.

Actually, the system of evolution equations Eq. (13.32) can be
solved exactly for Ne changing exponentially, Eq. (13.50), along the
neutrino path in the Sun [75,77]. More specifically, the system in
Eq. (13.32) is equivalent to one second order differential equation
(with appropriate initial conditions). The latter can be shown [78]
to coincide in form, in the case of Ne given by Eq. (13.50), with
the Schroedinger equation for the radial part of the nonrelativistic
wave function of the Hydrogen atom [79]. On the basis of the exact
solution, which is expressed in terms of confluent hypergeometric
functions, it was possible to derive a complete, simple and very
accurate analytic description of the matter-enhanced transitions of
solar neutrinos in the Sun for any values of Δm2 and θ [25,75,76,80,81]
(see also [26,59,74,82,83]) .

The probability that a νe, produced at time t0 in the central part
of the Sun, will not transform into νμ(τ) on its way to the surface of

the Sun (reached at time ts) is given by

P 2ν
⊙ (νe → νe; ts, t0) = P̄ 2ν

⊙ (νe → νe; ts, t0) + Oscillating terms.
(13.56)

Here

P̄ 2ν
⊙ (νe → νe; ts, t0) ≡ P̄⊙ =

1

2
+

(

1

2
− P

′

)

cos 2θm(t0) cos 2θ ,

(13.57)
is the average survival probability for νe having energy E ∼= p [74],
where

P
′

=
exp

[

−2πr0
Δm2

2E sin2 θ
]

− exp
[

−2πr0
Δm2

2E

]

1 − exp
[

−2πr0
Δm2

2E

] , (13.58)
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is [75] the “jump” probability for exponentially varying Ne, and
θm(t0) is the mixing angle in matter at the point of νe production [82].
The expression for P̄ 2ν

⊙ (νe → νe; ts, t0) with P ′ given by Eq. (13.58)

is valid for Δm2 > 0, but for both signs of cos 2θ �= 0 [75,83]; it is
valid for any given value of the distance along the neutrino trajectory
and does not take into account the finite dimensions of the region of
νe production in the Sun. This can be done by integrating over the
different neutrino paths, i.e., over the region of νe production.

The oscillating terms in the probability P 2ν
⊙ (νe → νe; ts, t0) [80,78]

were shown [81] to be strongly suppressed for Δm2 � 10−7 eV2

by the various averagings one has to perform when analyzing the
solar neutrino data. The current solar neutrino and KamLAND
data suggest that Δm2 ∼= 7.6 × 10−5 eV2. For Δm2 � 10−7 eV2,
the averaging over the region of neutrino production in the Sun
etc. renders negligible all interference terms which appear in the
probability of νe survival due to the νe ↔ νμ(τ) oscillations in vacuum
taking place on the way of the neutrinos from the surface of the Sun
to the surface of the Earth. Thus, the probability that νe will remain
νe while it travels from the central part of the Sun to the surface of
the Earth is effectively equal to the probability of survival of the νe

while it propagates from the central part to the surface of the Sun and
is given by the average probability P̄⊙(νe → νe; ts, t0) (determined by
Eq. (13.57) and Eq. (13.58)).

If the solar νe transitions are adiabatic (P ′ ∼= 0) and cos 2θm(t0) ∼=
−1 (i.e., Ne(t0)/|Nres

e | ≫ 1, | tan 2θ|, the νe are born “above” (in Ne)
the resonance region), one has [26]

P̄ 2ν(νe → νe; ts, t0) ∼=
1

2
− 1

2
cos 2θ. (13.59)

The regime under discussion is realised for sin2 2θ ∼= 0.8 (suggested
by the data, Section 13.4), if E/Δm2 lies approximately in the range
(2 × 104 − 3 × 107) MeV/eV2 (see Ref. 76). This result is relevant for
the interpretation of the Super-Kamiokande and SNO solar neutrino
data. We see that depending on the sign of cos 2θ �= 0, P̄ 2ν(νe → νe)
is either bigger or smaller than 1/2. It follows from the solar neutrino
data that in the range of validity (in E/Δm2) of Eq. (13.59) we have
P̄ 2ν(νe → νe) ∼= 0.3. Thus, the possibility of cos 2θ ≤ 0 is ruled out by
the data. Given the choice Δm2 > 0 we made, the data imply that
Δm2 cos 2θ > 0.

If E/Δm2 is sufficiently small so that Ne(t0)/|Nres
e | ≪ 1, we have

P ′ ∼= 0, θm(t0) ∼= θ and the oscillations take place in the Sun as in
vacuum [26]:

P̄ 2ν(νe → νe; ts, t0) ∼= 1 − 1

2
sin2 2θ , (13.60)

which is the average two-neutrino vacuum oscillation probability. This
expression describes with good precision the transitions of the solar pp
neutrinos (Section 13.4). The extremely nonadiabatic νe transitions in
the Sun, characterised by γ(t) ≪ 1, are also described by the average
vacuum oscillation probability (Eq. (13.60)) (for Δm2 cos 2θ > 0 in this
case we have (see e.g., [75,76]) cos 2θm(t0) ∼= −1 and P ′ ∼= cos2 θ).

The probability of νe survival in the case 3-neutrino mixing takes
a simple form for |Δm2

31| ∼= 2.4 × 10−3 eV2 ≫ |Δm2
21|. Indeed, for

the energies of solar neutrinos E � 10 MeV, Nres corresponding to
|Δm2

31| satisfies Nres
e31 � 103 cm−3 NA and is by a factor of 10 bigger

than Ne in the center of the Sun. As a consequence, the oscillations
due to Δm2

31 proceed as in vacuum. The oscillation length associated
with |Δm2

31| satisfies Lv
31 � 10 km ≪ ΔR, ΔR being the dimension

of the region of νe production in the Sun. We have for the different
components of the solar νe flux [71] ΔR ∼= (0.04−0.20)R⊙. Therefore
the averaging over ΔR strongly suppresses the oscillations due to
Δm2

31 and we get [61,84]:

P 3ν
⊙

∼= sin4 θ13 + cos4 θ13 P 2ν
⊙ (Δm2

21, θ12; Ne cos2 θ13) , (13.61)

where P 2ν
⊙ (Δm2

21, θ12; Ne cos2 θ13) is given by Eq. (13.56) to

Eq. (13.58) in which Δm2 = Δm2
21, θ = θ12 and the solar e−

number density Ne is replaced by Ne cos2 θ13. Thus, the solar νe

transitions observed by the Super-Kamiokande and SNO experiments
are described approximately by:

P 3ν
⊙

∼= sin4 θ13 + cos4 θ13 sin2 θ12 . (13.62)

The data show that P 3ν
⊙

∼= 0.3, which is a strong evidence for matter
effects in the solar νe transitions [85] since in the case of oscillations
in vacuum P 3ν

⊙
∼= sin4 θ13 + (1 − 0.5 sin2 2θ12) cos4 θ13 � 0.48, where

we used sin2 θ13 < 0.056 and sin2 2θ12 � 0.93.

13.4. Measurements of Δm
2

⊙
and θ⊙

13.4.1. Solar neutrino observations :

Observation of solar neutrinos directly addresses the theory of
stellar structure and evolution, which is the basis of the standard solar
model (SSM). The Sun as a well-defined neutrino source also provides
extremely important opportunities to investigate nontrivial neutrino
properties such as nonzero mass and mixing, because of the wide range
of matter density and the great distance from the Sun to the Earth.

The solar neutrinos are produced by some of the fusion reactions in
the pp chain or CNO cycle. The combined effect of these reactions is
written as

4p → 4He + 2e+ + 2νe. (13.63)

Figure 13.2: The solar neutrino spectrum predicted by the
BS05(OP) standard solar model [86]. The neutrino fluxes
are given in units of cm−2s−1MeV−1 for continuous spectra
and cm−2s−1 for line spectra. The numbers associated with
the neutrino sources show theoretical errors of the fluxes.
This figure is taken from the late John Bahcall’s web site,
http://www.sns.ias.edu/~jnb/.

Positrons annihilate with electrons. Therefore, when considering the
solar thermal energy generation, a relevant expression is

4p + 2e− → 4He + 2νe + 26.73 MeV − Eν , (13.64)

where Eν represents the energy taken away by neutrinos, with
an average value being 〈Eν〉 ∼ 0.6 MeV. There have been efforts
to calculate solar neutrino fluxes from these reactions on the
basis of SSM. A variety of input information is needed in the
evolutionary calculations. The most elaborate SSM calculations have
been developed by Bahcall and his collaborators, who define their SSM
as the solar model which is constructed with the best available physics
and input data. Therefore, their SSM calculations have been rather
frequently updated. SSM’s labelled as BS05(OP) [86], BSB06(GS)
and BSB06(AGS) [72], and BPS08(GS) and BPS08(AGS) [87]
represent recent model calculations. (Bahcall passed away in 2005,
but his program to improve SSM is still pursued by his collaborators.)
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Here, “OP” means that newly calculated radiative opacities from the
“Opacity Project” are used. The later models are also calculated with
OP opacities. “GS” and “AGS” refer to old and new determinations of
solar abundances of heavy elements. There are significant differences
between the old, higher heavy element abundances (GS) and the
new, lower heavy element abundances (AGS). The BS05(OP) model
was calculated with GS, but it adopted conservative theoretical
uncertainties in the solar neutrino fluxes to account for the differences
between GS and AGS. The models with GS are consistent with
helioseismological data, but the models with AGS are not. The
BPS08(GS) model may be considered to be the currently preferred
SSM. Its prediction for the fluxes from neutrino-producing reactions
is given in Table 13.2. Fig. 13.2 shows the solar-neutrino spectra
calculated with the BS05(OP) model which is similar to the
BPS08(GS) model.

Table 13.2: Neutrino-producing reactions in the Sun (first
column) and their abbreviations (second column). The neutrino
fluxes predicted by the BPS08(GS) model [87] are listed in the
third column.

Reaction Abbr. Flux (cm−2 s−1)

pp → d e+ ν pp 5.97(1 ± 0.006)× 1010

pe−p → d ν pep 1.41(1 ± 0.011)× 108

3He p → 4He e+ν hep 7.90(1 ± 0.15)× 103

7Be e− → 7Li ν + (γ) 7Be 5.07(1 ± 0.06)× 109

8B → 8Be∗ e+ν 8B 5.94(1 ± 0.11)× 106

13N → 13C e+ν 13N 2.88(1 ± 0.15)× 108

15O → 15N e+ν 15O 2.15(1+0.17
−0.16) × 108

17F → 17O e+ν 17F 5.82(1+0.19
−0.17) × 106

So far, solar neutrinos have been observed by chlorine (Homestake)
and gallium (SAGE, GALLEX, and GNO) radiochemical detectors
and water Cherenkov detectors using light water (Kamiokande and
Super-Kamiokande) and heavy water (SNO). Recently, a liquid
scintillation detector (Borexino) successfully observed low energy solar
neutrinos.

A pioneering solar neutrino experiment by Davis and collaborators
at Homestake using the 37Cl - 37Ar method proposed by Pontecorvo
[88] started in the late 1960’s. This experiment exploited νe absorption
on 37Cl nuclei followed by the produced 37Ar decay through orbital
e− capture,

νe +37 Cl → 37Ar + e− (threshold 814 keV). (13.65)

The 37Ar atoms produced are radioactive, with a half life (τ1/2) of
34.8 days. After an exposure of the detector for two to three times
τ1/2, the reaction products were chemically extracted and introduced
into a low-background proportional counter, where they were counted
for a sufficiently long period to determine the exponentially decaying
signal and a constant background. Solar-model calculations predict
that the dominant contribution in the chlorine experiment came from
8B neutrinos, but 7Be, pep, 13N, and 15O neutrinos also contributed
(for notations, refer to Table 13.2).

From the very beginning of the solar-neutrino observation [89],
it was recognized that the observed flux was significantly smaller
than the SSM prediction, provided nothing happens to the electron
neutrinos after they are created in the solar interior. This deficit has
been called “the solar-neutrino problem.”

Gallium experiments (GALLEX and GNO at Gran Sasso in Italy
and SAGE at Baksan in Russia) utilize the reaction

νe +71 Ga → 71Ge + e− (threshold 233 keV). (13.66)

They are sensitive to the most abundant pp solar neutrinos. However,
the solar-model calculations predict almost half of the capture rate

in gallium is due to other solar neutrinos. GALLEX presented the
first evidence of pp solar-neutrino observation in 1992 [7]. The
GALLEX Collaboration finished observations in early 1997 [8].
Since April, 1998, a newly defined collaboration, GNO (Gallium
Neutrino Observatory) continued the observations until April 2003.
The GNO results are published in Ref. 9. The GNO + GALLEX
joint analysis results are also presented in Ref. 9. SAGE initially
reported very low flux [90], but later observed similar flux to that
of GALLEX. The latest SAGE results are published in Ref. 6. The
SAGE experiment continues to collect data.

In 1987, the Kamiokande experiment in Japan succeeded in
real-time solar neutrino observation, utilizing νe scattering,

νx + e− → νx + e− , (13.67)

in a large water-Cherenkov detector. This experiment takes advantage
of the directional correlation between the incoming neutrino and the
recoil electron. This feature greatly helps the clear separation of the
solar-neutrino signal from the background. The Kamiokande result
gave the first direct evidence that neutrinos come from the direction
of the Sun [91]. Later, the high-statistics Super-Kamiokande
experiment [92,93] with a 50-kton water Cherenkov detector replaced
the Kamiokande experiment. Due to the high thresholds (7 MeV
in Kamiokande and 5 MeV at present in Super-Kamiokande) the
experiments observe pure 8B solar neutrinos. It should be noted that
the reaction (Eq. (13.67)) is sensitive to all active neutrinos, x = e, μ,
and τ . However, the sensitivity to νμ and ντ is much smaller than the
sensitivity to νe, σ(νμ,τ e) ≈ 0.16 σ(νee).

In 1999, a new real time solar-neutrino experiment, SNO
(Sudbury Neutrino Observatory), in Canada started observation. This
experiment used 1000 tons of ultra-pure heavy water (D2O) contained
in a spherical acrylic vessel, surrounded by an ultra-pure H2O shield.
SNO measured 8B solar neutrinos via the charged-current (CC) and
neutral-current (NC) reactions

νe + d → e− + p + p (CC) , (13.68)

and
νx + d → νx + p + n (NC) , (13.69)

as well as νe scattering, (Eq. (13.67)). The CC reaction, (Eq. (13.68)),
is sensitive only to νe, while the NC reaction, (Eq. (13.69)), is
sensitive to all active neutrinos. This is a key feature to solve the
solar neutrino problem. If it is caused by flavour transitions such as
neutrino oscillations, the solar neutrino fluxes measured by CC and
NC reactions would show a significant difference.

The Q-value of the CC reaction is −1.4 MeV and the e− energy is
strongly correlated with the νe energy. Thus, the CC reaction provides
an accurate measure of the shape of the 8B neutrino spectrum.
The contributions from the CC reaction and νe scattering can be
distinguished by using different cos θ distributions, where θ is the
angle of the e− momentum with respect to the Sun-Earth axis. While
the νe scattering events have a strong forward peak, CC events have
an approximate angular distribution of 1 − 1/3 cosθ.

The neutrino energy threshold of the NC reaction is 2.2 MeV. In
the pure D2O [11,12], the signal of the NC reaction was neutron
capture in deuterium, producing a 6.25-MeV γ-ray. In this case, the
capture efficiency was low and the deposited energy was close to the
detection threshold of 5 MeV. In order to enhance both the capture
efficiency and the total γ-ray energy (8.6 MeV), 2 tons of NaCl were
added to the heavy water in the second phase of the experiment [94].
Subsequently NaCl was removed and an array of 3He neutron counters
were installed for the third phase measurement [95]. These neutron
counters provided independent NC measurement with different
systematics from that of the second phase, and thus strengthened the
reliability of the NC measurement.

Another real time solar neutrino experiment, Borexino at Gran
Sasso in Italy, started solar neutrino observation in 2007. This
experiment measures solar neutrinos via νe scattering in 300 tons
of ultra-pure liquid scintillator. With a detection threshold as low
as 250 keV, the flux of monochromatic 0.862 MeV 7Be solar
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neutrinos has been directly observed for the first time. The observed
energy spectrum shows the characteristic Compton-edge over the
background [96]. Measurements of low energy solar neutrinos are
important not only to test the SSM further, but also to study the
MSW effect over the energy region spanning from sub-MeV to 10
MeV.

Table 13.3: Results from radiochemical solar-neutrino ex-
periments. The predictions of a recent standard solar model
BPS08(GS) are also shown. The first and the second errors in
the experimental results are the statistical and systematic errors,
respectively. SNU (Solar Neutrino Unit) is defined as 10−36

neutrino captures per atom per second.

37Cl→37Ar (SNU) 71Ga→71Ge (SNU)

Homestake [4] 2.56 ± 0.16 ± 0.16 –

GALLEX [8] – 77.5 ± 6.2+4.3
−4.7

GNO [9] – 62.9+5.5
−5.3 ± 2.5

GNO+GALLEX [9] – 69.3 ± 4.1 ± 3.6

SAGE [6] – 65.4+3.1+2.6
−3.0−2.8

SSM [BPS08(GS)] [87] 8.46+0.87
−0.88 127.9+8.1

−8.2

Table 13.3 and Table 13.4 show the results from solar-neutrino
experiments compared with the SSM calculations. Table 13.4 includes
the results from the SNO group’s recent joint analysis of the SNO
Phase I and Phase II data with the analysis threshold as low as 3.5
MeV (effective electron kinetic energy) and significantly improved
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Figure 13.3: Fluxes of 8B solar neutrinos, φ(νe), and
φ(νμ or τ ), deduced from the SNO’s CC, ES, and NC results
of the salt phase measurement [94]. The Super-Kamiokande
ES flux is from Ref. 99. The BS05(OP) standard solar model
prediction [86] is also shown. The bands represent the 1σ error.
The contours show the 68%, 95%, and 99% joint probability for
φ(νe) and φ(νμ or τ ). The figure is from Ref. 94. Color version
at end of book.

systematic uncertainties [97]. It is seen from these tables that
the results from all the solar-neutrino experiments, except SNO’s
NC result, indicate significantly less flux than expected from the
solar-model predictions.

Table 13.4: Results from real time solar-neutrino experiments. The predictions
of a recent standard solar model BPS08(GS) are also shown. The first and the
second errors in the experimental results are the statistical and systematic errors,
respectively.

Reaction 8B ν flux 7Be ν flux

(106cm−2s−1) (109cm−2s−1)

Kamiokande [5] νe 2.80 ± 0.19 ± 0.33 −
Super-Kamiokande [93] νe 2.35 ± 0.02 ± 0.08 −
SNO Phase I [12] CC 1.76+0.06

−0.05 ± 0.09 −
(pure D20) νe 2.39+0.24

−0.23 ± 0.12 −
NC 5.09+0.44+0.46

−0.43−0.43 −
SNO Phase II [94] CC 1.68 ± 0.06+0.08

−0.09 −
(NaCl in D2O) νe 2.35 ± 0.22 ± 0.15 −

NC 4.94 ± 0.21+0.38
−0.34 −

SNO Phase III [95] CC 1.67+0.05+0.07
−0.04−0.08 −

(3He counters) νe 1.77+0.24+0.09
−0.21−0.10 −

NC 5.54+0.33+0.36
−0.31−0.34 −

SNO Phase I+II [97] NC 5.140+0.160+0.132
−0.158−0.117 −

(Joint Analysis) φ8B from fit to all data 5.046+0.159+0.107
−0.152−0.123 −

Borexino [96] νe − 3.36 ± 0.34

SSM [BPS08(GS)] [87] − 5.94(1 ± 0.11) 5.07(1 ± 0.06)
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13.4.2. Evidence for solar neutrino flavour conversion :

Solar neutrino experiments achieved remarkable progress in
the past ten years, and the solar-neutrino problem, which had
remained unsolved for more than 30 years, has been understood
as due to neutrino flavour conversion. In 2001, the initial SNO
CC result combined with the Super-Kamiokande’s high-statistics νe
elastic scattering result [98] provided direct evidence for flavour
conversion of solar neutrinos [11]. Later, SNO’s NC measurements
further strengthened this conclusion [12,94,95]. From the salt-phase
measurement [94], the fluxes measured with CC, ES, and NC events
were obtained as

φCC
SNO = (1.68 ± 0.06+0.08

−0.09) × 106cm−2s−1 , (13.70)

φES
SNO = (2.35 ± 0.22 ± 0.15)× 106cm−2s−1 , (13.71)

φNC
SNO = (4.94 ± 0.21+0.38

−0.34) × 106cm−2s−1 , (13.72)
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Figure 13.4: The ratio of the background and geoneutrino-
subtracted ν̄e spectrum to the predicted one without oscillations
(survival probability) as a function of L0/E, where L0=180km.
The curves show the best-fit expectations for ν̄e oscillations. The
figure is from Ref. [101].

where the first errors are statistical and the second errors are
systematic. In the case of νe → νμ,τ transitions, Eq. (13.72) is a
mixing-independent result and therefore tests solar models. It shows
good agreement with the 8B solar-neutrino flux predicted by the solar
model [86]. Fig. 13.3 shows the salt phase result of φ(νμ or τ ) versus
the flux of electron neutrinos φ(νe) with the 68%, 95%, and 99% joint
probability contours. The flux of non-νe active neutrinos, φ(νμ or τ ),
can be deduced from these results. It is

φ(νμ or τ ) =
(

3.26 ± 0.25+0.40
−0.35

)

× 106cm−2s−1. (13.73)

The non-zero φ(νμ or τ ) is strong evidence for neutrino flavor
conversion. These results are consistent with those expected from
the LMA (large mixing angle) solution of solar neutrino oscillation
in matter [25,26] with Δm2

⊙ ∼ 5 × 10−5 eV2 and tan2θ⊙ ∼ 0.45.
However, with the SNO data alone, the possibility of other solutions
cannot be excluded with sufficient statistical significance.

13.4.3. KamLAND experiment : KamLAND is a 1-kton ultra-
pure liquid scintillator detector located at the old Kamiokande’s site
in Japan. The primary goal of the KamLAND experiment was a
long-baseline (flux-weighted average distance of ∼ 180 km) neutrino
oscillation studies using ν̄e’s emitted from nuclear power reactors.
The reaction ν̄e + p → e+ + n is used to detect reactor ν̄e’s and
a delayed coincidence of the positron with a 2.2 MeV γ-ray from
neutron capture on a proton is used to reduce the backgrounds. With
the reactor ν̄e’s energy spectrum (< 8 MeV) and a prompt-energy
analysis threshold of 2.6 MeV, this experiment has a sensitive Δm2

range down to ∼ 10−5 eV2. Therefore, if the LMA solution is the
real solution of the solar neutrino problem, KamLAND should observe
reactor ν̄e disappearance, assuming CPT invariance.

The first KamLAND results [15] with 162 ton·yr exposure were
reported in December 2002. The ratio of observed to expected
(assuming no ν̄e oscillations) number of events was

Nobs − NBG

NNoOsc
= 0.611± 0.085 ± 0.041 (13.74)
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Figure 13.5: 68%, 95%, and 99.73% confidence level allowed
parameter regions as well as the best-fit points are shown for
(left) global solar neutrino data analysis and (right) global solar
neutrino + KamLAND data analysis. This figure is taken from
Ref. 95.

with obvious notation. This result showed clear evidence of an event
deficit expected from neutrino oscillations. The 95% CL allowed
regions are obtained from the oscillation analysis with the observed
event rates and positron spectrum shape. A combined global solar
+ KamLAND analysis showed that the LMA is a unique solution
to the solar neutrino problem with > 5σ CL [100]. With increased
statistics [16,101], KamLAND observed not only the distortion of the
ν̄e spectrum, but also the periodic feature of the ν̄e survival probability
expected from neutrino oscillations for the first time (see Fig. 13.4). A
two-neutrino oscillation analysis gave Δm2

⊙ = 7.58+0.14+0.15
−0.13−0.15 × 10−5

eV2 and tan2θ⊙ = 0.56+0.10+0.10
−0.07−0.06.

13.4.4. Global neutrino oscillation analysis :

The SNO Collaboration updated [95] a two-neutrino oscilla-
tion analysis including all the solar neutrino data (SNO, Super-
Kamiokande, chlorine, gallium, and Borexino) and the KamLAND
data [101]. The best fit parameters obtained from this global
solar + KamLAND analysis are Δm2

⊙ = 7.59+0.19
−0.21 × 10−5 eV2 and

θ⊙ = 34.4+1.3
−1.2 degrees (tan2θ⊙ = 0.468+0.048

−0.040). The global solar

analysis, however, gives the best fit parameters of Δm2
⊙ = 4.90× 10−5

eV2 and tan2θ⊙ = 0.437. The allowed parameter regions obtained
from these two analyses are shown in Fig. 13.5. The best-fit values of
Δm2

⊙ from the two analyses show a rather large difference. However,
according to the recent SNO’s two-neutrino oscillation analyses using
its Phase I and Phase II joint analysis [97] results, this difference has
become smaller. Namely, the best fit parameters obtained from the
new global solar + KamLAND analysis are Δm2

⊙ = 7.59+0.20
−0.21 × 10−5

eV2 and θ⊙ = 34.06+1.16
−0.84 degrees (tan2θ⊙ = 0.457+0.040

−0.029), and those

from the global solar analysis are Δm2
⊙ = 5.89+2.13

−2.16 × 10−5 eV2 and

tan2θ⊙ = 0.457+0.038
−0.041 [97].

13.5. Measurements of |Δm
2

A
| and θA

13.5.1. Atmospheric neutrino results :

The first compelling evidence for the neutrino oscillation was
presented by the Super-Kamiokande Collaboration in 1998 [13]
from the observation of atmospheric neutrinos produced by cosmic-
ray interactions in the atmosphere. The zenith-angle distributions
of the μ-like events which are mostly muon-neutrino and muon
antineutrino initiated charged-current interactions, showed a clear
deficit compared to the no-oscillation expectation. Note that a water
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Figure 13.6: The zenith angle distributions for fully contained
1-ring e-like and μ-like events with visible energy < 1.33 GeV
(sub-GeV) and > 1.33 GeV (multi-GeV). For multi-GeV μ-like
events, a combined distribution with partially contained (PC)
events is shown. The dotted histograms show the non-oscillated
Monte Carlo events, and the solid histograms show the best-fit
expectations for νμ ↔ ντ oscillations. (This figure is provided by
the Super-Kamiokande Collab.) Color version at end of book.

Cherenkov detector cannot measure the charge of the final-state
leptons, and therefore neutrino and antineutrino induced events
cannot be discriminated. Neutrino events having their vertex in the
22.5 kton fiducial volume in Super-Kamiokande are classified into fully
contained (FC) events and partially contained (PC) events. The FC
events are required to have no activity in the anti-counter. The total
visible energy (proportional to the total number of photoelectrons
measured by the photomultiplier tubes in the inner detector) can be
measured for the FC events.

FC events are subjected to particle identification of the final-state
particles. Single-ring events have only one charged lepton which
radiates Chrenkov light in the final state, and particle identification
is particularly clean for single-ring FC events. The method adopted
for the FC events identifies the particle types as e-like or μ-like based
on the pattern of each Cherenkov ring. A ring produced by an e-like
(e±, γ) particle exhibits a more diffuse pattern than that produced
by a μ-like (μ±, π±) particle, since an e-like particle produces an
electromagnetic shower and low-energy electrons suffer considerable
multiple Coulomb scattering in water. All the PC events were assumed
to be μ-like since the PC events comprise a 98% pure charged-current
νμ sample.

Fig. 13.6 shows the zenith-angle distributions of e-like and μ-like
events from the SK-I measurement [102]. cosθ = 1 corresponds
to the downward direction, while cosθ = −1 corresponds to the
upward direction. Events included in these plots are single-ring FC
events subdivided into sub-GeV (visible energy < 1.33 GeV) events
and multi-GeV (visible energy > 1.33 GeV) events. Note that the
zenith-angle distribution of the multi-GeV μ-like events is shown
combined with that of the PC events. The final-state leptons in these
events have good directional correlation with the parent neutrinos.
The dotted histograms show the Monte Carlo expectation for neutrino
events. If the produced flux of atmospheric neutrinos of a given
flavour remains unchanged at the detector, the data should have
similar distributions to the expectation. However, the zenith-angle
distribution of the μ-like events shows a strong deviation from the
expectation. On the other hand, the zenith-angle distribution of the
e-like events is consistent with the expectation. This characteristic
feature may be interpreted that muon neutrinos coming from the
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opposite side of the Earth’s atmosphere, having travelled ∼ 10, 000 km,
oscillate into other neutrinos and disappeared, while oscillations still
do not take place for muon neutrinos coming from above the detector,
having travelled a few km. Disappeared muon neutrinos may have
oscillated into tau neutrinos because there is no indication of electron
neutrino appearance. The atmospheric neutrinos corresponding to the
events shown in Fig. 13.6 have E = 1 ∼ 10 GeV. With L = 10000 km,
the hypothesis of neutrino oscillations suggests Δm2 ∼ 10−3 − 10−4

eV2. The solid histograms show the best-fit results of a two-neutrino
oscillation analysis with the hypothesis of νμ ↔ ντ . (To constrain
the flux of atmospheric neutrinos through the accurately predicted
νμ/νe ratio, e-like events are included in the fit.) They reproduce
the observed data well. The oscillation parameters determined
by the SK-I atmospheric neutrino data are sin22θA > 0.92 and
1.5 × 10−3 < |Δm2

A| < 3.4 × 10−3 eV2 at 90% confidence level. For
the allowed parameter region, see Fig. 13.7.

Though the SK-I atmospheric neutrino observations gave compelling
evidence for muon neutrino disappearance which is consistent with
two-neutrino oscillation νμ ↔ ντ [103], the question may be asked
whether the observed muon neutrino disappearance is really due to
neutrino oscillations. First, other exotic explanations such as neutrino
decay [104] and quantum decoherence [105] cannot be completely
ruled out from the zenith-angle distributions alone. To provide firm
evidence for neutrino oscillation, we need to confirm the characteristic
sinusoidal behavior of the conversion probability as a function of
neutrino energy E for a fixed distance L in the case of long-baseline
neutrino oscillation experiments, or as a function of L/E in the
case of atmospheric neutrino experiments. By selecting events with
high L/E resolution, evidence for the dip in the L/E distribution
was observed at the right place expected from the interpretation of
the SK-I data in terms of νμ ↔ ντ oscillations [14], Fig. 13.8.
This dip cannot be explained by alternative hypotheses of neutrino
decay and neutrino decoherence, and they are excluded at more
than 3σ in comparison with the neutrino oscillation interpretation.
At 90% CL, the constraints obtained from the L/E analysis are
1.9 × 10−3 < |Δm2

A| < 3.0 × 10−3 eV2 and sin22θA > 0.90. (see
Fig. 13.7).

Second, a natural question is whether appearance of tau neutrinos
has been observed in the Super-Kamiokande detector. Detection of ντ

CC reactions in a water Cherenkov detector is not easy. In addition
to the low flux of atmospheric neutrinos above the threshold of these
reactions, 3.5 GeV, the interactions are mostly deep inelastic scattering,
leading to complicated multiring event pattern. Nevertheless, search
for a ντ appearance signal by using criteria to enhance ντ CC events
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Figure 13.8: Results of the L/E analysis of SK-I atmospheric
neutrino data. The points show the ratio of the data to the
Monte Carlo prediction without oscillations, as a function of
the reconstructed L/E. The error bars are statistical only. The
solid line shows the best fit with 2-flavour νμ ↔ ντ oscillations.
The dashed and dotted lines show the best fit expectations
for neutrino decay and neutrino decoherence hypotheses,
respectively. (From Ref. 14.)

(high visible energy, high average multiplicity, etc.) found candidate
events in the upward-going direction as expected [103]. However, the
significance of the signal is yet marginal; no ντ appearance hypothesis
is disfavored at only 2.4σ.

13.5.2. Results from accelerator experiments :

The Δm2 ≥ 2 × 10−3 eV2 region can be explored by accelerator-
based long-baseline experiments with typically E ∼ 1 GeV and
L ∼ several hundred km. With a fixed baseline distance and a
narrower, well understood neutrino spectrum, the value of |Δm2

A|
and, with higher statistics, also the mixing angle, are potentially
better constrained in accelerator experiments than from atmospheric
neutrino observations.

The K2K (KEK-to-Kamioka) long-baseline neutrino oscillation
experiment [20] is the first accelerator-based experiment with a
neutrino path length extending hundreds of kilometers. K2K aimed
at confirmation of the neutrino oscillation in νμ disappearance
in the |Δm2

A| ≥ 2 × 10−3 eV2 region. A horn-focused wide-band
muon neutrino beam having an average L/Eν ∼ 200 (L = 250 km,
〈Eν〉 ∼ 1.3 GeV), was produced by 12-GeV protons from the KEK-PS
and directed to the Super-Kamiokande detector. The spectrum and
profile of the neutrino beam were measured by a near neutrino detector
system located 300 m downstream from the production target.

The construction of the K2K neutrino beam line and the near
detector began before Super-Kamiokande’s discovery of atmospheric
neutrino oscillations, and the stable data-taking started in June 1999.
Super-Kamiokande events caused by accelerator-produced neutrinos
were selected using the timing information from the global positioning
system. Data were intermittently taken until November 2004. The
total number of protons on target (POT) for physics analysis amounted
to 0.92 ×1020. The observed number of beam-originated FC events in
the 22.5 kton fiducial volume of Super-Kamiokande was 112, compared
with an expectation of 158.1+9.2

−8.6 events without oscillation. For 58
1-ring μ-like subset of the data, the neutrino energy was reconstructed
from measured muon momentum and angle, assuming CC quasielestic
kinematics. The measured energy spectrum showed the distortion
expected from neutrino oscillations. From a 2-flavour neutrino
oscillation analysis, the allowed parameter region shown in Fig. 13.7 is
obtained. At sin22θA = 1.0, 1.9 × 10−3 < |Δm2

A| < 3.5 × 10−3 eV2 at

the 90% CL with the best-fit value of 2.8× 10−3 eV2. The probability
that the observations are due to a statistical fluctuation instead of
neutrino oscillation is 0.0015% or 4.3 σ [20].

MINOS is the second long-baseline neutrino oscillation experiment
with near and far detectors. Neutrinos are produced by the NuMI
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Figure 13.9: Ratio of the MINOS far detector data and the
expected spectrum for no oscillations. The best-fit with the
hypothesis of νμ → ντ oscillations as well as the best fit to
alternative models (neutrino decay and decoherence) is also
shown. This figure is taken from Ref. 22.

(Neutrinos at the Main Injector) facility using 120 GeV protons from
the Fermilab Main Injector. The far detector is a 5.4 kton (total mass)
iron-scintillator tracking calorimeter with toroidal magnetic field,
located underground in the Soudan mine. The baseline distance is 735
km. The near detector is also an iron-scintillator tracking calorimeter
with toroidal magnetic field, with a total mass of 0.98 kton. The
neutrino beam is a horn-focused wide-band beam. Its energy spectrum
can be varied by moving the target position relative to the first horn
and changing the horn current.

MINOS started the neutrino-beam run in 2005. Initial results were
reported [21] using tha data taken between May 2005 and February
2006 with 1.27×1020 POT, and the updated results corresponding to a
total POT of 3.36× 1020 (May 2005 to July 2007) were published [22]
recently. During this period, a “low-energy” option was mostly chosen
for the spectrum of the neutrino beam so that the flux was enhanced in
the 1-5 GeV energy range. In the far detector, a total of 848 CC events
were produced by the NuMI beam, compared to the unoscillated
expectation of 1065 ± 60 (syst) events. Fig. 13.9 shows the ratio of
observed energy spectrum and the expected one with no oscillation.
Fig. 13.7 shows the 68% and 90% CL allowed regions obtained from
the νμ → ντ oscillation analysis. The results are compared with the
90% CL allowed regions obtained from the initial MINOS [21], SK-I
zenith-angle dependence [102], the SK-I L/E analysis [14], and
the K2K results [20]. The MINOS results are consistent with the
SK-I and K2K results, and constrain the oscillation parameters as
|Δm2

A| = (2.43 ± 0.13) × 10−3 eV2 (68% CL) and sin2 2θA > 0.90
at 90% CL. The alternative models to explain the νμ disappearance,
neutrino decay and quantum decoherence of neutrinos, are disfavored
at the 3.7 and 5.7σ, respectively, by the MINOS data (see Fig. 13.9).

The regions of neutrino parameter space favoured or excluded by
various neutrino oscillation experiments are shown in Fig. 13.10.

A promising method to confirm the appearance of ντ from νμ → ντ

oscillations is an accelerator long-baseline experiment using emulsion
technique to identify short-lived τ leptons event-by-event. The only
experiment of this kind is OPERA [106] with a neutrino source at
CERN and a detector at Gran Sasso with the baseline distance of 732
km. The detector is a combination of the “Emulsion Cloud Chamber”
and magnetized spectrometer. The CNGS (CERN Neutrinos to Gran
Sasso) neutrino beam with 〈Eν〉 = 17 GeV is produced by high-energy
protons from the CERN SPS. With so-called shared SPS operation,
4.5 × 1019 POT/yr is expected. With this beam and 1.35 kt target
mass, a ντ appearance signal of about 10 events is expected in 5 years
run with full intensity.
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Figure 13.10: The regions of squared-mass splitting and
mixing angle favored or excluded by various experiments.
The figure was contributed by H. Murayama (University
of California, Berkeley, and IPMU, University of Tokyo).
References to the data used in the figure can be found at
http://hitoshi.berkeley.edu/neutrino. Color version at
end of book.

13.6. Measurements of θ13

Reactor ν̄e disappearance experiments with L ∼ 1 km, 〈E〉 ∼ 3
MeV are sensitive to ∼ E/L ∼ 3×10−3 eV2 ∼ |Δm2

A|. At this baseline

distance, the reactor ν̄e oscillations driven by Δm2
⊙ are negligible.

Therefore, as can be seen from Eq. (13.22) and Eq. (13.24), θ13

can be directly measured. A reactor neutrino oscillation experiment
at the Chooz nuclear power station in France [107] was the first
experiment of this kind. The detector was located in an underground
laboratory with 300 mwe (meter water equivalent) rock overburden,
at about 1 km from the neutrino source. It consisted of a central
5-ton target filled with 0.09% gadolinium loaded liquid scintillator,
surrounded by an intermediate 17-ton and outer 90-ton regions filled
with undoped liquid scintillator. Reactor ν̄e’s were detected via the
reaction ν̄e + p → e+ + n. Gd-doping was chosen to maximize the
neutron capture efficiency. The CHOOZ experiment [107] found
no evidence for ν̄e disappearance. The 90% CL upper limit for
Δm2 = 2.0 × 10−3 eV2 is sin22θ13 < 0.19 and for the MINOS
measurement [22] of |Δm2

A| = 2.43 × 10−3 eV, sin22θ13 < 0.15, both
at 90% CL.

A similar reactor neutrino oscillation experiment was also conducted
at the Palo Verde Nuclear Generating Station in Arizona [108]. This
experiment used a segmented Gd-loaded liquid scintillator detector
with a total mass of 11.34 tons. The detector was located at a

shallow underground site with only 32 mwe. This experiment found no
evidence for ν̄e disappearance either [108]. The excluded oscillation
parameter region is consistent with, but less restrictive than, the
CHOOZ results.

In the accelerator neutrino oscillation experiments with conventional
neutrino beams, θ13 can be measured using νμ → νe appearance. The
K2K experiment searched for the νμ → νe appearance signal [109],
but no evidence was found. Using the dominant term in the probability
of νμ → νe appearance (see Eq. (13.23) and Eq. (13.24)),

P (νμ → νe) = sin2 2θ13 · sin2 θ23 · sin2(1.27Δm2L/E)

∼ 1

2
sin2 2θ13 sin2(1.27Δm2L/E) , (13.75)

the 90% CL upper limit sin22θ13 < 0.26 was obtained at the K2K
measurement of Δm2 = 2.8 × 10−3 eV2. Though this limit is less
significant than the CHOOZ limit, it is the first result obtained from
an accelerator νe appearance experiment.

By examining the exact expression for the oscillation probability,
however, it is understood that some of the neglected terms could have
rather large effects and the unknown CP-violating phase δ causes
uncertainties in determining the value of θ13. Actually, from the
measurement of νμ → νe appearance, θ13 is given as a function of δ
for a given sign of Δm2

32. Also, deviations from maximal θ23 mixing
would cause a further uncertainty. Therefore, a single experiment
with a neutrino beam cannot determine the value of θ13 though it is
possible to establish non-zero θ13.

Turning to atmospheric and solar neutrino observations, Eq. (13.40)
to Eq. (13.43) and Eq. (13.62) indicate that they are sensitive to
θ13 through sub-leading effects. So far the SK group analyzed its
atmospheric neutrino data [64] and the SNO group analyzed [97]
the data from all solar neutrino experiments, with or without the
KamLAND data, in terms of 3-neutrino oscillations.

The SK-I atmospheric neutrino data were analyzed in the three-
neutrino oscillation framework with the approximation of one mass
scale dominance (Δm2

⊙ = 0) [64]. Since the matter effects in
νe ↔ νμ,τ oscillations cause differences for the normal and inverted
mass hierarchy cases, both cases were analyzed. For the Δm2

A > 0

case, sin2θ13 < 0.14 and 0.37 < sin2θ23 < 0.65 was obtained at 90%
CL, while for the Δm2

A < 0 case, weaker constraints, sin2θ13 < 0.27

and 0.37 < sin2θ23 < 0.69 were obtained at 90% CL.

The recent SNO’s three-neutrino oscillation analysis using its Phase
I and Phase II joint analysis [97] results and the results from all
other solar neutrino experiments and the KamLAND experiment has
yielded the best fit value of sin2θ13 = 2.00+2.09

−1.63 × 10−2 [97]. At the

95% CL, this result implies sin2θ13 < 0.057 [97].

Finally, it should be noted that a global analysis [110] of all
available neutrino oscillation data gave a hint of non-zero sin2θ13;
sin2θ13 = 0.016± 0.010 at 1σ CL.

13.7. The three neutrino mixing

All existing compelling data on neutrino oscillations can be
described assuming 3-flavour neutrino mixing in vacuum. This is the
minimal neutrino mixing scheme which can account for the currently
available data on the oscillations of the solar (νe), atmospheric (νμ and
ν̄μ), reactor (ν̄e) and accelerator (νμ) neutrinos. The (left-handed)
fields of the flavour neutrinos νe, νμ and ντ in the expression for the
weak charged lepton current in the CC weak interaction Lagrangian,
are linear combinations of the LH components of the fields of three
massive neutrinos νj :

LCC = − g√
2

∑

l=e,μ,τ

lL(x) γα νlL(x)Wα†(x) + h.c. ,

νlL(x) =

3
∑

j=1

Ulj νjL(x), (13.76)

where U is the 3 × 3 unitary neutrino mixing matrix [17,18]. The
mixing matrix U can be parameterized by 3 angles, and, depending on
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whether the massive neutrinos νj are Dirac or Majorana particles, by
1 or 3 CP violation phases [30,31]:

U =

⎡

⎣

c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13
s12s23 − c12c23s13e

iδ −c12s23 − s12c23s13e
iδ c23c13

⎤

⎦

× diag(1, ei
α21
2 , ei

α31
2 ) . (13.77)

where cij = cos θij , sij = sin θij , the angles θij = [0, π/2], δ = [0, 2π]
is the Dirac CP violation phase and α21, α31 are two Majorana CP
violation phases. Thus, in the case of massive Dirac neutrinos, the
neutrino mixing matrix U is similar, in what concerns the number of
mixing angles and CP violation phases, to the CKM quark mixing
matrix. The presence of two additional physical CP violation phases
in U if νj are Majorana particles is a consequence of the special
properties of the latter (see, e.g., [29,30]) .

As we see, the fundamental parameters characterizing the 3-
neutrino mixing are: i) the 3 angles θ12, θ23, θ13, ii) depending on the
nature of massive neutrinos νj - 1 Dirac (δ), or 1 Dirac + 2 Majorana
(δ, α21, α31), CP violation phases, and iii) the 3 neutrino masses,
m1, m2, m3. Thus, depending on whether the massive neutrinos are
Dirac or Majorana particles, this makes 7 or 9 additional parameters
in the “Standard” Model of particle interactions.

The neutrino oscillation probabilities depend (Section 13.2), in
general, on the neutrino energy, E, the source-detector distance L, on
the elements of U and, for relativistic neutrinos used in all neutrino
experiments performed so far, on Δm2

ij ≡ (m2
i −m2

j ), i �= j. In the case
of 3-neutrino mixing there are only two independent neutrino mass
squared differences, say Δm2

21 �= 0 and Δm2
31 �= 0. The numbering of

massive neutrinos νj is arbitrary. It proves convenient from the point
of view of relating the mixing angles θ12, θ23 and θ13 to observables,
to identify |Δm2

21| with the smaller of the two neutrino mass squared
differences, which, as it follows from the data, is responsible for the
solar νe and, the observed by KamLAND, reactor ν̄e oscillations. We
will number (just for convenience) the massive neutrinos in such a
way that m1 < m2, so that Δm2

21 > 0. With these choices made,
there are two possibilities: either m1 < m2 < m3, or m3 < m1 < m2.
Then the larger neutrino mass square difference |Δm2

31| or |Δm2
32|,

can be associated with the experimentally observed oscillations of the
atmospheric νμ and ν̄μ and accelerator νμ. The effects of Δm2

31 or
Δm2

32 in the oscillations of solar νe, and of Δm2
21 in the oscillations

of atmospheric νμ and ν̄μ and of accelerator νμ, are relatively small
and subdominant as a consequence of the facts that i) L, E and L/E
in the experiments with solar νe and with atmospheric νμ and ν̄μ

or accelerator νμ, are very different, ii) the conditions of production
and propagation (on the way to the detector) of the solar νe and
of the atmospheric νμ and ν̄μ or accelerator νμ, are very different,
and iii) |Δm2

21| and |Δm2
31| (|Δm2

32|) in the case of m1 < m2 < m3

(m3 < m1 < m2), as it follows from the data, differ by approximately
a factor of 30, |Δm2

21| ≪ |Δm2
31(32)|, |Δm2

21|/|Δm2
31(32)| ∼= 0.03. This

implies that in both cases of m1 < m2 < m3 and m3 < m1 < m2 we
have Δm2

32
∼= Δm2

31 with |Δm2
31 − Δm2

32| = |Δm2
21| ≪ |Δm2

31,32|.
It follows from the results of CHOOZ and Palo Verde experiments

with reactor ν̄e [107,108] that, in the convention we use, in which
0 < Δm2

21 < |Δm2
31(32)|, the element |Ue3|=sin θ13 of the neutrino

mixing matrix U is small (we will quantify this statement below).
This makes it possible to identify the angles θ12 and θ23 as the
neutrino mixing angles associated with the solar νe and the dominant
atmospheric νμ (and ν̄μ) oscillations, respectively. The angles θ12

and θ23 are often called “solar” and “atmospheric” neutrino mixing
angles, and are often denoted as θ12 = θ⊙ and θ23 = θA (or
θatm) while Δm2

21 and Δm2
31 are often referred to as the “solar”

and “atmospheric” neutrino mass squared differences and are often
denoted as Δm2

21 ≡ Δm2
⊙ , Δm2

31 ≡ Δm2
A (or Δm2

atm).

The solar neutrino data tell us that Δm2
21 cos 2θ12 > 0. In the

convention employed by us we have Δm2
21 > 0. Correspondingly, in

this convention one must have cos 2θ12 > 0.

The existing neutrino oscillation data allow us to determine
the parameters which drive the solar neutrino and the dominant

atmospheric neutrino oscillations, Δm2
⊙ = Δm2

21, θ12, and |Δm2
A| =

|Δm2
31| ∼= |Δm2

32|, θ23, with a relatively good precision, and to obtain
rather stringent limits on the angle θ13 [107,108]. The best fit values
and the 99.73% C.L. allowed ranges of Δm2

21, sin2 θ12, |Δm2
31(32)| and

sin2 θ23, read [111,112]:

(Δm2
21)BF = 7.65 × 10−5 eV 2,

7.05 × 10−5 eV 2 ≤ Δm2
21 ≤ 8.34 × 10−5 eV 2, (13.78)

(sin2 θ12)BF = 0.304, 0.25 ≤ sin2 θ12 ≤ 0.37 , (13.79)

(|Δm2
31|)BF = 2.40 × 10−3 eV 2,

2.07 × 10−3 eV 2 ≤ |Δm2
31| ≤ 2.75 × 10−3 eV 2, (13.80)

(sin2 θ23)BF = 0.5, 0.36 ≤ sin2 θ23 ≤ 0.67 . (13.81)

The existing SK atmospheric neutrino, K2K and MINOS data do
not allow to determine the sign of Δm2

31(32). Maximal solar neutrino

mixing, i.e., θ12 = π/4, is ruled out at more than 6σ by the
data. Correspondingly, one has cos 2θ12 ≥ 0.26 (at 99.73% C.L.). A
stringent upper limit on the angle θ13 was provided by the CHOOZ
experiment with reactor ν̄e [107]: at |Δm2

31| ∼= 2.4 × 10−3 eV2 the
limit reads

sin2 2θ13 < 0.15 at 90% C.L. (13.82)

A combined 3-neutrino oscillation analysis of the global data gives
[112]:

sin2 θ13 < 0.035 (0.056) at 90% (99.73%) C.L. (13.83)

These results imply that θ23
∼= π/4, θ12

∼= π/5.4 and that
θ13 < π/13. Correspondingly, the pattern of neutrino mixing is
drastically different from the pattern of quark mixing.

At present no experimental information on the Dirac and Majorana
CP violation phases in the neutrino mixing matrix is available.
Thus, the status of CP symmetry in the lepton sector is unknown.
If θ13 �= 0, the Dirac phase δ can generate CP violation effects in
neutrino oscillations [30,42,43]. The magnitude of CP violation in
νl → νl′ and ν̄l → ν̄l′ oscillations, l �= l′ = e, μ, τ , is determined, as we
have seen, by the rephasing invariant JCP (see Eq. (13.19)), which
in the “standard” parametrisation of the neutrino mixing matrix
(Eq. (13.77)) has the form:

JCP ≡ Im (Uμ3 U∗
e3 Ue2 U∗

μ2) =
1

8
cos θ13 sin 2θ12 sin 2θ23 sin 2θ13 sin δ .

(13.84)
Thus, the size of CP violation effects in neutrino oscillations depends
on the magnitude of the currently unknown values of the “small”
angle θ13 and the Dirac phase δ.

As we have indicated, the existing data do not allow one
to determine the sign of Δm2

A = Δm2
31(2). In the case of 3-

neutrino mixing, the two possible signs of Δm2
31(2) correspond

to two types of neutrino mass spectrum. In the widely used
conventions of numbering the neutrinos with definite mass in the
two cases, the two spectra read: i) spectrum with normal ordering:
m1 < m2 < m3, Δm2

A = Δm2
31 > 0, Δm2

⊙ ≡ Δm2
21 > 0,

m2(3) = (m2
1 + Δm2

21(31))
1
2 ; ii) spectrum with inverted ordering

(IO): m3 < m1 < m2, Δm2
A = Δm2

32 < 0, Δm2
⊙ ≡ Δm2

21 > 0,

m2 = (m2
3 + Δm2

23)
1
2 , m1 = (m2

3 + Δm2
23 − Δm2

21)
1
2 .

Depending on the values of the lightest neutrino mass [113], min(mj),
the neutrino mass spectrum can also be:

– Normal Hierarchical (NH): m1 ≪ m2 < m3, m2
∼= (Δm2

⊙ )
1
2 ,

m3
∼= |Δm2

A|
1
2 ; or

– Inverted Hierarchical (IH): m3 ≪ m1 < m2, with m1,2
∼=

|Δm2
A|

1
2 ∼ 0.05 eV; or

– Quasi-Degenerate (QD): m1
∼= m2

∼= m3
∼= m0, m2

j ≫ |Δm2
A|,

m0 � 0.10 eV.
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All three types of spectrum are compatible with the existing
constraints on the absolute scale of neutrino masses mj . Information
about the latter can be obtained, e.g., by measuring the spectrum of
electrons near the end point in 3H β-decay experiments [115–117]
and from cosmological and astrophysical data. The most stringent
upper bounds on the ν̄e mass were obtained in the Troitzk [116] and
Mainz [117] experiments:

mν̄e < 2.3 eV at 95% C.L. (13.85)

We have mν̄e
∼= m1,2,3 in the case of QD spectrum. The KATRIN

experiment [117] is planned to reach sensitivity of mν̄e ∼ 0.20 eV,
i.e., it will probe the region of the QD spectrum.

The Cosmic Microwave Background (CMB) data of the WMAP
experiment, combined with supernovae data and data on galaxy
clustering can be used to obtain an upper limit on the sum of
neutrinos masses [118] (see review on Cosmological Parameters):
∑

j mj � 0.68 eV, 95% C.L. A more conservative estimate of the
uncertainties in the astrophysical data leads to a somewhat weaker
constraint (see e.g., Ref. 119):

∑

j mj � 1.7 eV, 95% C.L.

It follows from these data that neutrino masses are much smaller
than the masses of charged leptons and quarks. If we take as
an indicative upper limit mj � 0.5 eV, we have mj/ml,q � 10−6,
l = e, μ, τ , q = d, s, b, u, c, t. It is natural to suppose that the
remarkable smallness of neutrino masses is related to the existence of
a new fundamental mass scale in particle physics, and thus to new
physics beyond that predicted by the Standard Model.

13.7.1. The see-saw mechanism and the baryon asymmetry

of the Universe :

A natural explanation of the smallness of neutrino masses is
provided by the see-saw mechanism of neutrino mass generation [3].
An integral part of the simplest version of this mechanism - the
so-called “type I see-saw”, are the RH neutrinos νlR (RH neutrino
fields νlR(x)). The latter are assumed to possess a Majorana mass
term as well as Yukawa type coupling LY(x) with the Standard
Model lepton and Higgs doublets, ψlL(x) and Φ(x), respectively,

(ψlL(x))T = (νT
lL(x) lTL(x)), l = e, μ, τ , (Φ(x))T = (Φ(0) Φ(−)). In

the basis in which the Majorana mass matrix of RH neutrinos is
diagonal, we have:

LY,M(x) =
(

λil NiR(x)Φ†(x)ψlL(x) + h.c.
)

− 1

2
Mi Ni(x)Ni(x) ,

(13.86)

where λil is the matrix of neutrino Yukawa couplings and Ni

(Ni(x)) is the heavy RH Majorana neutrino (field) possessing a mass
Mi > 0. When the electroweak symmetry is broken spontaneously,
the neutrino Yukawa coupling generates a Dirac mass term:
mD

il NiR(x) νlL(x)+h.c., with mD = vλ, v = 174 GeV being the Higgs

doublet v.e.v. In the case when the elements of mD are much smaller
than Mk, |mD

il | ≪ Mk, i, k = 1, 2, 3, l = e, μ, τ , the interplay between
the Dirac mass term and the mass term of the heavy (RH) Majorana
neutrinos Ni generates an effective Majorana mass (term) for the LH
flavour neutrinos [3]: mLL

l′l
∼= −(mD)T

l′j
M−1

j mD
jl . In grand unified

theories, mD is typically of the order of the charged fermion masses.
In SO(10) theories, for instance, mD coincides with the up-quark
mass matrix. Taking indicatively mLL ∼ 0.1 eV, mD ∼ 100 GeV,
one finds M ∼ 1014 GeV, which is close to the scale of unification
of the electroweak and strong interactions, MGUT

∼= 2 × 1016 GeV.
In GUT theories with RH neutrinos one finds that indeed the
heavy Majorana neutrinos Nj naturally obtain masses which are by
few to several orders of magnitude smaller than MGUT . Thus, the
enormous disparity between the neutrino and charged fermion masses
is explained in this approach by the huge difference between effectively
the electroweak symmetry breaking scale and MGUT .

An additional attractive feature of the see-saw scenario is that
the generation and smallness of neutrino masses is related via
the leptogenesis mechanism [2] to the generation of the baryon
asymmetry of the Universe. The Yukawa coupling in Eq. (13.86),
in general, is not CP conserving. Due to this CP-nonconserving
coupling the heavy Majorana neutrinos undergo, e.g., the decays

Nj → l+ + Φ(−), Nj → l− + Φ(+), which have different rates:

Γ(Nj → l+ + Φ(−)) �= Γ(Nj → l− + Φ(+)). When these decays occur
in the Early Universe at temperatures somewhat below the mass of,
say, N1, so that the latter are out of equilibrium with the rest of
the particles present at that epoch, CP violating asymmetries in the
individual lepton charges Ll, and in the total lepton charge L, of the
Universe are generated. These lepton asymmetries are converted into
a baryon asymmetry by (B − L) conserving, but (B + L) violating,
sphaleron processes, which exist in the Standard Model and are
effective at temperatures T ∼ (100−1012) GeV. If the heavy neutrinos
Nj have hierarchical spectrum, M1 ≪ M2 ≪ M3, the observed baryon
asymmetry can be reproduced provided the mass of the lightest one
satisfies M1 � 109 GeV [120]. Thus, in this scenario, the neutrino
masses and mixing and the baryon asymmetry have the same origin
- the neutrino Yukawa couplings and the existence of (at least two)
heavy Majorana neutrinos. Moreover, quantitative studies based on
recent advances in leptogenesis theory [121] have shown that the
Dirac and/or Majorana phases in the neutrino mixing matrix U can
provide the CP violation, necessary in leptogenesis for the generation
of the observed baryon asymmetry of the Universe [122]. This
implies, in particular, that if the CP symmetry is established not to
hold in the lepton sector due to U , at least some fraction (if not all)
of the observed baryon asymmetry might be due to the Dirac and/or
Majorana CP violation present in the neutrino mixing.

13.7.2. The nature of massive neutrinos :

The experiments studying flavour neutrino oscillations cannot
provide information on the nature - Dirac or Majorana, of massive
neutrinos [30,44]. Establishing whether the neutrinos with definite
mass νj are Dirac fermions possessing distinct antiparticles, or
Majorana fermions, i.e. spin 1/2 particles that are identical with
their antiparticles, is of fundamental importance for understanding
the origin of ν-masses and mixing and the underlying symmetries
of particle interactions (see e.g., Ref. 51). The neutrinos with
definite mass νj will be Dirac fermions if the particle interactions
conserve some additive lepton number, e.g., the total lepton charge
L = Le + Lμ + Lτ . If no lepton charge is conserved, νj will be
Majorana fermions (see e.g., Ref. 29). The massive neutrinos are
predicted to be of Majorana nature by the see-saw mechanism of
neutrino mass generation [3]. The observed patterns of neutrino
mixing and of neutrino mass squared differences can be related to
Majorana massive neutrinos and the existence of an approximate
symmetry in the lepton sector corresponding, e.g., to the conservation
of the lepton charge L′ = Le − Lμ − Lτ [123]. Determining the
nature of massive neutrinos νj is one of the fundamental and most
challenging problems in the future studies of neutrino mixing.

The Majorana nature of massive neutrinos νj manifests itself in the
existence of processes in which the total lepton charge L changes by

two units: K+ → π− + μ+ + μ+, μ− + (A, Z) → μ+ + (A, Z − 2), etc.
Extensive studies have shown that the only feasible experiments having
the potential of establishing that the massive neutrinos are Majorana
particles are at present the experiments searching for (ββ)0ν -decay:
(A, Z) → (A, Z + 2) + e− + e− (see e.g., Ref. 124). The observation of
(ββ)0ν -decay and the measurement of the corresponding half-life with
sufficient accuracy, would not only be a proof that the total lepton
charge is not conserved, but might also provide unique information
on the i) type of neutrino mass spectrum (see, e.g., Ref. 125), ii)
Majorana phases in U [114,126] and iii) the absolute scale of neutrino
masses (for details see Ref. 124 to Ref. 127 and references quoted
therein).

Under the assumptions of 3-ν mixing, of massive neutrinos νj

being Majorana particles, and of (ββ)0ν -decay generated only by
the (V-A) charged current weak interaction via the exchange of the
three Majorana neutrinos νj having masses mj � few MeV, the
(ββ)0ν -decay amplitude has the form (see, e.g., Ref. 29 and Ref. 124):
A(ββ)0ν

∼= <m> M , where M is the corresponding nuclear matrix
element which does not depend on the neutrino mixing parameters,
and

|<m>| =
∣

∣

∣
m1U

2
e1 + m2U

2
e2 + m3U

2
e3

∣

∣

∣

=
∣

∣

∣

(

m1c
2
12 + m2s

2
12e

iα21

)

c213 + m3s
2
13e

i(α31−2δ)
∣

∣

∣
, (13.87)
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Figure 13.11: The effective Majorana mass |<m>| (including
a 2σ uncertainty) as a function of min(mj). The figure is obtained

using the best fit values and 1σ errors of Δm2
21, sin2 θ12, and

|Δm2
31| ∼= |Δm2

32| from Ref. 112, fixed sin2 θ13 = 0.01 and δ = 0.
The phases α21,31 are varied in the interval [0,π]. The predictions
for the NH, IH and QD spectra are indicated. The black lines
determine the ranges of values of |<m>| for the different pairs
of CP conserving values of α21,31: (α21, α31)=(0, 0) solid, (0, π)
long dashed, (π, 0) dash-dotted, (π, π) short dashed, lines. The
red regions correspond to at least one of the phases α21,31 and
(α31 − α21) having a CP violating value. (Update by S. Pascoli
of a figure from the last article quoted in Ref. 127.) See full-color
version on color pages at end of book.

is the effective Majorana mass in (ββ)0ν -decay. In the case of CP-
invariance one has [32], η21 ≡ eiα21=±1, η31 ≡ eiα31=±1, e−i2δ=1.
The three neutrino masses m1,2,3 can be expressed in terms of the

two measured Δm2
jk and, e.g., min(mj). Thus, given the neutrino

oscillation parameters Δm2
21, sin2 θ12, Δm2

31 and sin2 θ13, |<m>| is
a function of the lightest neutrino mass min(mj), the Majorana (and
Dirac) CP violation phases in U and of the type of neutrino mass
spectrum. In the case of NH, IH and QD spectrum we have (see, e.g.,
Ref. 114 and Ref. 127):

|<m>| ∼=
∣

∣

∣

∣

√

Δm2
21s

2
12c

2
13 +

√

Δm2
31s

2
13e

i(α31−α21−2δ)

∣

∣

∣

∣

, NH ,

(13.88)

|<m>| ∼= m̃
(

1 − sin2 2θ12 sin2 α21

2

)
1
2

, IH (IO) and QD , (13.89)

where m̃ ≡
√

Δm2
23 + m2

3 and m̃ ≡ m0 for IH (IO) and QD

spectrum, respectively. In Eq. (13.89) we have exploited the fact
that sin2 θ13 ≪ cos 2θ12. The CP conserving values of the Majorana
phases (α31 − α21) and α21 determine the ranges of possible values
of |<m>|, corresponding to the different types of neutrino mass
spectrum. Using the best fit values of neutrino oscillation parameters,
Eq. (13.78) to Eq. (13.80), and the upper limit on θ13, Eq. (13.83),
one finds that: i) |<m>|� 0.005 eV in the case of NH spectrum;

ii)
√

Δm2
23 cos 2θ12 � |<m>|�

√

Δm2
23, or 10−2 eV � |<m>|� 0.05

eV in the case of IH spectrum; iii) m0 cos 2θ12 � |<m>|�m0, or
0.03 eV � |<m>|� m0 eV, m0 � 0.10 eV, in the case of QD spectrum.
The difference in the ranges of |<m>| in the cases of NH, IH and QD
spectrum opens up the possibility to get information about the type of
neutrino mass spectrum from a measurement of |<m>| [125]. The
predicted (ββ)0ν -decay effective Majorana mass |<m>| as a function
of the lightest neutrino mass min(mj) is shown in Fig. 13.11.

13.8. Outlook

After the spectacular experimental progress made in the studies of
neutrino oscillations, further understanding of the pattern of neutrino
masses and neutrino mixing, of their origins and of the status of CP
symmetry in the lepton sector requires an extensive and challenging
program of research. The main goals of such a research program
include:

• Determining the nature - Dirac or Majorana, of massive neutrinos
νj . This is of fundamental importance for making progress in
our understanding of the origin of neutrino masses and mixing
and of the symmetries governing the lepton sector of particle
interactions.

• Determination of the sign of Δm2
A (Δm2

31) and of the type of
neutrino mass spectrum.

• Determining or obtaining significant constraints on the absolute
scale of neutrino masses.

• Measurement of, or improving by at least a factor of (5 - 10)
the existing upper limit on, the small neutrino mixing angle
θ13. Together with the Dirac CP-violating phase, the angle θ13

determines the magnitude of CP-violation effects in neutrino
oscillations.

• Determining the status of CP symmetry in the lepton sector.

• High precision measurement of Δm2
21, θ12, and |Δm2

31|, θ23.

• Understanding at a fundamental level the mechanism giving rise
to neutrino masses and mixing and to Ll−non-conservation. This
includes understanding the origin of the patterns of ν-mixing
and ν-masses suggested by the data. Are the observed patterns
of ν-mixing and of Δm2

21,31 related to the existence of a new
fundamental symmetry of particle interactions? Is there any
relation between quark mixing and neutrino mixing, e.g., does
the relation θ12 + θc=π/4, where θc is the Cabibbo angle, hold?
What is the physical origin of CP violation phases in the neutrino
mixing matrix U? Is there any relation (correlation) between
the (values of) CP violation phases and mixing angles in U?
Progress in the theory of neutrino mixing might also lead to a
better understanding of the mechanism of generation of baryon
asymmetry of the Universe.

The successful realization of this research program would be
a formidable task and would require many years. We are at the
beginning of the “road” leading to a comprehensive understanding of
the patterns of neutrino masses and mixing and of their origin.
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14. QUARK MODEL

Revised September 2009 by C. Amsler (University of Zürich),
T. DeGrand (University of Colorado, Boulder), and B. Krusche
(University of Basel).

14.1. Quantum numbers of the quarks

Quarks are strongly interacting fermions with spin 1/2 and, by
convention, positive parity. Antiquarks have negative parity. Quarks
have the additive baryon number 1/3, antiquarks -1/3. Table 14.1
gives the other additive quantum numbers (flavors) for the three
generations of quarks. They are related to the charge Q (in units of
the elementary charge e) through the generalized Gell-Mann-Nishijima
formula

Q = Iz +
B + S + C + B + T

2
, (14.1)

where B is the baryon number. The convention is that the flavor of a
quark (Iz , S, C, B, or T) has the same sign as its charge Q. With this
convention, any flavor carried by a charged meson has the same sign
as its charge, e.g., the strangeness of the K+ is +1, the bottomness of
the B+ is +1, and the charm and strangeness of the D−

s are each −1.
Antiquarks have the opposite flavor signs.

Table 14.1: Additive quantum numbers of the quarks.

Property

∖

Quark d u s c b t

Q – electric charge − 1
3

+ 2
3

− 1
3

+ 2
3

− 1
3

+ 2
3

I – isospin 1
2

1
2

0 0 0 0

Iz – isospin z-component − 1
2

+ 1
2

0 0 0 0

S – strangeness 0 0 −1 0 0 0

C – charm 0 0 0 +1 0 0

B – bottomness 0 0 0 0 −1 0

T – topness 0 0 0 0 0 +1

14.2. Mesons

Mesons have baryon number B = 0. In the quark model, they are
qq ′ bound states of quarks q and antiquarks q ′ (the flavors of q and q′

may be different). If the orbital angular momentum of the qq ′ state
is ℓ, then the parity P is (−1)ℓ+1. The meson spin J is given by the
usual relation |ℓ − s| ≤ J ≤ |ℓ + s|, where s is 0 (antiparallel quark
spins) or 1 (parallel quark spins). The charge conjugation, or C-parity
C = (−1)ℓ+s, is defined only for the qq̄ states made of quarks and
their own antiquarks. The C-parity can be generalized to the G-parity
G = (−1)I+ℓ+s for mesons made of quarks and their own antiquarks
(isospin Iz = 0), and for the charged ud̄ and dū states (isospin I = 1).

The mesons are classified in JPC multiplets. The ℓ = 0 states
are the pseudoscalars (0−+) and the vectors (1−−). The orbital
excitations ℓ = 1 are the scalars (0++), the axial vectors (1++) and
(1+−), and the tensors (2++). Assignments for many of the known
mesons are given in Tables 14.2 and 14.3. Radial excitations are
denoted by the principal quantum number n. The very short lifetime
of the t quark makes it likely that bound-state hadrons containing t
quarks and/or antiquarks do not exist.

States in the natural spin-parity series P = (−1)J must, according
to the above, have s = 1 and hence, CP = +1. Thus, mesons with
natural spin-parity and CP = −1 (0+−, 1−+, 2+−, 3−+, etc.) are
forbidden in the qq̄ ′ model. The JPC = 0−− state is forbidden as
well. Mesons with such exotic quantum numbers may exist, but would
lie outside the qq̄ ′ model (see section below on exotic mesons).

Following SU(3), the nine possible qq̄ ′ combinations containing the
light u, d, and s quarks are grouped into an octet and a singlet of
light quark mesons:

3 ⊗ 3 = 8⊕ 1 . (14.2)

A fourth quark such as charm c can be included by extending SU(3)
to SU(4). However, SU(4) is badly broken owing to the much heavier
c quark. Nevertheless, in an SU(4) classification, the sixteen mesons
are grouped into a 15-plet and a singlet:

4 ⊗ 4 = 15⊕ 1 . (14.3)

The weight diagrams for the ground-state pseudoscalar (0−+) and
vector (1−−) mesons are depicted in Fig. 14.1. The light quark mesons
are members of nonets building the middle plane in Fig. 14.1(a) and
(b).
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Figure 14.1: SU(4) weight diagram showing the 16-plets for
the pseudoscalar (a) and vector mesons (b) made of the u, d, s,
and c quarks as a function of isospin I, charm C, and hypercharge

Y = S+B − C
3

. The nonets of light mesons occupy the central

planes to which the cc̄ states have been added.

Isoscalar states with the same JPC will mix, but mixing between the
two light quark isoscalar mesons, and the much heavier charmonium
or bottomonium states, are generally assumed to be negligible. In
the following, we shall use the generic names a for the I = 1, K for
the I = 1/2, and f and f ′ for the I = 0 members of the light quark
nonets. Thus, the physical isoscalars are mixtures of the SU(3) wave
function ψ8 and ψ1:

f ′ = ψ8 cos θ − ψ1 sin θ , (14.4)

f = ψ8 sin θ + ψ1 cos θ , (14.5)

where θ is the nonet mixing angle and

ψ8 =
1√
6
(uū + dd̄ − 2ss̄) , (14.6)

ψ1 =
1√
3
(uū + dd̄ + ss̄) . (14.7)

The mixing angle has to be determined experimentally.
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Table 14.2: Suggested qq quark-model assignments for some of the observed light mesons. Mesons in bold face are included in the Meson
Summary Table. The wave functions f and f ′ are given in the text. The singlet-octet mixing angles from the quadratic and linear mass
formulae are also given for the well established nonets. The classification of the 0++ mesons is tentative and the mixing angle uncertain
due to large uncertainties in some of the masses. Also, the f0(1710) and f0(1370) are expected to mix with the f0(1500). The latter is
not in this table as it is hard to accommodate in the scalar nonet. The light scalars a0(980), f0(980), and f0(600) are often considered as
meson-meson resonances or four-quark states, and are therefore not included in the table. See the “Note on Scalar Mesons” in the Meson
Listings for details and alternative schemes.

n 2s+1ℓJ JPC I = 1 I = 1
2

I = 0 I = 0 θquad θlin

ud, ud, 1√
2
(dd − uu) us, ds; ds, −us f ′ f [◦] [◦]

1 1S0 0−+ π K η η′(958) −11.5 −24.6

1 3S1 1−− ρ(770) K∗(892) φ(1020) ω(782) 38.7 36.0

1 1P1 1+− b1(1235) K1B
† h1(1380) h1(1170)

1 3P0 0++ a0(1450) K∗
0
(1430) f0(1710) f0(1370)

1 3P1 1++ a1(1260) K1A
† f1(1420) f1(1285)

1 3P2 2++ a2(1320) K∗
2
(1430) f ′

2
(1525) f2(1270) 29.6 28.0

1 1D2 2−+ π2(1670) K2(1770)† η2(1870) η2(1645)

1 3D1 1−− ρ(1700) K∗(1680) ω(1650)

1 3D2 2−− K2(1820)

1 3D3 3−− ρ3(1690) K∗
3
(1780) φ3(1850) ω3(1670) 32.0 31.0

1 3F4 4++ a4(2040) K∗
4
(2045) f4(2050)

1 3G5 5−− ρ5(2350)

1 3H6 6++ a6(2450) f6(2510)

2 1S0 0−+ π(1300) K(1460) η(1475) η(1295)

2 3S1 1−− ρ(1450) K∗(1410) φ(1680) ω(1420)

† The 1+± and 2−± isospin 1
2

states mix. In particular, the K1A and K1B are nearly equal (45◦) mixtures of the K1(1270) and K1(1400).

The physical vector mesons listed under 13D1 and 23S1 may be mixtures of 13D1 and 23S1, or even have hybrid components.

Table 14.3: qq quark-model assignments for the observed heavy mesons. Mesons in bold face are included in the Meson Summary Table.

n 2s+1ℓJ JPC I = 0 I = 0 I = 1
2

I = 0 I = 1
2

I = 0 I = 0

cc bb cu, cd; cu, cd cs; cs bu, bd; bu, bd bs; bs bc; bc

1 1S0 0−+ ηc(1S) ηb(1S) D D±
s B B0

s B±
c

1 3S1 1−− J/ψ(1S) Υ(1S) D∗ D∗±
s B∗ B∗

s

1 1P1 1+− hc(1P ) D1(2420) Ds1(2536)± B1(5721) Bs1(5830)0

1 3P0 0++ χc0(1P ) χb0(1P ) D∗
0
(2400) D∗

s0(2317)±†

1 3P1 1++ χc1(1P ) χb1(1P ) D1(2430) Ds1(2460)±†

1 3P2 2++ χc2(1P ) χb2(1P ) D∗
2
(2460) D∗

s2(2573)± B∗
2
(5747) B∗

s2(5840)0

1 3D1 1−− ψ(3770) D∗
s1(2700)±

2 1S0 0−+ ηc(2S)

2 3S1 1−− ψ(2S) Υ(2S)

2 3P0,1,2 0++, 1++, 2++ χb0,1,2(2P )

† The masses of these states are considerably smaller than most theoretical predictions. They have also been considered as four-quark states

(See the “Note on Non-qq Mesons” at the end of the Meson Listings). The open flavor states in the 1+− and 1++ rows are mixtures of the
1+± states.
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These mixing relations are often rewritten to exhibit the uū + dd̄
and ss̄ components which decouple for the “ideal” mixing angle θi,
such that tan θi = 1/

√
2 (or θi=35.3◦). Defining α = θ + 54.7◦, one

obtains the physical isoscalar in the flavor basis

f ′ =
1√
2
(uū + dd̄) cosα − ss̄ sin α , (14.8)

and its orthogonal partner f (replace α by α – 90◦). Thus for ideal
mixing (αi = 90◦), the f ′ becomes pure ss̄ and the f pure uū + dd̄.
The mixing angle θ can be derived from the mass relation

tan θ =
4mK − ma − 3mf ′

2
√

2(ma − mK)
, (14.9)

which also determines its sign or, alternatively, from

tan2 θ =
4mK − ma − 3mf ′

−4mK + ma + 3mf
. (14.10)

Eliminating θ from these equations leads to the sum rule [1]

(mf +mf ′)(4mK −ma)− 3mfmf ′ = 8m2
K − 8mKma +3m2

a. (14.11)

This relation is verified for the ground-state vector mesons. We
identify the φ(1020) with the f ′ and the ω(783) with the f . Thus

φ(1020) = ψ8 cos θV − ψ1 sin θV , (14.12)

ω(782) = ψ8 sin θV + ψ1 cos θV , (14.13)

with the vector mixing angle θV = 35◦ from Eq. (14.9), very close
to ideal mixing. Thus φ(1020) is nearly pure ss̄. For ideal mixing,
Eq. (14.9) and Eq. (14.10) lead to the relations

mK =
mf + mf ′

2
, ma = mf , (14.14)

which are satisfied for the vector mesons. However, for the pseu-
doscalar (and scalar mesons), Eq. (14.11) is satisfied only approxi-
mately. Then Eq. (14.9) and Eq. (14.10) lead to somewhat different
values for the mixing angle. Identifying the η with the f ′ one gets

η = ψ8 cos θP − ψ1 sin θP , (14.15)

η′ = ψ8 sin θP + ψ1 cos θP . (14.16)

Following chiral perturbation theory, the meson masses in the mass
formulae (Eq. (14.9) and Eq. (14.10)) should be replaced by their
squares. Table 14.2 lists the mixing angle θlin from Eq. (14.10) and
the corresponding θquad obtained by replacing the meson masses by
their squares throughout.

The pseudoscalar mixing angle θP can also be measured by
comparing the partial widths for radiative J/ψ decay into a vector
and a pseudoscalar [2], radiative φ(1020) decay into η and η′ [3], or
p̄p annihilation at rest into a pair of vector and pseudoscalar or into
two pseudoscalars [4,5]. One obtains a mixing angle between –10◦

and –20◦.

The nonet mixing angles can be measured in γγ collisions, e.g., for
the 0−+, 0++, and 2++ nonets. In the quark model, the amplitude
for the coupling of neutral mesons to two photons is proportional to
∑

i Q2
i , where Qi is the charge of the i-th quark. The 2γ partial width

of an isoscalar meson with mass m is then given in terms of the mixing
angle α by

Γ2γ = C(5 cosα −
√

2 sin α)2m3 , (14.17)

for f ′ and f (α → α – 90◦). The coupling C may depend on the
meson mass. It is often assumed to be a constant in the nonet. For
the isovector a, one then finds Γ2γ = 9 C m3. Thus the members of
an ideally mixed nonet couple to 2γ with partial widths in the ratios f
: f ′ : a = 25 : 2 : 9. For tensor mesons, one finds from the ratios of
the measured 2γ partial widths for the f2(1270) and f ′

2(1525) mesons
a mixing angle αT of (81± 1)◦, or θT = (27 ± 1)◦, in accord with the
linear mass formula. For the pseudoscalars, one finds from the ratios
of partial widths Γ(η′ → 2γ)/Γ(η → 2γ) a mixing angle θP = (–18 ±
2)◦, while the ratio Γ(η′ → 2γ)/Γ(π0 → 2γ) leads to ∼ –24 ◦. SU(3)
breaking effects for pseudoscalars are discussed in Ref. 6.

Table 14.4: SU(3) couplings γ2 for quarkonium decays as a
function of nonet mixing angle α, up to a common multiplicative
factor C (φ ≡ 54.7◦ + θP ).

Isospin Decay channel γ2

0 ππ 3 cos2 α

KK (cosα −
√

2 sinα)2

ηη (cosα cos2 φ −
√

2 sin α sin2 φ)2

ηη′
1

2
sin2 2φ (cos α +

√
2 sin α)2

1 ηπ 2 cos2 φ

η′π 2 sin2 φ

KK 1

1

2
Kπ

3

2

Kη (sin φ − cosφ√
2

)2

Kη′ (cosφ +
sin φ√

2
)2

The partial width for the decay of a scalar or a tensor meson into a
pair of pseudoscalar mesons is model-dependent. Following Ref. 7,

Γ = C × γ2 × |F (q)|2 × q . (14.18)

C is a nonet constant, q the momentum of the decay products, F (q)
a form factor, and γ2 the SU(3) coupling. The model-dependent form
factor may be written as

|F (q)|2 = q2ℓ × exp(− q2

8β2 ), (14.19)

where ℓ is the relative angular momentum between the decay products.
The decay of a qq̄ meson into a pair of mesons involves the creation
of a qq̄ pair from the vacuum, and SU(3) symmetry assumes that the
matrix elements for the creation of ss̄, uū, and dd̄ pairs are equal.
The couplings γ2 are given in Table 14.4, and their dependence upon
the mixing angle α is shown in Fig. 14.2 for isoscalar decays. The
generalization to unequal ss̄, uū, and dd̄ couplings is given in Ref. 7.
An excellent fit to the tensor meson decay widths is obtained assuming
SU(3) symmetry, with β ≃ 0.5 GeV/c, θV ≃ 26 ◦ and θP ≃ -17 ◦ [7].
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Figure 14.2: SU(3) couplings as a function of mixing angle α
for isoscalar decays, up to a common multiplicative factor C and
for θP = −17.3◦.
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14.3. Exotic mesons

The existence of a light nonet composed of four quarks with
masses below 1 GeV was suggested a long time ago [8]. Coupling
two triplets of light quarks u, d, and s, one obtains nine states, of
which the six symmetric (uu, dd, ss, ud + du, us + su, ds + sd) form
the six dimensional representation 6, while the three antisymmetric
(ud− du, us− su, ds− sd) form the three dimensional representation
3 of SU(3):

3 ⊗ 3 = 6⊕ 3̄ . (14.20)

Combining with spin and color and requiring antisymmetry, one finds
that the most deeply bound diquark (and hence the lightest) is the
one in the 3 and spin singlet state. The combination of the diquark
with an antidiquark in the 3 representation then gives a light nonet
of four-quark scalar states. Letting the number of strange quarks
determine the mass splitting, one obtains a mass inverted spectrum
with a light isosinglet (udūd̄), a medium heavy isodoublet (e.g., uds̄d̄)
and a heavy isotriplet (e.g., dsūs̄) + isosinglet (e.g., usūs̄). It is
then tempting to identify the lightest state with the f0(600), and the
heaviest states with the a0(980), and f0(980). Then the meson with
strangeness κ(800) would lie in between.

QCD predicts the existence of extra isoscalar mesons. In the pure
gauge theory, they contain only gluons, and are called the glueballs.
The ground state glueball is predicted by lattice gauge theories to be
0++, the first excited state 2++. Errors on the mass predictions are
large. From Ref. 10 one obtains 1750 (50) (80) MeV for the mass of
the lightest 0++ glueball from quenched QCD. As an example for the
glueball mass spectrum, we show in Fig. 14.3 a recent calculation from
the quenched lattice [9]. A mass of 1710 MeV is predicted for the
ground state, also with an error of about 100 MeV. Earlier work by
other groups produced masses at 1650 MeV [11] and 1550 MeV [12]
(see also Ref. 13). The first excited state has a mass of about 2.4 GeV,
and the lightest glueball with exotic quantum numbers (2+−) has a
mass of about 4 GeV.
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Figure 14.3: Predicted glueball mass spectrum from the
lattice, in quenched approximation, (from Ref. 9).

These calculations assume that the quark masses are infinite
(quenched approximation) and neglect qq̄ loops. However, both glue
and qq̄ states will couple to singlet scalar mesons. Therefore glueballs
will mix with nearby qq̄ states of the same quantum numbers.
For example, the two isoscalar 0++ mesons around 1500 MeV will
mix with the pure ground state glueball to generate the observed
physical states f0(1370), f0(1500), and f0(1710) [7,14]. Lattice
calculations are only beginning to include these effects. Unquenched
QCD with a coarse lattice suggests that the mass of the singlet scalar
meson is very low [15]. However, in quenched QCD, the mass of
the 0++ glueball strongly depends on lattice spacing, and therefore

continuum extrapolation cannot be attempted yet in unquenched
lattice simulations for flavor-singlet scalar mesons [16].

The existence of three singlet scalar mesons around 1.5 GeV
suggests additional degrees of freedom such as glue, since only two
mesons are predicted in this mass range. The f0(1500) [7,14] or,
alternatively, the f0(1710) [11], have been proposed as candidates for
the scalar glueball, both states having considerable mixing also with
the f0(1370). Other mixing schemes, in particular with the f0(600)
and the f0(980), have also been proposed (more details can be found
in the “Note on Scalar Mesons” in the Meson Listings and in Ref. 17).

Mesons made of qq̄ pairs bound by excited gluons g, the hybrid
states qq̄g, are also predicted. They should lie in the 1.9 GeV mass
region, according to gluon flux tube models [18]. Lattice QCD also
predicts the lightest hybrid, an exotic 1−+, at a mass of 1.8 to 1.9
GeV [19]. However, the bag model predicts four nonets, among them
an exotic 1−+ around or above 1.4 GeV [20,21]. There are so far two
candidates for exotic states with quantum numbers 1−+, the π1(1400)
and π1(1600), which could be hybrids or four-quark states (see the
“Note on Non-qq̄ Mesons” in the 2006 issue of this Review [22] and in
Ref. 17).

14.4. Baryons: qqq states

Baryons are fermions with baryon number B = 1, i.e., in the most
general case, they are composed of three quarks plus any number
of quark - antiquark pairs. Although recently some experimental
evidence for (qqqqq̄) pentaquark states has been claimed (see review
on Possible Exotic Baryon Resonance), so far all established baryons
are 3-quark (qqq) configurations. The color part of their state
functions is an SU(3) singlet, a completely antisymmetric state of the
three colors. Since the quarks are fermions, the state function must
be antisymmetric under interchange of any two equal-mass quarks (up
and down quarks in the limit of isospin symmetry). Thus it can be
written as

| qqq 〉A = | color 〉A × | space, spin, flavor 〉S , (14.21)

where the subscripts S and A indicate symmetry or antisymmetry
under interchange of any two equal-mass quarks. Note the contrast
with the state function for the three nucleons in 3H or 3He:

|NNN 〉A = | space, spin, isospin 〉A . (14.22)

This difference has major implications for internal structure, magnetic
moments, etc. (For a nice discussion, see Ref. 23.)

The “ordinary” baryons are made up of u, d, and s quarks. The
three flavors imply an approximate flavor SU(3), which requires that
baryons made of these quarks belong to the multiplets on the right
side of

3⊗ 3 ⊗ 3 = 10S ⊕ 8M ⊕ 8M ⊕ 1A (14.23)

(see Sec. 38, on “SU(n) Multiplets and Young Diagrams”). Here the
subscripts indicate symmetric, mixed-symmetry, or antisymmetric
states under interchange of any two quarks. The 1 is a uds state (Λ1),
and the octet contains a similar state (Λ8). If these have the same
spin and parity, they can mix. The mechanism is the same as for the
mesons (see above). In the ground state multiplet, the SU(3) flavor
singlet Λ1 is forbidden by Fermi statistics. Section 37, on “SU(3)
Isoscalar Factors and Representation Matrices,” shows how relative
decay rates in, say, 10 → 8 ⊗ 8 decays may be calculated.

The addition of the c quark to the light quarks extends the flavor
symmetry to SU(4). However, due to the large mass of the c quark,
this symmetry is much more strongly broken than the SU(3) of the
three light quarks. Figures 14.4(a) and 14.4(b) show the SU(4) baryon
multiplets that have as their bottom levels an SU(3) octet, such
as the octet that includes the nucleon, or an SU(3) decuplet, such
as the decuplet that includes the Δ(1232). All particles in a given
SU(4) multiplet have the same spin and parity. The charmed baryons
are discussed in more detail in the “Note on Charmed Baryons” in
the Particle Listings. The addition of a b quark extends the flavor
symmetry to SU(5); the existence of baryons with t-quarks is very
unlikely due to the short lifetime of the top.
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Figure 14.4: SU(4) multiplets of baryons made of u, d, s, and
c quarks. (a) The 20-plet with an SU(3) octet. (b) The 20-plet
with an SU(3) decuplet.

For the “ordinary” baryons (no c or b quark), flavor and spin may
be combined in an approximate flavor-spin SU(6), in which the six
basic states are d ↑, d ↓, · · ·, s ↓ (↑, ↓ = spin up, down). Then the
baryons belong to the multiplets on the right side of

6 ⊗ 6⊗ 6 = 56S ⊕ 70M ⊕ 70M ⊕ 20A . (14.24)

These SU(6) multiplets decompose into flavor SU(3) multiplets as
follows:

56 = 410⊕ 28 (14.25a)

70 = 210⊕ 48 ⊕ 28⊕ 21 (14.25b)

20 = 28 ⊕ 41 , (14.25c)

where the superscript (2S + 1) gives the net spin S of the quarks for
each particle in the SU(3) multiplet. The JP = 1/2+ octet containing
the nucleon and the JP = 3/2+ decuplet containing the Δ(1232)
together make up the “ground-state” 56-plet, in which the orbital
angular momenta between the quark pairs are zero (so that the spatial
part of the state function is trivially symmetric). The 70 and 20
require some excitation of the spatial part of the state function in order
to make the overall state function symmetric. States with nonzero
orbital angular momenta are classified in SU(6)⊗O(3) supermultiplets.

It is useful to classify the baryons into bands that have the same
number N of quanta of excitation. Each band consists of a number of
supermultiplets, specified by (D, LP

N ), where D is the dimensionality
of the SU(6) representation, L is the total quark orbital angular
momentum, and P is the total parity. Supermultiplets contained
in bands up to N = 12 are given in Ref. 25. The N = 0 band,
which contains the nucleon and Δ(1232), consists only of the (56,0+

0 )

supermultiplet. The N = 1 band consists only of the (70,1−1 ) multiplet
and contains the negative-parity baryons with masses below about 1.9
GeV. The N = 2 band contains five supermultiplets: (56,0+

2 ), (70,0+
2 ),

(56,2+
2 ), (70,2+

2 ), and (20,1+
2 ).

Table 14.5: N and Δ states in the N=0,1,2 harmonic oscillator
bands. LP denotes angular momentum and parity, S the three-
quark spin and ’sym’=A,S,M the symmetry of the spatial wave
function.

N sym LP S N(I = 1/2) Δ(I = 3/2)

2 A 1+ 1/2 1/2+ 3/2+

2 M 2+ 3/2 1/2+ 3/2+ 5/2+ 7/2+

2 M 2+ 1/2 3/2+ 5/2+ 3/2+ 5/2+

2 M 0+ 3/2 3/2+

2 M 0+ 1/2 1/2+ 1/2+

2 S 2+ 3/2 1/2+ 3/2+ 5/2+ 7/2+

2 S 2+ 1/2 3/2+ 5/2+

2 S 0+ 3/2 3/2+

2 S 0+ 1/2 1/2+

1 M 1− 3/2 1/2− 3/2− 5/2−

1 M 1− 1/2 1/2− 3/2− 1/2− 3/2−

0 S 0+ 3/2 3/2+

0 S 0+ 1/2 1/2+

Table 14.6: Quark-model assignments for some of the known
baryons in terms of a flavor-spin SU(6) basis. Only the dominant
representation is listed. Assignments for several states, especially
for the Λ(1810), Λ(2350), Ξ(1820), and Ξ(2030), are merely

educated guesses. † Recent suggestions for assignments and
re-assignments from Ref. 28. For assignments of the charmed
baryons, see the “Note on Charmed Baryons” in the Particle
Listings.

JP (D, LP
N )S Octet members Singlets

1/2+ (56,0+
0 ) 1/2N(939) Λ(1116) Σ(1193) Ξ(1318)

1/2+ (56,0+
2 ) 1/2N(1440)Λ(1600) Σ(1660) Ξ(1690)†

1/2− (70,1−1 ) 1/2N(1535)Λ(1670) Σ(1620) Ξ(?) Λ(1405)

Σ(1560)†
3/2− (70,1−1 ) 1/2N(1520)Λ(1690) Σ(1670) Ξ(1820) Λ(1520)

1/2− (70,1−1 ) 3/2N(1650)Λ(1800) Σ(1750) Ξ(?)

Σ(1620)†
3/2− (70,1−1 ) 3/2N(1700)Λ(?) Σ(1940)† Ξ(?)

5/2− (70,1−1 ) 3/2N(1675)Λ(1830) Σ(1775) Ξ(1950)†
1/2+ (70,0+

2 ) 1/2N(1710)Λ(1810) Σ(1880) Ξ(?) Λ(1810)†
3/2+ (56,2+

2 ) 1/2N(1720)Λ(1890) Σ(?) Ξ(?)

5/2+ (56,2+
2 ) 1/2N(1680)Λ(1820) Σ(1915) Ξ(2030)

7/2− (70,3−3 ) 1/2N(2190)Λ(?) Σ(?) Ξ(?) Λ(2100)

9/2− (70,3−3 ) 3/2N(2250)Λ(?) Σ(?) Ξ(?)

9/2+ (56,4+
4 ) 1/2N(2220)Λ(2350) Σ(?) Ξ(?)

Decuplet members

3/2+ (56,0+
0 ) 3/2Δ(1232) Σ(1385) Ξ(1530) Ω(1672)

3/2+ (56,0+
2 ) 3/2Δ(1600) Σ(1690)†Ξ(?) Ω(?)

1/2− (70,1−1 ) 1/2Δ(1620) Σ(1750)†Ξ(?) Ω(?)

3/2− (70,1−1 ) 1/2Δ(1700) Σ(?) Ξ(?) Ω(?)

5/2+ (56,2+
2 ) 3/2Δ(1905) Σ(?) Ξ(?) Ω(?)

7/2+ (56,2+
2 ) 3/2Δ(1950) Σ(2030) Ξ(?) Ω(?)

11/2+ (56,4+
4 ) 3/2Δ(2420) Σ(?) Ξ(?) Ω(?)

The wave functions of the non-strange baryons in the harmonic
oscillator basis are often labeled by |X2S+1LπJP 〉, where S, L, J, P
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are as above, X = N or Δ, and π = S, M or A denotes the symmetry
of the spatial wave function. The possible states for the bands with
N=0,1,2 are given in Table 14.5.

In Table 14.6, quark-model assignments are given for many of the
established baryons whose SU(6)⊗O(3) compositions are relatively
unmixed. One must, however, keep in mind that apart from the
mixing of the Λ singlet and octet states, states with same JP but
different L, S combinations can also mix. In the quark model with
one-gluon exchange motivated interactions, the size of the mixing is
determined by the relative strength of the tensor term with respect
to the contact term (see below). The mixing is more important for
the decay patterns of the states than for their positions. An example
are the lowest lying (70, 1−1 ) states with JP =1/2− and 3/2−. The
physical states are:

|S11(1535)〉 = cos(ΘS)|N2PM1/2−〉 − sin(ΘS)|N4PM1/2−〉 (14.26)

|D13(1520)〉 = cos(ΘD)|N2PM3/2−〉− sin(ΘD)|N4PM3/2−〉 (14.27)

and the orthogonal combinations for S11(1650) and D13(1700). The
mixing is large for the JP =1/2− states (ΘS ≈ -32o), but small for the
JP =3/2− states (ΘD ≈ +6o) [26,30].

All baryons of the ground state multiplets are known. Many of their
properties, in particular their masses, are in good agreement even with
the most basic versions of the quark model, including harmonic (or
linear) confinement and a spin-spin interaction, which is responsible
for the octet - decuplet mass shifts. A consistent description of
the ground-state electroweak properties, however, requires refined
relativistic constituent quark models.

1000

1200

1400

1600

1800

2000

2200

2400

P11(939)

P11(1440)

D13(1520)
S11(1535)

S11(1650)
D15(1675)
F15(1680)
D13(1700)
P11(1710)
P13(1720)
P13(1900)

F17(1990)
F15(2000)

D13(2080)
S11(2090)
P11(2100)
G17(2190)
D15(2200)
H19(2220)
G19(2250)

P33(1232)

P33(1600)
S31(1620)

D33(1700)
P31(1750)

S31(1900)
F35(1905)
P31(1910)
P33(1920)
D35(1930)
D33(1940)
F37(1950)
F35(2000)
S31(2150)

H39(2300)
D35(2350)
F37(2390)
H3,11(2420)

Mass/(MeV/c2)N(I=1/2) ∆(I=3/2)

exp expQM QM

Figure 14.5: Excitation spectrum of the nucleon. Compared
are the positions of the excited states identified in experiment,
to those predicted by a relativized quark model calculation. Left
hand side: isospin I = 1/2 N -states, right hand side: isospin
I = 3/2 Δ-states. Experimental: (columns labeled ’exp’), three-
and four-star states are indicated by full lines (two-star dashed
lines, one-star dotted lines). At the very left and right of the
figure, the spectroscopic notation of these states is given. Quark
model [27]: (columns labeled ’QM’), all states for the N=1,2
bands, low-lying states for the N=3,4,5 bands. Full lines: at
least tentative assignment to observed states, dashed lines: so
far no observed counterparts. Many of the assignments between
predicted and observed states are highly tentative.

The situation for the excited states is much less clear. The
assignment of some experimentally observed states with strange
quarks to model configurations is only tentative and in many cases
candidates are completely missing. Recently, Melde, Plessas, and Sengl
[28] have calculated baryon properties in relativistic constituent quark
models, using one-gluon exchange and Goldstone-boson exchange
for the modelling of the hyperfine interactions (see Sec. 14.5 on

Dynamics). Both types of models give qualitatively comparable
results, and underestimate in general experimentally observed decay
widths. Nevertheless, in particular on the basis of the observed
decay patterns, the authors have assigned some additional states
with strangeness to the SU(3) multiplets and suggest re-assignments
for a few others. Among the new assignments are states with weak
experimental evidence (two or three star ratings) and partly without
firm spin/parity assignments, so that further experimental efforts are
necessary before final conclusions can be drawn. We have added their
suggestions in Table 14.6.

In the non-strange sector there are two main problems which are
illustrated in Fig. 14.5, where the experimentally observed excitation
spectrum of the nucleon (N and Δ resonances) is compared to
the results of a typical quark model calculation [27]. Many more
states are predicted than observed, but on the other hand, states
with certain quantum numbers appear in the spectrum at excitation
energies much lower than predicted. Up to an excitation energy of 2.4
GeV, about 45 N states are predicted, but only 12 are established
(four- or three-star; see Note on N and Δ Resonances for the rating
of the status of resonances) and 7 are tentative (two- or one-star).
Even for the N=1,2 bands, up to now only half of the predicted
states have been observed. This has been known for a long time as
the ‘missing resonance’ problem [26]. On the other hand, the lowest
states from the N=2 band, the P11(1440), and the P33(1600), appear
lower than the negative parity states from the N=1 band, and much
lower than predicted by most models. Also negative parity Δ states
from the N=3 band (S31(1900), D33(1940), and D35(1930)) are too
low in energy. Part of the problem could be experimental. Among
the negative parity Δ states, only the D35 has three stars and the
uncertainty in the position of the P33(1600) is large (1550 - 1700
MeV). For the missing resonance problem, selection rules could play
a role [26]. The states are broad and overlapping, and most studies
of baryon resonances have been done with pion-induced reactions, so
that there is bias in the database against resonances, which couple
only weakly to the Nπ channel. Quark model predictions for the
couplings to other hadronic channels and to photons are given in
Ref. 27. A large experimental effort is ongoing at several electron
accelerators to study the baryon resonance spectrum with real and
virtual photon-induced meson production reactions. This includes the
search for as-yet-unobserved states, as well as detailed studies of the
properties of the low lying states (decay patterns, electromagnetic
couplings, magnetic moments, etc.) (see Ref. 29 for recent reviews).

In quark models, the number of excited states is determined by the
effective degrees of freedom, while their ordering and decay properties
are related to the residual quark - quark interaction. A recent
overview of quark models for baryons is given in Ref. 30. The effective
degrees of freedom in the standard nonrelativistic quark model are
three equivalent valence quarks with one-gluon exchange-motivated,
flavor-independent color-magnetic interactions. A different class of
models uses interactions which give rise to a quark - diquark clustering
of the baryons (for a review see Ref. 31). If there is a tightly bound
diquark, only two degrees of freedom are available at low energies, and
thus fewer states are predicted. Furthermore, selection rules in the
decay pattern may arise from the quantum numbers of the diquark.
More states are predicted by collective models of the baryon like the
algebraic approach in Ref. 32. In this approach, the quantum numbers
of the valence quarks are distributed over a Y-shaped string-like
configuration, and additional states arise e.g., from vibrations of
the strings. More states are also predicted in the framework of
flux-tube models (see Ref. 33), which are motivated by lattice QCD.
In addition to the quark degrees of freedom, flux-tubes responsible for
the confinement of the quarks are considered as degrees of freedom.
These models include hybrid baryons containing explicit excitations of
the gluon fields. However, since all half integral JP quantum numbers
are possible for ordinary baryons, such ‘exotics’ will be very hard to
identify, and probably always mix with ordinary states. So far, the
experimentally observed number of states is still far lower even than
predicted by the quark–diquark models.

Recently, the influence of chiral symmetry on the excitation
spectrum of the nucleon has been hotly debated from a somewhat new
perspective. Chiral symmetry, the fundamental symmetry of QCD,
is strongly broken for the low lying states, resulting in large mass
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differences of parity partners like the JP =1/2+ P11(938) ground state
and the JP =1/2− S11(1535) excitation. However, at higher excitation
energies there is some evidence for parity doublets and even some very
tentative suggestions for full chiral multiplets of N∗ and Δ resonances.
An effective restoration of chiral symmetry at high excitation energies
due to a decoupling from the quark condensate of the vacuum has been
controversially discussed (see Ref. 34 for recent reviews) as a possible
cause. In this case, the mass generating mechanisms for low and high
lying states would be essentially different. As a further consequence,
the parity doublets would decouple from pions, so that experimental
bias would be worse. However, parity doublets might also arise from
the spin-orbital dynamics of the 3-quark system. Presently, the status
of data does not allow final conclusions.

14.5. Dynamics

Many specific quark models exist, but most contain a similar basic
set of dynamical ingredients. These include:

i) A confining interaction, which is generally spin-independent (e.g.,
harmonic oscillator or linear confinement);

ii) Different types of spin-dependent interactions:

a) commonly used is a color-magnetic flavor-independent
interaction modeled after the effects of gluon exchange in QCD
(see e.g., Ref. 36). For example, in the S-wave states, there is a
spin-spin hyperfine interaction of the form

HHF = −αSM
∑

i>j

(−→σ λa)i(
−→σ λa)j , (14.28)

where M is a constant with units of energy, λa (a = 1, · · · , 8, )
is the set of SU(3) unitary spin matrices, defined in Sec. 37,
on “SU(3) Isoscalar Factors and Representation Matrices,” and
the sum runs over constituent quarks or antiquarks. Spin-orbit
interactions, although allowed, seem to be small in general, but a
tensor term is responsible for the mixing of states with the same
JP but different L, S combinations.

b) other approaches include flavor-dependent short-range quark
forces from instanton effects (see e.g., Ref. 37). This interaction
acts only on scalar, isoscalar pairs of quarks in a relative S-wave
state:

〈q2; S, L, T |W |q2; S, L, T 〉 = −4gδS,0δL,0δI,0W (14.29)

where W is the radial matrix element of the contact interaction.

c) a rather different and controversially discussed approach is
based on flavor-dependent spin-spin forces arising from one-boson
exchange. The interaction term is of the form:

HHF ∝
∑

i<j

V (−→r ij)λ
F
i · λF

j
−→σ i · −→σ j (14.30)

where the λF
i are in flavor space (see e.g., Ref. 38).

iii) A strange quark mass somewhat larger than the up and down
quark masses, in order to split the SU(3) multiplets;

iv) In the case of spin-spin interactions (iia,c), a flavor-symmetric
interaction for mixing qq configurations of different flavors (e.g.,
uu ↔ dd ↔ ss), in isoscalar channels, so as to reproduce e.g., the
η - η′ and ω - Φ mesons.

These ingredients provide the basic mechanisms that determine the
hadron spectrum in the standard quark model.*

* However, recently, in a radically different approach [35], it has
been suggested that most baryon and meson resonances can be gener-
ated by chiral coupled-channel dynamics.

14.6. Lattice Calculations of Hadronic Spectroscopy

Lattice calculations predict the spectrum of bound states in QCD
from first principles, beginning with the Lagrangian of full QCD
or of various approximations to it. This is typically done using the
Euclidean path integral formulation of quantum field theory, where
the analog of a partition function for a field theory containing some
generic fields φ(x), with action S(φ), is

Z =

∫

[dφ] exp(−S(φ)). (14.31)

The expectation value of any observable O is

〈O〉 =
1

Z

∫

[dφ]O(φ) exp(−S(φ)). (14.32)

The theory is regulated by introducing a space-time lattice, with
lattice spacing a. This converts the functional integral Eq. (14.31)
into an ordinary integral (of very large dimensionality). The integral
is replaced by a Monte Carlo sampling over an ensemble of
configurations of field variables, using an algorithm which insures that
a field configuration is present in the ensemble with a probability
proportional to exp(−S(φj)). Then ensemble averages become sample
averages,

〈O〉 =
1

N

N
∑

j=1

O(φj). (14.33)

This is all quite similar to the kind of Monte Carlo simulation done
by experiments, except that the ensembles of field configurations are
created sequentially, as a so-called “Markov chain.”

In QCD, the field variables correspond to gauge fields and quark
fields. In a lattice calculation, the lattice spacing (which serves as
an ultraviolet cutoff) and the (current) quark masses are inputs;
hadron masses and other observables are predicted as a function of
those masses. The lattice spacing is unphysical, and it is necessary
to extrapolate to the limit of zero lattice spacing. Lattice predictions
are for dimensionless ratios of dimensionful parameters (like mass
ratios), and predictions of dimensionful quantities require using one
experimental input to set the scale. Interpolation or extrapolation of
lattice results in the light quark masses involves formulas of chiral
perturbation theory.

For conventional hadronic states, lattice calculations use the quark
model to construct operators, which are taken as interpolating fields.
This does not mean that the hadronic states have minimal quark
content: the operators create multi-quark states with particular
quantum numbers, but they are connected by quark propagators
which include all effects of relativity, and could include the effects of
virtual quark-antiquark pairs in the vacuum.

Constituent gluons do not appear naturally in lattice calculations;
instead, gauge fields appear as link variables, which allow color to
be parallel transported across the lattice in a gauge covariant way.
Calculations of glueballs on the lattice use interpolating fields of
the form Oj ∼ exp i

∮

�A · �dl integrated about some path. The fields
look like closed tubes of chromoelectric and chromomagnetic flux.
Calculations of exotics are done with interpolating fields involving
quark and antiquark creation operators joined by flux tubes.

Calculations with heavy quarks typically use Non-Relativistic QCD
(NRQCD) or Heavy Quark Effective Theory (HQET), systematic
expansions of the QCD Lagrangian in powers of the heavy quark
velocity, or the inverse heavy quark mass. Terms in the Lagrangian
have obvious quark model analogs, but are derived directly from
QCD. The heavy quark potential is a derived quantity, measured in
simulations.

Lattice calculations are as specialized as the experiments which
produce the data in this book, and it is not easy to give a blanket
answer to the question: “How well can lattice calculations predict any
specific quantity?” However, let us try:

The cleanest lattice predictions come from measurements of
processes in which there is only one particle in the simulation volume.
These quantities include masses of hadrons, simple decay constants,
like pseudoscalar meson decay constants, and semileptonic form factors
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Figure 14.7: Spectroscopy for mesonic systems containing one
or more heavy quarks (adapted from Ref. 43). Particles whose
masses are used to fix lattice parameters are shown with crosses;
the authors distinguish between “predictions” and “postdictions”
of their calculation. Lines represent experiment.

(such as the ones appropriate to B → Dlν, Klν, πlν). The cleanest
predictions for masses are for states which have narrow decay widths
and are far below any thresholds to open channels, since the effects
of final state interactions are not yet under complete control on the
lattice. “Difficult” states for the quark model (such as exotics) are
also difficult for the lattice because of the lack of simple operators
which couple well to them. Technical issues presently prevent lattice
practitioners from directly computing matrix elements for weak decays
with more than one strongly interacting particle in the final state.

Figure 14.6: A recent calculation of spectroscopy with
dynamical u, d, and s quarks. The pion and kaon fix the light
quark masses. Only the mass splittings relative to the 1S states
in the heavy quark sectors are shown. The Υ 1P − 1S splitting
sets the overall energy scale.

Good-quality modern lattice calculations will present multi-part
error budgets with their predictions. Users are advised to read
them carefully! A small part of the uncertainty is statistical, from
sample size. Typically, the quoted statistical uncertainty includes
uncertainty from a fit: it is rare that a simulation measures one global
quantity which is the desired observable. Simulations which include
virtual quark-antiquark pairs (also known as “dynamical quarks” or
“sea quarks”) are typically done at mass values heavier than the
experimental ones, and it is necessary to extrapolate in the quark
mass. A major goal of lattice groups is to be able to work directly
at the physical values of the light quark masses. (For an example
of work in that direction, see Ref. 39.) They are always done at
nonzero lattice spacing, and so it is necessary to extrapolate to zero
lattice spacing. Some theoretical input is needed to do this. Much
of the uncertainty in these extrapolations is systematic, from the
choice of fitting function. Other systematics include the effect of finite
simulation volume, the number of flavors of dynamical quarks actually
simulated, and technical issues with how these dynamical quarks are
included. The particular choice of a fiducial mass (to normalize other
predictions) is not standardized; there are many possible choices, each
with its own set of strengths and weaknesses, and determining it
usually requires a second lattice simulation from that used to calculate
the quantity under consideration.

A systematic of major historical interest is the “quenched
approximation,” in which dynamical quarks are simply left out of the
simulation. This was done because the addition of these virtual pairs
presented an expensive computational problem. No generally-accepted
methodology has ever allowed one to correct for quenching effects,
short of redoing all calculations with dynamical quarks. Recent
advances in algorithms and computer hardware have rendered it
obsolete.

Of course, there is much more to lattice calculations besides
spectroscopy; please refer to the mini-review on Quark Masses in the
Quarks section of the Listings for more lattice-based phenomenology.

We conclude with a few representative pictures of spectroscopy
from recent state-of-the-art simulations. They illustrate (better than
any discussion) the size of lattice uncertainties.

A recent calculation of spectroscopy with dynamical u, d, and s
quarks is shown in Fig. 14.6. The pion and kaon masses are used to
set the light quark masses. The Υ 1P − 1S splitting is used to set the
lattice spacing or equivalently, the overall energy scale in the lattice
calculation. This is an updated figure from Ref. 40, using results from
Ref. 41 and Ref. 42 (D. Toussaint, private communication).

Fig. 14.7 shows the mas spectrum for mesons containing at least one
heavy (b or c) quark from Ref. 43. The calculation uses a discretization
of nonrelativistic QCD for its heavy quarks, and includes three flavors
of light dynamical fermions.
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15. GRAND UNIFIED THEORIES

Revised October 2005 by S. Raby (Ohio State University).

15.1. Grand Unification

15.1.1. Standard Model: An Introduction :

In spite of all the successes of the Standard Model [SM], it is
unlikely to be the final theory. It leaves many unanswered questions.
Why the local gauge interactions SU(3)C ×SU(2)L×U(1)Y , and why 3
families of quarks and leptons? Moreover, why does one family consist
of the states [Q, uc, dc; L, ec] transforming as [(3, 2, 1/3), (3̄, 1,−4/3),
(3̄, 1, 2/3); (1, 2,−1), (1, 1, 2)], where Q = (u, d), and L = (ν, e) are
SU(2)L doublets, and uc, dc, ec are charge conjugate SU(2)L singlet
fields with the U(1)Y quantum numbers given? [We use the convention
that electric charge QEM = T3L + Y/2 and all fields are left-handed.]
Note the SM gauge interactions of quarks and leptons are completely
fixed by their gauge charges. Thus, if we understood the origin of
this charge quantization, we would also understand why there are no
fractionally charged hadrons. Finally, what is the origin of quark and
lepton masses, or the apparent hierarchy of family masses and quark
mixing angles? Perhaps if we understood this, we would also know
the origin of CP violation, the solution to the strong CP problem, the
origin of the cosmological matter-antimatter asymmetry, or the nature
of dark matter.

The SM has 19 arbitrary parameters; their values are chosen to
fit the data. Three arbitrary gauge couplings: g3, g, g′ (where g,
g′ are the SU(2)L, U(1)Y couplings, respectively) or equivalently,
αs = (g2

3/4π), αEM = (e2/4π) (e = g sin θW ), and sin2 θW =
(g′)2/(g2+(g′)2). In addition, there are 13 parameters associated with
the 9 charged fermion masses and the four mixing angles in the CKM
matrix. The remaining 3 parameters are v, λ [the Higgs VEV (vacuum
expectation value) and quartic coupling] (or equivalently, MZ , m0

h),
and the QCD θ parameter. In addition, data from neutrino oscillation
experiments provide convincing evidence for neutrino masses. With 3
light Majorana neutrinos, there are at least 9 additional parameters
in the neutrino sector; 3 masses, 3 mixing angles and 3 phases. In
summary, the SM has too many arbitrary parameters, and leaves open
too many unresolved questions to be considered complete. These are
the problems which grand unified theories hope to address.

15.1.2. Charge Quantization :

In the Standard Model, quarks and leptons are on an equal
footing; both fundamental particles without substructure. It is
now clear that they may be two faces of the same coin; unified,
for example, by extending QCD (or SU(3)C ) to include leptons
as the fourth color, SU(4)C [1]. The complete Pati-Salam gauge
group is SU(4)C × SU(2)L × SU(2)R, with the states of one
family [(Q, L), (Qc, Lc)] transforming as [(4, 2, 1), (4̄, 1, 2̄)], where
Qc = (dc, uc), Lc = (ec, νc) are doublets under SU(2)R. Electric
charge is now given by the relation QEM = T3L + T3R + 1/2(B – L),
and SU(4)C contains the subgroup SU(3)C × (B – L) where B (L) is
baryon (lepton) number. Note νc has no SM quantum numbers and
is thus completely “sterile.” It is introduced to complete the SU(2)R
lepton doublet. This additional state is desirable when considering
neutrino masses.

Although quarks and leptons are unified with the states of one
family forming two irreducible representations of the gauge group,
there are still 3 independent gauge couplings (two if one also imposes
parity, i.e., L ↔ R symmetry). As a result, the three low-energy
gauge couplings are still independent arbitrary parameters. This
difficulty is resolved by embedding the SM gauge group into the simple
unified gauge group, Georgi-Glashow SU(5), with one universal gauge
coupling αG defined at the grand unification scale MG [2]. Quarks
and leptons still sit in two irreducible representations, as before, with
a 10 = [Q, uc, ec] and 5̄ = [dc, L]. Nevertheless, the three low energy
gauge couplings are now determined in terms of two independent
parameters : αG and MG. Hence, there is one prediction.

In order to break the electroweak symmetry at the weak scale and
give mass to quarks and leptons, Higgs doublets are needed which
can sit in either a 5H or 5̄H. The additional 3 states are color triplet
Higgs scalars. The couplings of these color triplets violate baryon
and lepton number, and nucleons decay via the exchange of a single

color triplet Higgs scalar. Hence, in order not to violently disagree
with the non-observation of nucleon decay, their mass must be greater
than ∼ 1010– 11 GeV. Moreover, in supersymmetric GUTs, in order to
cancel anomalies, as well as give mass to both up and down quarks,
both Higgs multiplets 5H, 5̄H are required. As we shall discuss later,
nucleon decay now constrains the color triplet Higgs states in a SUSY
GUT to have mass significantly greater than MG.

Complete unification is possible with the symmetry group SO(10),
with one universal gauge coupling αG, and one family of quarks
and leptons sitting in the 16-dimensional-spinor representation
16 = [10 + 5̄ + 1] [3]. The SU(5) singlet 1 is identified with νc. In
Table 15.1 we present the states of one family of quarks and leptons,
as they appear in the 16. It is an amazing and perhaps even profound
fact that all the states of a single family of quarks and leptons can be
represented digitally as a set of 5 zeros and/or ones or equivalently as

the tensor product of 5 “spin” 1/2 states with ± = |± 1

2
> and with the

condition that we have an even number of |− > spins. The first three
“spins” correspond to SU(3)C color quantum numbers, while the last
two are SU(2)L weak quantum numbers. In fact, an SU(3)C rotation
just raises one color index and lowers another, thereby changing colors
{r, b, y}. Similarly an SU(2)L rotation raises one weak index and
lowers another, thereby flipping the weak isospin from up to down
or vice versa. In this representation, weak hypercharge Y is given by
the simple relation Y = 2/3(

∑

color spins) – (
∑

weak spins). SU(5)
rotations [not in the Standard Model] then raise (or lower) a color
index, while at the same time lowering (or raising) a weak index.
It is easy to see that such rotations can mix the states {Q, uc, ec}
and {dc, L} among themselves, and νc is a singlet. The new SO(10)
rotations [not in SU(5)] are then given by either raising or lowering
any two spins. For example, by lowering the two weak indices, νc

rotates into ec, etc.

Table 15.1: The quantum numbers of the 16 dimensional
representation of SO(10).

State Y Color Weak

ν
c 0 + + + + +

e
c 2 + + + −−

ur 1/3 − + + +−
dr 1/3 − + + −+

ub 1/3 + − + +−
db 1/3 + − + −+

uy 1/3 + + − +−
dy 1/3 + + − −+

u
c
r −4/3 + − − + +

u
c
b −4/3 − + − + +

u
c
y −4/3 − − + + +

d
c
r 2/3 + − − −−

d
c
b 2/3 − + − −−

d
c
y 2/3 − − + −−

ν −1 − − − +−
e −1 − − − −+

SO(10) has two inequivalent maximal breaking patterns: SO(10) →
SU(5) × U(1)X and SO(10) → SU(4)C × SU(2)L × SU(2)R. In the
first case, we obtain Georgi-Glashow SU(5) if QEM is given in
terms of SU(5) generators alone, or so-called flipped SU(5) [4] if
QEM is partly in U(1)X . In the latter case, we have the Pati-Salam
symmetry. If SO(10) breaks directly to the SM at MG, then we
retain the prediction for gauge coupling unification. However, more
possibilities for breaking (hence more breaking scales and more
parameters) are available in SO(10). Nevertheless with one breaking
pattern SO(10) → SU(5) → SM, where the last breaking scale is MG,
the predictions from gauge coupling unification are preserved. The
Higgs multiplets in minimal SO(10) are contained in the fundamental
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10H = [5H, 5̄H] representation. Note, only in SO(10) does the
gauge symmetry distinguish quark and lepton multiplets from Higgs
multiplets.

Finally, larger symmetry groups have been considered. For
example, E(6) has a fundamental representation 27, which under
SO(10) transforms as a [16 + 10 + 1]. The breaking pattern
E(6) → SU(3)C × SU(3)L × SU(3)R is also possible. With the
additional permutation symmetry Z(3) interchanging the three
SU(3)s, we obtain so-called “trinification [5], ” with a universal
gauge coupling. The latter breaking pattern has been used in
phenomenological analyses of the heterotic string [6]. However, in
larger symmetry groups, such as E(6), SU(6), etc., there are now
many more states which have not been observed and must be removed
from the effective low-energy theory. In particular, three families of
27s in E(6) contain three Higgs type multiplets transforming as 10s
of SO(10). This makes these larger symmetry groups unattractive
starting points for model building.

15.1.3. String Theory and Orbifold GUTs :

Orbifold compactification of the heterotic string [7–9], and recent
field theoretic constructions known as orbifold GUTs [10], contain
grand unified symmetries realized in 5 and 6 dimensions. However,
upon compactifying all but four of these extra dimensions, only the
MSSM is recovered as a symmetry of the effective four dimensional
field theory.1 These theories can retain many of the nice features of
four dimensional SUSY GUTs, such as charge quantization, gauge
coupling unification and sometimes even Yukawa unification; while
at the same time resolving some of the difficulties of 4d GUTs,
in particular problems with unwieldy Higgs sectors necessary for
spontaneously breaking the GUT symmetry, problems with doublet-
triplet Higgs splitting or rapid proton decay. We will comment further
on the corrections to the four dimensional GUT picture due to orbifold
GUTs in the following sections.

15.1.4. Gauge coupling unification :

The biggest paradox of grand unification is to understand how
it is possible to have a universal gauge coupling gG in a grand
unified theory [GUT], and yet have three unequal gauge couplings
at the weak scale with g3 > g > g′. The solution is given in terms
of the concept of an effective field theory [EFT] [16]. The GUT
symmetry is spontaneously broken at the scale MG, and all particles
not in the SM obtain mass of order MG. When calculating Green’s
functions with external energies E ≫ MG, we can neglect the mass
of all particles in the loop and hence all particles contribute to
the renormalization group running of the universal gauge coupling.
However, for E ≪ MG, one can consider an effective field theory
including only the states with mass < E ≪ MG. The gauge symmetry
of the EFT is SU(3)C ×SU(2)L×U(1)Y , and the three gauge couplings
renormalize independently. The states of the EFT include only those
of the SM; 12 gauge bosons, 3 families of quarks and leptons, and one
or more Higgs doublets. At MG, the two effective theories [the GUT

1 Also, in recent years there has been a great deal of progress in con-
structing three and four family models in Type IIA string theory with
intersecting D6 branes [11]. Although these models can incorporate
SU(5) or a Pati-Salam symmetry group in four dimensions, they typi-
cally have problems with gauge coupling unification. In the former case
this is due to charged exotics which affect the RG running, while in the
latter case the SU(4)×SU(2)L×SU(2)R symmetry never unifies. Note,
heterotic string theory models also exist whose low energy effective 4d
field theory is a SUSY GUT [12]. These models have all the virtues
and problems of 4d GUTs. Finally, many heterotic string models have
been constructed with the standard model gauge symmetry in 4d and
no intermediate GUT symmetry in less than 10d. Recently some min-
imal 3 family supersymmetric models have been constructed [13,14].
These theories may retain some of the symmetry relations of GUTs,
however the unification scale would typically be the string scale, of or-
der 5 × 1017 GeV, which is inconsistent with low energy data. A way
out of this problem was discovered in the context of the strongly cou-
pled heterotic string, defined in an effective 11 dimensions [15]. In this
case the 4d Planck scale (which controls the value of the string scale)
now unifies with the GUT scale.

itself is most likely the EFT of a more fundamental theory defined at
a higher scale] must give identical results; hence we have the boundary
conditions g3 = g2 = g1 ≡ gG, where at any scale μ < MG, we have
g2 ≡ g and g1 =

√

5/3 g′. Then using two low-energy couplings, such
as αs(MZ), αEM (MZ), the two independent parameters αG, MG
can be fixed. The third gauge coupling, sin2 θW in this case, is
then predicted. This was the procedure up until about 1991 [17,18].
Subsequently, the uncertainties in sin2 θW were reduced tenfold. Since
then, αEM (MZ), sin2 θW have been used as input to predict αG, MG,
and αs(MZ) [19].

We emphasize that the above boundary condition is only valid when
using one-loop-renormalization group [RG] running. With precision
electroweak data, however, it is necessary to use two-loop-RG running.
Hence, one must include one-loop-threshold corrections to gauge
coupling boundary conditions at both the weak and GUT scales. In
this case, it is always possible to define the GUT scale as the point
where α1(MG) = α2(MG) ≡ α̃G and α3(MG) = α̃G (1 + ǫ3). The
threshold correction ǫ3 is a logarithmic function of all states with
mass of order MG and α̃G = αG + ∆, where αG is the GUT coupling
constant above MG, and ∆ is a one-loop-threshold correction. To
the extent that gauge coupling unification is perturbative, the GUT
threshold corrections are small and calculable. This presumes that the
GUT scale is sufficiently below the Planck scale or any other strong
coupling extension of the GUT, such as a strongly coupled string
theory.

Supersymmetric grand unified theories [SUSY GUTs] are an
extension of non-SUSY GUTs [20]. The key difference between SUSY
GUTs and non-SUSY GUTs is the low-energy effective theory. The
low-energy effective field theory in a SUSY GUT is assumed to satisfy
N = 1 supersymmetry down to scales of order the weak scale, in
addition to the SM gauge symmetry. Hence, the spectrum includes all
the SM states, plus their supersymmetric partners. It also includes
one pair (or more) of Higgs doublets; one to give mass to up-type
quarks, and the other to down-type quarks and charged leptons.
Two doublets with opposite hypercharge Y are also needed to cancel
fermionic triangle anomalies. Finally, it is important to recognize
that a low-energy SUSY-breaking scale (the scale at which the SUSY
partners of SM particles obtain mass) is necessary to solve the gauge
hierarchy problem.

Simple non-SUSY SU(5) is ruled out, initially by the increased
accuracy in the measurement of sin2 θW , and by early bounds on the
proton lifetime (see below) [18]. However, by now LEP data [19]
has conclusively shown that SUSY GUTs is the new Standard Model;
by which we mean the theory used to guide the search for new
physics beyond the present SM (see Fig. 15.1). SUSY extensions of
the SM have the property that their effects decouple as the effective
SUSY-breaking scale is increased. Any theory beyond the SM must
have this property simply because the SM works so well. However,
the SUSY-breaking scale cannot be increased with impunity, since this
would reintroduce a gauge hierarchy problem. Unfortunately there is
no clear-cut answer to the question, “When is the SUSY-breaking
scale too high?” A conservative bound would suggest that the third
generation squarks and sleptons must be lighter than about 1 TeV, in
order that the one-loop corrections to the Higgs mass from Yukawa
interactions remain of order the Higgs mass bound itself.

At present, gauge coupling unification within SUSY GUTs works
extremely well. Exact unification at MG, with two-loop-RG running
from MG to MZ , and one-loop-threshold corrections at the weak
scale, fits to within 3 σ of the present precise low-energy data. A
small threshold correction at MG (ǫ3 ∼ −3 to − 4%) is sufficient to
fit the low-energy data precisely [22–24]. 2 This may be compared
to non-SUSY GUTs, where the fit misses by ∼ 12 σ, and a precise

2 This result implicitly assumes universal GUT boundary conditions
for soft SUSY-breaking parameters at MG. In the simplest case, we
have a universal gaugino mass M1/2, a universal mass for squarks and

sleptons m16, and a universal Higgs mass m10, as motivated by SO(10).
In some cases, threshold corrections to gauge coupling unification can
be exchanged for threshold corrections to soft SUSY parameters. See
for example, Ref. 25 and references therein.
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Figure 15.1: Gauge coupling unification in non-SUSY GUTs
on the left vs. SUSY GUTs on the right using the LEP data
as of 1991. Note, the difference in the running for SUSY is the
inclusion of supersymmetric partners of standard model particles
at scales of order a TeV (Fig. taken from Ref. 21). Given the
present accurate measurements of the three low energy couplings,
in particular αs(MZ), GUT scale threshold corrections are now
needed to precisely fit the low energy data. The dark blob in the
plot on the right represents these model dependent corrections.

fit requires new weak-scale states in incomplete GUT multiplets, or
multiple GUT-breaking scales.3

Following the analysis of Ref. 24 let us try to understand the need
for the GUT threshold correction and its order of magnitude. The
renormalization group equations relate the low energy gauge coupling
constants αi(MZ), i = 1, 2, 3 to the value of the unification scale ΛU
and the GUT coupling αU by the expression

1

αi(MZ)
=

1

αU
+

bi

2π
log

(

ΛU

MZ

)

+ δi (15.1)

where ΛU is the GUT scale evaluated at one loop and the threshold

corrections, δi, are given by δi = δ
(2)
i +δ

(l)
i +δ

(g)
i with δ

(2)
i representing

two loop running effects, δ
(l)
i the light threshold corrections at the

SUSY breaking scale and δ
(g)
i = δ

(h)
i + δ

(b)
i representing GUT scale

threshold corrections. Note, in this analysis, the two loop RG running
is treated on the same footing as weak and GUT scale threshold
corrections. One then obtains the prediction

(α3(MZ) − αLO
3 (MZ))/αLO

3 (MZ) = −αLO
3 (MZ) δs (15.2)

where αLO
3 (MZ) is the leading order one loop RG result and

δs =
1

7
(5δ1 − 12δ2 + 7δ3) is the net threshold correction. [A similar

formula applies at the GUT scale with the GUT threshold correction,

ǫ3, given by ǫ3 = −α̃G δ
(g)
s .] Given the experimental inputs [28]:

α−1
em(MZ) = 127.906± 0.019

sin2θW (MZ) = 0.2312± 0.0002

α3(MZ) = 0.1187± 0.0020 (15.3)

and taking into account the light threshold corrections, assuming an
ensemble of 10 SUSY spectra [24]( corresponding to the Snowmass
benchmark points), we have

αLO
3 (MZ) ≈ 0.118 (15.4)

3 Non-SUSY GUTs with a more complicated breaking pattern can
still fit the data. For example, non-SUSY SO(10) → SU(4)C×SU(2)L×
SU(2)R →SM, with the second breaking scale of order an intermediate
scale, determined by light neutrino masses using the see-saw mecha-
nism, can fit the low-energy data for gauge couplings [26], and at the
same time survive nucleon decay bounds [27], discussed in the following
section.

and

δ
(2)
s ≈ −0.82

δ
(l)
s ≈ −0.50 +

19

28π
log

MSUSY

MZ
.

For MSUSY = 1 TeV, we have δ
(2)
s + δ

(l)
s ≈ −0.80. Since the one

loop result αLO
3 (MZ) is very close to the experimental value, we need

δs ≈ 0 or equivalently, δ
(g)
s ≈ 0.80. This corresponds, at the GUT

scale, to ǫ3 ≈ −3%.4

In four dimensional SUSY GUTs, the threshold correction ǫ3
receives a positive contribution from Higgs doublets and triplets.5

Thus a larger, negative contribution must come from the GUT
breaking sector of the theory. This is certainly possible in specific
SO(10) [29] or SU(5) [30] models, but it is clearly a significant
constraint on the 4d GUT sector of the theory. In five or six
dimensional orbifold GUTs, on the other hand, the “GUT scale”
threshold correction comes from the Kaluza-Klein modes between the
compactification scale, Mc, and the effective cutoff scale M∗.

6 Thus,
in orbifold GUTs, gauge coupling unification at two loops is only
consistent with the low energy data with a fixed value for Mc and
M∗.

7 Typically, one finds Mc < MG = 3 × 1016 GeV, where MG is
the 4d GUT scale. Since the grand unified gauge bosons, responsible
for nucleon decay, get mass at the compactification scale, the result
Mc < MG for orbifold GUTs has significant consequences for nucleon
decay.

A few final comments are in order. We do not consider the scenario
of split supersymmetry [33] in this review. In this scenario squarks and
sleptons have mass at a scale m̃ ≫ MZ , while gauginos and Higgsinos
have mass of order the weak scale. Gauge coupling unification occurs
at a scale of order 1016 GeV, provided that the scale m̃ lies in the range
103 − 1011 GeV [34]. A serious complaint concerning the split SUSY
scenario is that it does not provide a solution to the gauge hierarchy
problem. Moreover, it is only consistent with grand unification if
it also postulates an “intermediate” scale, m̃, for scalar masses. In
addition, it is in conflict with b − τ Yukawa unification, unless tanβ is
fine-tuned to be close to 1 [34]. 8

We have also neglected to discuss non-supersymmetric GUTs in
four dimensions which still survive once one allows for several scales

4 In order to fit the low energy data for gauge coupling constants
we require a relative shift in α3(MG) of order 3% due to GUT scale
threshold corrections. If these GUT scale corrections were not present,
however, weak scale threshold corrections of order 9% (due to the larger
value of α3 at MZ) would be needed to resolve the discrepancy with the
data for exact gauge coupling unification at MG. Leaving out the fact
that any consistent GUT necessarily contributes threshold corrections
at the GUT scale, it is much more difficult to find the necessary larger
corrections at the weak scale. For example, we need MSUSY ≈ 40 TeV
for the necessary GUT scale threshold correction to vanish.

5 Note, the Higgs contribution is given by ǫ3 =
3α̃G

5π log |M̃t γ
MG

| where

M̃t is the effective color triplet Higgs mass (setting the scale for dimen-
sion 5 baryon and lepton number violating operators) and γ = λb/λt at
MG. Since M̃t is necessarily greater than MG, the Higgs contribution
to ǫ3 is positive.

6 In string theory, the cutoff scale is the string scale.
7 It is interesting to note that a ratio M∗/Mc ∼ 100, needed for

gauge coupling unification to work in orbifold GUTs is typically the
maximum value for this ratio consistent with perturbativity [31]. In
addition, in orbifold GUTs brane-localized gauge kinetic terms may
destroy the successes of gauge coupling unification. However, for values
of M∗/Mc = M∗πR ≫ 1 the unified bulk gauge kinetic terms can
dominate over the brane-localized terms [32].

8 b − τ Yukawa unification only works for m̃ < 104 for tanβ ≥ 1.5.
This is because the effective theory between the gaugino mass scale
and m̃ includes only one Higgs doublet, as in the standard model. In
this case, the large top quark Yukawa coupling tends to increase the
ratio λb/λτ as one runs down in energy below m̃ . This is opposite to
what happens in MSSM where the large top quark Yukawa coupling
decreases the ratio λb/λτ [35].
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of GUT symmetry breaking [26]. Finally, it has been shown that
non-supersymmetric GUTs in warped 5 dimensional orbifolds can
be consistent with gauge coupling unification, assuming that the
right-handed top quark and the Higgs doublets are composite-like
objects with a compositeness scale of order a TeV [36].

15.1.5. Nucleon Decay :

Baryon number is necessarily violated in any GUT [37]. In SU(5),
nucleons decay via the exchange of gauge bosons with GUT scale
masses, resulting in dimension-6 baryon-number-violating operators
suppressed by (1/M2

G). The nucleon lifetime is calculable and given

by τN ∝ M4
G/(α2

G m5
p). The dominant decay mode of the proton

(and the baryon-violating decay mode of the neutron), via gauge
exchange, is p → e+ π0 (n → e+ π−). In any simple gauge symmetry,
with one universal GUT coupling and scale (αG, MG), the nucleon
lifetime from gauge exchange is calculable. Hence, the GUT scale
may be directly observed via the extremely rare decay of the
nucleon. Experimental searches for nucleon decay began with the
Kolar Gold Mine, Homestake, Soudan, NUSEX, Frejus, HPW, and
IMB detectors [17]. The present experimental bounds come from
Super-Kamiokande and Soudan II. We discuss these results shortly.
Non-SUSY GUTs are also ruled out by the non-observation of nucleon
decay [18]. In SUSY GUTs, the GUT scale is of order 3× 1016 GeV,
as compared to the GUT scale in non-SUSY GUTs, which is of order
1015 GeV. Hence, the dimension-6 baryon-violating operators are
significantly suppressed in SUSY GUTs [20] with τp ∼ 1034– 38 yrs.

However, in SUSY GUTs, there are additional sources for baryon-
number violation—dimension-4 and -5 operators [38]. Although
the notation does not change, when discussing SUSY GUTs,
all fields are implicitly bosonic superfields, and the operators
considered are the so-called F terms, which contain two fermionic
components, and the rest scalars or products of scalars. Within
the context of SU(5), the dimension-4 and -5 operators have the
form (10 5̄ 5̄) ⊃ (uc dc dc) + (Q L dc) + (ec L L), and (10 10 10 5̄)
⊃ (Q Q Q L)+(uc uc dc ec) + B and L conserving terms, respectively.
The dimension-4 operators are renormalizable with dimensionless
couplings; similar to Yukawa couplings. On the other hand, the
dimension-5 operators have a dimensionful coupling of order (1/MG).

The dimension-4 operators violate baryon number or lepton
number, respectively, but not both. The nucleon lifetime is extremely
short if both types of dimension-4 operators are present in the low-
energy theory. However, both types can be eliminated by requiring
R parity. In SU(5), the Higgs doublets reside in a 5H, 5̄H, and
R parity distinguishes the 5̄ (quarks and leptons) from 5̄H (Higgs).
R parity [39] (or more precisely, its cousin, family reflection
symmetry) (see Dimopoulos and Georgi [20] and DRW [40]) takes
F → −F, H → H with F = {10, 5̄}, H = {5̄H, 5H}. This forbids
the dimension-4 operator (10 5̄ 5̄), but allows the Yukawa couplings of
the form (10 5̄ 5̄H) and (10 10 5H). It also forbids the dimension-3,
lepton-number-violating operator (5̄ 5H) ⊃ (L Hu), with a coefficient
with dimensions of mass which, like the μ parameter, could be of
order the weak scale and the dimension-5, baryon-number-violating
operator (10 10 10 5̄H) ⊃ (Q Q Q Hd) + · · ·.

Note, in the MSSM, it is possible to retain R-parity-violating
operators at low energy, as long as they violate either baryon number
or lepton number only, but not both. Such schemes are natural if
one assumes a low-energy symmetry, such as lepton number, baryon
number, or a baryon parity [41]. However, these symmetries cannot
be embedded in a GUT. Thus, in a SUSY GUT, only R parity can
prevent unwanted dimension four operators. Hence, by naturalness
arguments, R parity must be a symmetry in the effective low-energy
theory of any SUSY GUT. This does not mean to say that R parity is
guaranteed to be satisfied in any GUT.

Note also, R parity distinguishes Higgs multiplets from ordinary
families. In SU(5), Higgs and quark/lepton multiplets have identical
quantum numbers; while in E(6), Higgs and families are unified
within the fundamental 27 representation. Only in SO(10) are Higgs
and ordinary families distinguished by their gauge quantum numbers.
Moreover, the Z(4) center of SO(10) distinguishes 10s from 16s, and
can be associated with R parity [42].

In SU(5), dimension-5 baryon-number-violating operators may be
forbidden at tree level by additional symmetries. These symmetries
are typically broken, however, by the VEVs responsible for the color
triplet Higgs masses. Consequently, these dimension-5 operators are
generically generated via color triplet Higgsino exchange. Hence, the
color triplet partners of Higgs doublets must necessarily obtain mass
of order the GUT scale. The dominant decay modes from dimension-5
operators are p → K+ ν (n → K0 ν). This is due to a simple
symmetry argument; the operators (Qi Qj Qk Ll), (uc

i uc
j dc

k ec
l )

(where i, j, k, l = 1, 2, 3 are family indices, and color and weak indices
are implicit) must be invariant under SU(3)C and SU(2)L. As a result,
their color and weak doublet indices must be anti-symmetrized.
However, since these operators are given by bosonic superfields, they
must be totally symmetric under interchange of all indices. Thus, the
first operator vanishes for i = j = k, and the second vanishes for i = j.
Hence, a second or third generation member must exist in the final
state [40].

Recent Super-Kamiokande bounds on the proton lifetime severely
constrain these dimension-6 and dimension-5 operators with
τ(p→e+π0) > 5.0×1033 yrs (79.3 ktyr exposure), τ(n→e+π−) > 5×1033

yrs (61 ktyr), and τ(p→K+ν) > 1.6 × 1033 yrs (79.3 ktyr),

τ(n→K0ν) > 1.7 × 1032 yrs (61 ktyr) at (90% CL) based on the

listed exposures [43]. These constraints are now sufficient to rule out
minimal SUSY SU(5) [44]. 9 Non-minimal Higgs sectors in SU(5) or
SO(10) theories still survive [23,30]. The upper bound on the proton
lifetime from these theories is approximately a factor of 5 above
the experimental bounds. They are, however, being pushed to their
theoretical limits. Hence, if SUSY GUTs are correct, nucleon decay
should be seen soon.

Is there a way out of this conclusion? Orbifold GUTs and string
theories, see Sect. 15.1.3, contain grand unified symmetries realized
in higher dimensions. In the process of compactification and GUT
symmetry breaking, color triplet Higgs states are removed (projected
out of the massless sector of the theory). In addition, the same
projections typically rearrange the quark and lepton states so that the
massless states which survive emanate from different GUT multiplets.
In these models, proton decay due to dimension 5 operators can be
severely suppressed or eliminated completely. However, proton decay
due to dimension 6 operators may be enhanced, since the gauge
bosons mediating proton decay obtain mass at the compactification
scale, Mc, which is less than the 4d GUT scale (see the discussion
at the end of Section 15.1.4), or suppressed, if the states of one
family come from different irreducible representations. Which effect
dominates is a model dependent issue. In some complete 5d orbifold
GUT models [47,24] the lifetime for the decay τ(p → e+π0) can be
near the excluded bound of 5 × 1033 years with, however, large model
dependent and/or theoretical uncertainties. In other cases, the modes
p → K+ν̄ and p → K0μ+ may be dominant [24]. To summarize,
in either 4d or orbifold string/field theories, nucleon decay remains
a premier signature for SUSY GUTs. Moreover, the observation of
nucleon decay may distinguish extra-dimensional orbifold GUTs from
four dimensional ones.

Before concluding the topic of baryon-number violation, consider
the status of ∆B = 2 neutron- anti-neutron oscillations. Generically,
the leading operator for this process is the dimension-9 six-quark
operator G(∆B=2) (uc dc dc uc dc dc), with dimensionful coefficient

G(∆B=2) ∼ 1/M5. The present experimental bound τn–n ≥ 0.86×108

sec. at 90% CL [48] probes only up to the scale M ≤ 106 GeV. For
M ∼ MG, n –n oscillations appear to be unobservable for any GUT
(for a recent discussion see Ref. 49).

9 This conclusion relies on the mild assumption that the three-by-
three matrices diagonalizing squark and slepton mass matrices are not
so different from their fermionic partners. It has been shown that if
this caveat is violated, then dimension five proton decay in minimal
SUSY SU(5) may not be ruled out [45].



15. Grand Unified Theories 197

15.1.6. Yukawa coupling unification :

15.1.6.1. 3rd generation, b–τ or t–b–τ unification:

If quarks and leptons are two sides of the same coin, related by
a new grand unified gauge symmetry, then that same symmetry
relates the Yukawa couplings (and hence the masses) of quarks and
leptons. In SU(5), there are two independent renormalizable Yukawa
interactions given by λt (10 10 5H) + λ (10 5̄ 5̄H). These contain the
SM interactions λt (Q uc Hu) + λ (Q dc Hd + ec L Hd). Hence,
at the GUT scale, we have the tree-level relation, λb = λτ ≡ λ [35].
In SO(10), there is only one independent renormalizable Yukawa
interaction given by λ (16 16 10H), which gives the tree-level relation,
λt = λb = λτ ≡ λ [50,51]. Note, in the discussion above, we assume
the minimal Higgs content, with Higgs in 5, 5̄ for SU(5) and 10 for
SO(10). With Higgs in higher-dimensional representations, there are
more possible Yukawa couplings. [58–60]

In order to make contact with the data, one now renormalizes
the top, bottom, and τ Yukawa couplings, using two-loop-RG
equations, from MG to MZ . One then obtains the running quark
masses mt(MZ) = λt(MZ) vu, mb(MZ) = λb(MZ) vd, and
mτ (MZ) = λτ (MZ) vd, where < H0

u >≡ vu = sinβ v/
√

2,
< H0

d >≡ vd = cosβ v/
√

2, vu/vd ≡ tan β, and v ∼ 246 GeV is fixed
by the Fermi constant, Gµ.

Including one-loop-threshold corrections at MZ , and additional
RG running, one finds the top, bottom, and τ -pole masses. In
SUSY, b – τ unification has two possible solutions, with tanβ ∼ 1
or 40 – 50. The small tanβ solution is now disfavored by the LEP
limit, tanβ > 2.4 [52]. 10 The large tan β limit overlaps the SO(10)
symmetry relation.

When tanβ is large, there are significant weak-scale threshold
corrections to down quark and charged lepton masses, from either
gluino and/or chargino loops [54]. Yukawa unification (consistent
with low energy data) is only possible in a restricted region of SUSY
parameter space with important consequences for SUSY searches [55].

15.1.6.2. Three families:

Simple Yukawa unification is not possible for the first two
generations, of quarks and leptons. Consider the SU(5) GUT scale
relation λb = λτ . If extended to the first two generations, one would
have λs = λµ, λd = λe, which gives λs/λd = λµ/λe. The last relation
is a renormalization group invariant, and is thus satisfied at any scale.
In particular, at the weak scale, one obtains ms/md = mµ/me, which
is in serious disagreement with the data, namely ms/md ∼ 20 and
mµ/me ∼ 200. An elegant solution to this problem was given by
Georgi and Jarlskog [56]. Of course, a three-family model must also
give the observed CKM mixing in the quark sector. Note, although
there are typically many more parameters in the GUT theory above
MG, it is possible to obtain effective low-energy theories with many
fewer parameters making strong predictions for quark and lepton
masses.

It is important to note that grand unification alone is not sufficient
to obtain predictive theories of fermion masses and mixing angles.
Other ingredients are needed. In one approach additional global
family symmetries are introduced (non-abelian family symmetries can
significantly reduce the number of arbitrary parameters in the Yukawa
matrices). These family symmetries constrain the set of effective
higher dimensional fermion mass operators. In addition, sequential
breaking of the family symmetry is correlated with the hierarchy of
fermion masses. Three-family models exist which fit all the data,
including neutrino masses and mixing [57]. In a completely separate
approach for SO(10) models, the Standard Model Higgs bosons are
contained in the higher dimensional Higgs representations including
the 10, 126 and/or 120. Such theories have been shown to make
predictions for neutrino masses and mixing angles [58–60].

10 However, this bound disappears if one takes MSUSY = 2 TeV and
mt = 180 GeV [53].

15.1.7. Neutrino Masses :

Atmospheric and solar neutrino oscillations require neutrino
masses. Adding three “sterile” neutrinos νc with the Yukawa coupling
λν (νc L Hu), one easily obtains three massive Dirac neutrinos
with mass mν = λν vu. 11 However, in order to obtain a tau
neutrino with mass of order 0.1 eV, one needs λντ /λτ ≤ 10−10.
The see-saw mechanism, on the other hand, can naturally explain
such small neutrino masses [61,62]. Since νc has no SM quantum
numbers, there is no symmetry (other than global lepton number)
which prevents the mass term 1

2
νc M νc. Moreover, one might

expect M ∼ MG. Heavy “sterile” neutrinos can be integrated out of
the theory, defining an effective low-energy theory with only light
active Majorana neutrinos, with the effective dimension-5 operator
1
2

(L Hu) λT
ν M−1 λν (L Hu). This then leads to a 3 × 3 Majorana

neutrino mass matrix m = mT
ν M−1 mν .

Atmospheric neutrino oscillations require neutrino masses with
∆m2

ν ∼ 3 × 10−3 eV2 with maximal mixing, in the simplest
two-neutrino scenario. With hierarchical neutrino masses, mντ =
√

∆m2
ν ∼ 0.055 eV. Moreover, via the “see-saw” mechanism,

mντ = mt(mt)
2/(3M). Hence, one finds M ∼ 2 × 1014 GeV;

remarkably close to the GUT scale. Note we have related the
neutrino-Yukawa coupling to the top-quark-Yukawa coupling λντ = λt

at MG, as given in SO(10) or SU(4) × SU(2)L × SU(2)R. However, at
low energies they are no longer equal, and we have estimated this RG
effect by λντ (MZ) ≈ λt(MZ)/

√
3.

15.1.8. Selected Topics :

15.1.8.1. Magnetic Monopoles:

In the broken phase of a GUT, there are typically localized
classical solutions carrying magnetic charge under an unbroken U(1)
symmetry [63]. These magnetic monopoles with mass of order
MG/αG are produced during the GUT phase transition in the early
universe. The flux of magnetic monopoles is experimentally found
to be less than ∼ 10−16 cm−2 s−1 sr−1 [64]. Many more are
predicted however, hence the GUT monopole problem. In fact, one
of the original motivations for an inflationary universe is to solve the
monopole problem by invoking an epoch of rapid inflation after the
GUT phase transition [65]. This would have the effect of diluting
the monopole density as long as the reheat temperature is sufficiently
below MG. Other possible solutions to the monopole problem include:
sweeping them away by domain walls [66], U(1) electromagnetic
symmetry breaking at high temperature [67] or GUT symmetry
non-restoration [68]. Parenthetically, it was also shown that GUT
monopoles can catalyze nucleon decay [69]. A significantly lower
bound on the monopole flux can then be obtained by considering
X-ray emission from radio pulsars due to monopole capture and the
subsequent nucleon decay catalysis [70].

15.1.8.2. Baryogenesis via Leptogenesis:

Baryon-number-violating operators in SU(5) or SO(10) preserve the
global symmetry B –L. Hence, the value of the cosmological B –L
density is an initial condition of the theory, and is typically assumed
to be zero. On the other hand, anomalies of the electroweak symmetry
violate B + L while also preserving B – L. Hence, thermal fluctuations
in the early universe, via so-called sphaleron processes, can drive
B + L to zero, washing out any net baryon number generated in the
early universe at GUT temperatures [71].

One way out of this dilemma is to generate a net B –L dynamically
in the early universe. We have just seen that neutrino oscillations
suggest a new scale of physics of order 1014 GeV. This scale is
associated with heavy Majorana neutrinos with mass M . If in the
early universe, the decay of the heavy neutrinos is out of equilibrium
and violates both lepton number and CP , then a net lepton number
may be generated. This lepton number will then be partially converted
into baryon number via electroweak processes [72].

11 Note, these “sterile” neutrinos are quite naturally identified with
the right-handed neutrinos necessarily contained in complete families
of SO(10) or Pati-Salam.
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15.1.8.3. GUT symmetry breaking:

The grand unification symmetry is necessarily broken spontaneously.
Scalar potentials (or superpotentials) exist whose vacua spontaneously
break SU(5) and SO(10). These potentials are ad hoc (just like the
Higgs potential in the SM), and, therefore it is hoped that they may
be replaced with better motivated sectors. Gauge coupling unification
now tests GUT-breaking sectors, since it is one of the two dominant
corrections to the GUT threshold correction ǫ3. The other dominant
correction comes from the Higgs sector and doublet-triplet splitting.
This latter contribution is always positive ǫ3 ∝ ln(MT /MG) (where
MT is an effective color triplet Higgs mass), while the low-energy
data requires ǫ3 < 0. Hence, the GUT-breaking sector must provide a
significant (of order −8%) contribution to ǫ3 to be consistent with the
Super-K bound on the proton lifetime [23,29,30,57].

In string theory (and GUTs in extra-dimensions), GUT breaking
may occur due to boundary conditions in the compactified dimen-
sions [7,10]. This is still ad hoc. The major benefits are that it does
not require complicated GUT-breaking sectors.

15.1.8.4. Doublet-triplet splitting:

The Minimal Supersymmetric Standard Model has a μ problem:
why is the coefficient of the bilinear Higgs term in the superpotential
μ (Hu Hd) of order the weak scale when, since it violates no
low-energy symmetry, it could be as large as MG? In a SUSY GUT,
the μ problem is replaced by the problem of doublet-triplet splitting—
giving mass of order MG to the color triplet Higgs, and mass μ to
the Higgs doublets. Several mechanisms for natural doublet-triplet
splitting have been suggested, such as the sliding singlet, missing
partner or missing VEV [73], and pseudo-Nambu-Goldstone boson
mechanisms. Particular examples of the missing partner mechanism
for SU(5) [30], the missing VEV mechanism for SO(10) [23,57], and
the pseudo-Nambu-Goldstone boson mechanism for SU(6) [74], have
been shown to be consistent with gauge coupling unification and
proton decay. There are also several mechanisms for explaining why μ
is of order the SUSY-breaking scale [75]. Finally, for a recent review
of the μ problem and some suggested solutions in SUSY GUTs and
string theory, see Refs. [76,9] and references therein.

Once again, in string theory (and orbifold GUTs), the act of
breaking the GUT symmetry via orbifolding projects certain states
out of the theory. It has been shown that it is possible to remove the
color triplet Higgs while retaining the Higgs doublets in this process.
Hence the doublet-triplet splitting problem is finessed. As discussed
earlier (see Section 15.1.5), this has the effect of eliminating the
contribution of dimension 5 operators to nucleon decay.

15.2. Conclusion

Grand unification of the strong and electroweak interactions
requires that the three low energy gauge couplings unify (up to small
threshold corrections) at a unique scale, MG. Supersymmetric grand
unified theories provide, by far, the most predictive and economical
framework allowing for perturbative unification.

The three pillars of SUSY GUTs are:

• gauge coupling unification at MG ∼ 3 × 1016 GeV;

• low-energy supersymmetry [with a large SUSY desert], and

• nucleon decay.

The first prediction has already been verified (see Fig. 15.1).
Perhaps the next two will soon be seen. Whether or not Yukawa
couplings unify is more model dependent. Nevertheless, the “digital”
16-dimensional representation of quarks and leptons in SO(10) is very
compelling, and may yet lead to an understanding of fermion masses
and mixing angles.

In any event, the experimental verification of the first three pillars
of SUSY GUTs would forever change our view of Nature. Moreover,
the concomitant evidence for a vast SUSY desert would expose a
huge lever arm for discovery. For then it would become clear that
experiments probing the TeV scale could reveal physics at the GUT
scale and perhaps beyond. Of course, some questions will still remain:
Why do we have three families of quarks and leptons? How is the

grand unified symmetry and possible family symmetries chosen by
Nature? At what scale might stringy physics become relevant? Etc.
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16. STRUCTURE FUNCTIONS

Updated July 2009 by B. Foster (University of Oxford), A.D. Martin
(University of Durham), and M.G. Vincter (Carleton University).

16.1. Deep inelastic scattering

High-energy lepton-nucleon scattering (deep inelastic scattering)
plays a key role in determining the partonic structure of the proton.
The process ℓN → ℓ′X is illustrated in Fig. 16.1. The filled circle in
this figure represents the internal structure of the proton which can be
expressed in terms of structure functions.

k

k

q

P, M W

Figure 16.1: Kinematic quantities for the description of
deep inelastic scattering. The quantities k and k′ are the
four-momenta of the incoming and outgoing leptons, P is the
four-momentum of a nucleon with mass M , and W is the mass
of the recoiling system X . The exchanged particle is a γ, W±,
or Z; it transfers four-momentum q = k − k′ to the nucleon.

Invariant quantities:

ν =
q · P
M

= E − E′ is the lepton’s energy loss in the nucleon rest
frame (in earlier literature sometimes ν = q · P ). Here,
E and E′ are the initial and final lepton energies in the
nucleon rest frame.

Q2 = −q2 = 2(EE′ −−→
k · −→k ′)−m2

ℓ −m2
ℓ′

where mℓ(mℓ′) is the initial

(final) lepton mass. If EE′ sin2(θ/2) ≫ m2
ℓ , m2

ℓ′
, then

≈ 4EE′ sin2(θ/2), where θ is the lepton’s scattering angle with
respect to the lepton beam direction.

x =
Q2

2Mν
where, in the parton model, x is the fraction of the nucleon’s

momentum carried by the struck quark.

y =
q · P
k · P =

ν

E
is the fraction of the lepton’s energy lost in the nucleon

rest frame.

W 2 = (P + q)2 = M2 + 2Mν − Q2 is the mass squared of the system
X recoiling against the scattered lepton.

s = (k + P )2 =
Q2

xy
+ M2 + m2

ℓ is the center-of-mass energy squared

of the lepton-nucleon system.

The process in Fig. 16.1 is called deep (Q2 ≫ M2) inelastic
(W 2 ≫ M2) scattering (DIS). In what follows, the masses of the
initial and scattered leptons, mℓ and mℓ′ , are neglected.

16.1.1. DIS cross sections :

d2σ

dx dy
= x (s − M2)

d2σ

dx dQ2
=

2π Mν

E′
d2σ

dΩNrest dE′ . (16.1)

In lowest-order perturbation theory, the cross section for the scattering
of polarized leptons on polarized nucleons can be expressed in terms
of the products of leptonic and hadronic tensors associated with the
coupling of the exchanged bosons at the upper and lower vertices
in Fig. 16.1 (see Refs. 1–4)

d2σ

dxdy
=

2πyα2

Q4

∑

j

ηj L
μν
j W j

μν . (16.2)

For neutral-current processes, the summation is over j = γ, Z and
γZ representing photon and Z exchange and the interference between

them, whereas for charged-current interactions there is only W
exchange, j = W . (For transverse nucleon polarization, there is a
dependence on the azimuthal angle of the scattered lepton.) Lμν is
the lepton tensor associated with the coupling of the exchange boson
to the leptons. For incoming leptons of charge e = ±1 and helicity
λ = ±1,

Lγ
μν = 2

(

kμk′ν + k′μkν − k · k′gμν − iλεμναβkαk′β
)

,

LγZ
μν =(ge

V + eλge
A) Lγ

μν , LZ
μν = (ge

V + eλge
A)2 Lγ

μν ,

LW
μν =(1 + eλ)2 Lγ

μν , (16.3)

where ge
V = − 1

2
+ 2 sin2 θW , ge

A = − 1
2

.

Although here the helicity formalism is adopted, an alternative
approach is to express the tensors in Eq. (16.3) in terms of the
polarization of the lepton.

The factors ηj in Eq. (16.2) denote the ratios of the corresponding
propagators and couplings to the photon propagator and coupling
squared

ηγ = 1 ; ηγZ =

(

GF M2
Z

2
√

2πα

) (

Q2

Q2 + M2
Z

)

;

ηZ = η2
γZ ; ηW = 1

2

(

GF M2
W

4πα

Q2

Q2 + M2
W

)2

. (16.4)

The hadronic tensor, which describes the interaction of the appropriate
electroweak currents with the target nucleon, is given by

Wμν =
1

4π

∫

d4z eiq·z
〈

P, S
∣

∣

∣

[

J†
μ(z), Jν(0)

]
∣

∣

∣
P, S

〉

, (16.5)

where S denotes the nucleon-spin 4-vector, with S2 = −M2 and
S · P = 0.

16.2. Structure functions of the proton

The structure functions are defined in terms of the hadronic tensor
(see Refs. 1–3)

Wμν =

(

−gμν +
qμqν

q2

)

F1(x, Q2) +
P̂μP̂ν

P · q F2(x, Q2)

− iεμναβ
qαPβ

2P · q F3(x, Q2)

+ iεμναβ
qα

P · q

[

Sβg1(x, Q2) +

(

Sβ − S · q
P · q Pβ

)

g2(x, Q2)

]

+
1

P · q

[

1
2

(

P̂μŜν + ŜμP̂ν

)

− S · q
P · q P̂μP̂ν

]

g3(x, Q2)

+
S · q
P · q

[

P̂μP̂ν

P · q g4(x, Q2) +

(

−gμν +
qμqν

q2

)

g5(x, Q2)

]

(16.6)

where

P̂μ = Pμ − P · q
q2

qμ, Ŝμ = Sμ − S · q
q2

qμ . (16.7)

In Ref. [2], the definition of Wμν with μ ↔ ν is adopted, which
changes the sign of the εμναβ terms in Eq. (16.6), although the
formulae given here below are unchanged. Ref. [1] tabulates the
relation between the structure functions defined in Eq. (16.6) and
other choices available in the literature.

The cross sections for neutral- and charged-current deep inelastic
scattering on unpolarized nucleons can be written in terms of the
structure functions in the generic form

d2σi

dxdy
=

4πα2

xyQ2
ηi

{(

1 − y − x2y2M2

Q2

)

F i
2

+ y2xF i
1 ∓

(

y − y2

2

)

xF i
3

}

, (16.8)
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where i = NC, CC corresponds to neutral-current (eN → eX) or
charged-current (eN → νX or νN → eX) processes, respectively.
For incoming neutrinos, LW

μν of Eq. (16.3) is still true, but with e, λ
corresponding to the outgoing charged lepton. In the last term of
Eq. (16.8), the − sign is taken for an incoming e+ or ν and the +
sign for an incoming e− or ν. The factor ηNC = 1 for unpolarized e±

beams, whereas∗

ηCC = (1 ± λ)2ηW (16.9)

with ± for ℓ±; and where λ is the helicity of the incoming lepton and
ηW is defined in Eq. (16.4); for incoming neutrinos ηCC = 4ηW . The
CC structure functions, which derive exclusively from W exchange,
are

FCC
1 = FW

1 , FCC
2 = FW

2 , xFCC
3 = xFW

3 . (16.10)

The NC structure functions F
γ
2 , F

γZ
2 , FZ

2 are, for e±N → e±X , given
by Ref. [5],

FNC
2 = F γ

2 − (ge
V ± λge

A)ηγZF γZ
2 + (ge 2

V + ge 2
A ± 2λge

V ge
A) ηZFZ

2
(16.11)

and similarly for FNC
1 , whereas

xFNC
3 = −(ge

A ± λge
V )ηγZxF γZ

3 + [2ge
V ge

A ± λ(ge 2
V + ge 2

A )]ηZxFZ
3 .

(16.12)

The polarized cross-section difference

Δσ = σ(λn = −1, λℓ) − σ(λn = 1, λℓ) , (16.13)

where λℓ, λn are the helicities (±1) of the incoming lepton and
nucleon, respectively, may be expressed in terms of the five structure
functions g1,...5(x, Q2) of Eq. (16.6). Thus,

d2Δσi

dxdy
=

8πα2

xyQ2
ηi

{

−λℓy

(

2 − y − 2x2y2 M2

Q2

)

xgi
1 + λℓ4x3y2 M2

Q2
gi
2

+ 2x2y
M2

Q2

(

1 − y − x2y2 M2

Q2

)

gi
3

−
(

1 + 2x2y
M2

Q2

) [(

1 − y − x2y2 M2

Q2

)

gi
4 + xy2gi

5

]}

(16.14)

with i = NC or CC as before. The Eq. (16.13) corresponds to
the difference of antiparallel minus parallel spins of the incoming
particles for e− or ν initiated reactions, but the difference of parallel
minus antiparallel for e+ or ν initiated processes. For longitudinal
nucleon polarization, the contributions of g2 and g3 are suppressed
by powers of M2/Q2. These structure functions give an unsuppressed
contribution to the cross section for transverse polarization [1], but in
this case the cross-section difference vanishes as M/Q → 0.

Because the same tensor structure occurs in the spin-dependent
and spin-independent parts of the hadronic tensor of Eq. (16.6)
in the M2/Q2 → 0 limit, the differential cross-section difference
of Eq. (16.14) may be obtained from the differential cross section
Eq. (16.8) by replacing

F1 → −g5 , F2 → −g4 , F3 → 2g1 , (16.15)

and multiplying by two, since the total cross section is the average over
the initial-state polarizations. In this limit, Eq. (16.8) and Eq. (16.14)
may be written in the form

d2σi

dxdy
=

2πα2

xyQ2 ηi
[

Y+F i
2 ∓ Y−xF i

3 − y2F i
L

]

,

d2Δσi

dxdy
=

4πα2

xyQ2
ηi

[

−Y+gi
4 ∓ Y−2xgi

1 + y2gi
L

]

, (16.16)

with i = NC or CC, where Y± = 1 ± (1 − y)2 and

F i
L = F i

2 − 2xF i
1 , gi

L = gi
4 − 2xgi

5 . (16.17)

In the naive quark-parton model, the analogy with the Callan-Gross
relations [6] F i

L = 0, are the Dicus relations [7] gi
L = 0. Therefore,

there are only two independent polarized structure functions: g1

(parity conserving) and g5 (parity violating), in analogy with the
unpolarized structure functions F1 and F3.

16.2.1. Structure functions in the quark-parton model :

In the quark-parton model [8,9], contributions to the structure
functions F i and gi can be expressed in terms of the quark distribution
functions q(x, Q2) of the proton, where q = u, u, d, d etc.The quantity
q(x, Q2)dx is the number of quarks (or antiquarks) of designated flavor
that carry a momentum fraction between x and x + dx of the proton’s
momentum in a frame in which the proton momentum is large.

For the neutral-current processes ep → eX ,
[

F
γ
2 , F

γZ
2 , FZ

2

]

= x
∑

q

[

e2
q , 2eqg

q
V , g

q 2
V + g

q 2
A

]

(q + q) ,

[

F γ
3 , F γZ

3 , FZ
3

]

=
∑

q

[

0, 2eqg
q
A, 2gq

V gq
A

]

(q − q) ,

[

g
γ
1 , g

γZ
1 , gZ

1

]

= 1
2

∑

q

[

e2
q , 2eqg

q
V , g

q 2
V + g

q 2
A

]

(Δq + Δq) ,

[

gγ
5 , gγZ

5 , gZ
5

]

=
∑

q

[

0, eqg
q
A, gq

V gq
A

]

(Δq − Δq) , (16.18)

where gq
V = ± 1

2
− 2eq sin2 θW and gq

A = ± 1
2
, with ± according to

whether q is a u− or d−type quark respectively. The quantity Δq is
the difference q↑ −q↓ of the distributions with the quark spin parallel
and antiparallel to the proton spin.

For the charged-current processes e−p → νX and νp → e+X , the
structure functions are:

FW−

2 = 2x(u + d + s + c . . .) ,

FW−

3 = 2(u − d − s + c . . .) ,

gW−

1 = (Δu + Δd + Δs + Δc . . .) ,

gW−

5 = (−Δu + Δd + Δs − Δc . . .) , (16.19)

where only the active flavors are to be kept and where CKM
mixing has been neglected. For e+p → νX and νp → e−X , the

structure functions FW+
, gW+

are obtained by the flavor interchanges

d ↔ u, s ↔ c in the expressions for FW−

, gW−

. The structure
functions for scattering on a neutron are obtained from those of
the proton by the interchange u ↔ d. For both the neutral- and
charged-current processes, the quark-parton model predicts 2xF i

1 = F i
2

and gi
4 = 2xgi

5.

Neglecting masses, the structure functions g2 and g3 contribute
only to scattering from transversely polarized nucleons (for which
S · q = 0), and have no simple interpretation in terms of the
quark-parton model. They arise from off-diagonal matrix elements

〈P, λ′|[J†
μ(z), Jν(0)]|P, λ〉, where the proton helicities satisfy λ′ �= λ.

In fact, the leading-twist contributions to both g2 and g3 are both
twist-2 and twist-3, which contribute at the same order of Q2. The
Wandzura-Wilczek relation [10] expresses the twist-2 part of g2 in
terms of g1 as

gi
2(x) = −gi

1(x) +

∫ 1

x

dy

y
gi
1(y) . (16.20)

However, the twist-3 component of g2 is unknown. Similarly, there is
a relation expressing the twist-2 part of g3 in terms of g4. A complete
set of relations, including M2/Q2 effects, can be found in Ref. [11].

16.2.2. Structure functions and QCD :

One of the most striking predictions of the quark-parton model is
that the structure functions Fi, gi scale, i.e., Fi(x, Q2) → Fi(x) in the
Bjorken limit that Q2 and ν → ∞ with x fixed [12]. This property
is related to the assumption that the transverse momentum of the
partons in the infinite-momentum frame of the proton is small. In
QCD, however, the radiation of hard gluons from the quarks violates
this assumption, leading to logarithmic scaling violations, which are
particularly large at small x, see Fig. 16.2. The radiation of gluons
produces the evolution of the structure functions. As Q2 increases,
more and more gluons are radiated, which in turn split into qq pairs.
This process leads both to the softening of the initial quark momentum
distributions and to the growth of the gluon density and the qq sea as
x decreases.
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Figure 16.2: The proton structure function F
p
2 given at two

Q2 values (3.5 GeV2 and 90 GeV2), which exhibit scaling at
the ‘pivot’ point x ∼ 0.14. See the captions in Fig. 16.7 and
Fig. 16.10 for the references of the data. The various data sets
have been renormalised by the factors shown in brackets in the
key to the plot, which were determined in the NNLO MSTW2008
global analysis, see Table 3 of [13].

In QCD, the above process is described in terms of scale-dependent
parton distributions fa(x, μ2), where a = g or q and, typically, μ is
the scale of the probe Q. For Q2 ≫ M2, the structure functions are
of the form

Fi =
∑

a

Ca
i ⊗ fa, (16.21)

where ⊗ denotes the convolution integral

C ⊗ f =

∫ 1

x

dy

y
C(y) f

(

x

y

)

, (16.22)

and where the coefficient functions Ca
i are given as a power series

in αs. The parton distribution fa corresponds, at a given x, to the
density of parton a in the proton integrated over transverse momentum
kt up to μ. Its evolution in μ is described in QCD by a DGLAP
equation (see Refs. 14–17) which has the schematic form

∂fa

∂ lnμ2
∼ αs(μ

2)

2π

∑

b

(Pab ⊗ fb) , (16.23)

where the Pab, which describe the parton splitting b → a, are also
given as a power series in αs. Although perturbative QCD can predict,
via Eq. (16.23), the evolution of the parton distribution functions
from a particular scale, μ0, these DGLAP equations cannot predict
them a priori at any particular μ0. Thus they must be measured at a
starting point μ0 before the predictions of QCD can be compared to
the data at other scales, μ. In general, all observables involving a hard
hadronic interaction (such as structure functions) can be expressed
as a convolution of calculable, process-dependent coefficient functions
and these universal parton distributions, e.g. Eq. (16.21).

It is often convenient to write the evolution equations in terms of
the gluon, non-singlet (qNS) and singlet (qS) quark distributions, such
that

qNS = qi − qi (or qi − qj), qS =
∑

i

(qi + qi) . (16.24)

The non-singlet distributions have non-zero values of flavor quantum
numbers, such as isospin and baryon number. The DGLAP evolution
equations then take the form

∂qNS

∂ lnμ2 =
αs(μ

2)

2π
Pqq ⊗ qNS ,

∂

∂ lnμ2

(

qS

g

)

=
αs(μ

2)

2π

(

Pqq 2nf Pqg

Pgq Pgg

)

⊗
(

qS

g

)

, (16.25)

where P are splitting functions that describe the probability of a
given parton splitting into two others, and nf is the number of
(active) quark flavors. The leading-order Altarelli-Parisi [16] splitting
functions are

Pqq = 4
3

[

1 + x2

(1 − x)

]

+
= 4

3

[

1 + x2

(1 − x)+

]

+ 2δ(1 − x) , (16.26)

Pqg = 1
2

[

x2 + (1 − x)2
]

, (16.27)

Pgq = 4
3

[

1 + (1 − x)2

x

]

, (16.28)

Pgg = 6

[

1 − x

x
+ x(1 − x) +

x

(1 − x)+

]

+

[

11

2
−

nf

3

]

δ(1 − x), (16.29)

where the notation [F (x)]+ defines a distribution such that for any
sufficiently regular test function, f(x),

∫ 1

0
dxf(x)[F (x)]+ =

∫ 1

0
dx (f(x) − f(1))F (x) . (16.30)

In general, the splitting functions can be expressed as a power
series in αs. The series contains both terms proportional to lnμ2

and to ln 1/x. The leading-order DGLAP evolution sums up the
(αs lnμ2)n contributions, while at next-to-leading order (NLO) the
sum over the αs(αs lnμ2)n−1 terms is included [18,19]. In fact, the
NNLO contributions to the splitting functions and the DIS coefficient
functions are now also all known [20–22].

In the kinematic region of very small x, it is essential to sum
leading terms in ln 1/x, independent of the value of lnμ2. At leading
order, LLx, this is done by the BFKL equation for the unintegrated
distributions (see Refs. [23,24]). The leading-order (αs ln(1/x))n

terms result in a power-like growth, x−ω with ω = (12αsln2)/π,
at asymptotic values of ln 1/x. More recently, the next-to-leading
ln 1/x (NLLx) contributions have become available [25,26]. They are
so large (and negative) that the result appears to be perturbatively
unstable. Methods, based on a combination of collinear and small x
resummations, have been developed which reorganize the perturbative
series into a more stable hierarchy [27–30]. There are indications that
small x resummations become necessary for real precision for x � 10−3

at low scales. On the other hand, there is no convincing indication
that, for Q2 � 2 GeV2, we have entered the ‘non-linear’ regime where
the gluon density is so high that gluon-gluon recombination effects
become significant.

The precision of the contemporary experimental data demands
that at least NLO, and preferably NNLO, DGLAP evolution be used
in comparisons between QCD theory and experiment. Beyond the
leading order, it is necessary to specify, and to use consistently, both
a renormalization and a factorization scheme. The renormalization
scheme used is almost universally the modified minimal subtraction
(MS) scheme [31,32]. There are two popular choices for factorization
scheme, in which the form of the correction for each structure function
is different. The most-used factorization scheme is again MS [33].
However, sometimes the DIS [34] scheme is adopted, in which there
are no higher-order corrections to the F2 structure function. The two
schemes differ in how the non-divergent pieces are assimilated in the
parton distribution functions.

The u, d, and s quarks are taken to be massless, and the effects
of the c and b-quark masses have been studied up to NNLO, for
example, in [35–41]. An approach using a variable flavor number is
now generally adopted, in which evolution with nf = 3 is matched to
that with nf = 4 at the charm threshold, with an analogous matching
at the bottom threshold.

The discussion above relates to the Q2 behavior of leading-twist
(twist-2) contributions to the structure functions. Higher-twist terms,
which involve their own non-perturbative input, exist. These die off
as powers of Q; specifically twist-n terms are damped by 1/Qn−2.
The higher-twist terms appear to be numerically unimportant for Q2

above a few GeV2, except for x close to 1.
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Table 16.1: The main processes included in the current global
PDF analyses, ordered in three groups: fixed-target experiments,
HERA and the Tevatron. For each process we give an indication
of their dominant partonic subprocesses, the primary partons
which are probed and the approximate range of x constrained by
the data. The Table is taken from [13].

Process Subprocess Partons x range

ℓ± {p, n} → ℓ± X γ∗q → q q, q̄, g x � 0.01

ℓ± n/p → ℓ± X γ∗ d/u → d/u d/u x � 0.01

pp → μ+μ− X uū, dd̄ → γ∗ q̄ 0.015 � x � 0.35

pn/pp → μ+μ− X (ud̄)/(uū) → γ∗ d̄/ū 0.015 � x � 0.35

ν(ν̄)N → μ−(μ+)X W ∗q → q′ q, q̄ 0.01 � x � 0.5

ν N → μ−μ+ X W ∗s → c s 0.01 � x � 0.2

ν̄ N → μ+μ− X W ∗s̄ → c̄ s̄ 0.01 � x � 0.2

e± p → e± X γ∗q → q g, q, q̄ 0.0001 � x � 0.1

e+ p → ν̄ X W+ {d, s} → {u, c} d, s x � 0.01

e±p → e± cc̄ X γ∗c → c, γ∗g → cc̄ c, g 0.0001 � x � 0.01

e±p → jet+X γ∗g → qq̄ g 0.01 � x � 0.1

pp̄ → jet+X gg, qg, qq → 2j g, q 0.01 � x � 0.5

pp̄ → (W± → ℓ±ν)X ud → W, ūd̄ → W u, d, ū, d̄ x � 0.05

pp̄ → (Z → ℓ+ℓ−)X uu, dd → Z d x � 0.05

16.3. Determination of parton distributions

The parton distribution functions (PDFs) can be determined from
data for deep inelastic lepton-nucleon scattering and for related
hard-scattering processes initiated by nucleons. Table 16.1 highlights
some processes and their primary sensitivity to PDFs.
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Figure 16.3: Kinematic domains in x and Q2 probed by
fixed-target and collider experiments, shown together with the
parton distributions that are most strongly constrained by the
indicated regions.

The kinematic ranges of fixed-target and collider experiments
are complementary (as is shown in Fig. 16.3), which enables the
determination of PDFs over a wide range in x and Q2. Recent
determinations of the unpolarized PDF’s from NLO global analyses
are given in Ref. [13,42], see also Ref. [43] for progress towards a
neural network global analysis. NNLO global analyses are given in
Ref. [13,44]. The results of one analysis are shown in Fig. 16.4 at
scales μ2 = 10 and 104 GeV2.

Spin-dependent (or polarized) PDFs have been obtained through
NLO global analyses which include measurements of the g1 structure
function in inclusive polarized DIS, ‘flavour-tagged’ semi-inclusive
DIS data, and results from polarized pp scattering at RHIC. Recent
NLO analyses are given in Refs. [45–47]. Improved parton-to-hadron
fragmentation functions, needed to describe the semi-inclusive DIS
data, can be found in [48–50]. Fig. 16.5 shows several global analyses
at a scale of 2.5 GeV2 along with the data from semi-inclusive DIS.
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Figure 16.4: Distributions of x times the unpolarized parton
distributions f(x) (where f = uv, dv, u, d, s, c, b, g) and their
associated uncertainties using the NNLO MSTW2008 parame-
terization [13] at a scale μ2 = 10 GeV2 and μ2 = 10, 000 GeV2.
Color version at end of book.

Comprehensive sets of PDFs are available as program-callable
functions from the HepData website [55], which includes comparison
graphics of PDFs, and from the LHAPDF library [56], which can
be linked directly into a users programme to provide access to recent
PDFs in a standard format.

16.4. DIS determinations of αs

Table 16.2 shows the values of αs(M
2
Z) found in recent fits to DIS

and related data in which the coupling is left as a free parameter.
There have been several other studies of αs using subsets of inclusive
DIS data, and also from measurements of spin-dependent structure
functions, see the Quantum Chromodynamics section of this Review.

Table 16.2: The values of αs(M
2
Z) found in NLO and NNLO

fits to DIS and related data. CTEQ [57] and MSTW [58] are
global fits. H1 [59] fit only a subset of the F

ep
2 data, while

Alekhin [61] also includes F ed
2 and ZEUS [60] in addition

include their charged current and jet data. At NNLO, Alekhin
et al. [44] include Drell-Yan data in their fit. The experimental
errors quoted correspond to 68% C.L. See [58] for an extended
comparative discussion.

αs(M
2
Z) ± expt ± theory ± model

NLO

CTEQ 0.1170± 0.0047

MSTW08 0.1202 +0.0012
−0.0015 ± 0.003

ZEUS 0.1183± 0.0028 ± 0.0008

H1 0.115 ± 0.0017± 0.005 +0.0009
−0.0005

Alekhin 0.1171± 0.0015± 0.0033

NNLO

MSTW08 0.1171± 0.0014 ± 0.003

Alekhin 0.1128± 0.0015
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Figure 16.5: Distributions of x times the polarized parton dis-
tributions Δq(x) (where q = u, d, u, d, s) using the LSS2006 [45],
AAC2008 [46], and DSSV2008 [47] parameterizations at a scale
μ2 = 2.5 GeV2, showing the error corridor of the latter set
(corresponding to a one-unit increase in χ2). Points represent
data from semi-inclusive positron (HERMES [51,52]) and
muon (SMC [53] and COMPASS [54]) deep inelastic scattering
given at Q2 = 2.5 GeV2. SMC results are extracted under the
assumption that Δu(x) = Δd(x).

16.5. The hadronic structure of the photon

Besides the direct interactions of the photon, it is possible for it to
fluctuate into a hadronic state via the process γ → qq. While in this
state, the partonic content of the photon may be resolved, for example,
through the process e+e− → e+e−γ∗γ → e+e−X , where the virtual
photon emitted by the DIS lepton probes the hadronic structure of
the quasi-real photon emitted by the other lepton. The perturbative
LO contributions, γ → qq followed by γ∗q → q, are subject to QCD
corrections due to the coupling of quarks to gluons.

Often the equivalent-photon approximation is used to express the
differential cross section for deep inelastic electron–photon scattering
in terms of the structure functions of the transverse quasi-real photon
times a flux factor NT

γ (for these incoming quasi-real photons of
transverse polarization)

d2σ

dxdQ2
= NT

γ
2πα2

xQ4

[(

1 + (1 − y)2
)

F γ
2 (x, Q2) − y2F γ

L(x, Q2)
]

,

where we have used F γ
2 = 2xF γ

T + F γ
L , not to be confused with

F
γ
2 of Sec. 16.2. Complete formulae are given, for example, in the

comprehensive review of Ref. [62].

The hadronic photon structure function, F
γ
2 , evolves with increasing

Q2 from the ‘hadron-like’ behavior, calculable via the vector-meson-
dominance model, to the dominating ‘point-like’ behaviour, calculable
in perturbative QCD. Due to the point-like coupling, the logarithmic
evolution of F γ

2 with Q2 has a positive slope for all values of x, see
Fig. 16.14. The ‘loss’ of quarks at large x due to gluon radiation
is over-compensated by the ‘creation’ of quarks via the point-like
γ → qq̄ coupling. The logarithmic evolution was first predicted in the
quark–parton model (γ∗γ → qq̄) [63,64], and then in QCD in the
limit of large Q2 [65]. The evolution is now known to NLO [66–68].
NLO data analyses to determine the parton densities of the photon
can be found in [69–71].

16.6. Diffractive DIS (DDIS)

Some 10% of DIS events are diffractive, γ∗p → X + p, in which
the slightly deflected proton and the cluster X of outgoing hadrons
are well-separated in rapidity. Besides x and Q2, two extra variables
are needed to describe a DDIS event: the fraction xIP of the proton’s
momentum transferred across the rapidity gap and t, the square of
the 4-momentum transfer of the proton. The DDIS data [72–76] are
usually analyzed using two levels of factorization. First, the diffractive
structure function FD

2 satisfies collinear factorization, and can be
expressed as the convolution [77]

FD
2 =

∑

a=q,g

Ca
2 ⊗ fD

a/p, (16.31)

with the same coefficient functions as in DIS (see Eq. (16.21)), and
where the diffractive parton distributions fD

a/p (a = q, g) satisfy

DGLAP evolution. Second, Regge factorization is assumed [78],

fD
a/p(xIP , t, z, μ2) = fIP/p(xIP , t) fa/IP (z, μ2), (16.32)

where fa/IP are the parton densities of the Pomeron, which itself

is treated like a hadron, and z ∈ [x/xIP , 1] is the fraction of the
Pomeron’s momentum carried by the parton entering the hard
subprocess. The Pomeron flux factor fIP/p(xIP , t) is taken from Regge
phenomenology. There are also secondary Reggeon contributions to
Eq. (16.32). A sample of the t-integrated diffractive parton densities,
obtained in this way, is shown in Fig. 16.6 as Fit A.

Although collinear factorization holds as μ2 → ∞, there are
non-negligible corrections for finite μ2 and small xIP . Besides the
resolved interactions of the Pomeron, the perturbative QCD Pomeron
may also interact directly with the hard subprocess, giving rise to an
inhomogeneous evolution equation for the diffractive parton densities
analogous to the photon case. The results of the MRW analysis [79],
which includes these contributions, are also shown in Fig. 16.6.
Unlike the inclusive case, the diffractive parton densities cannot be
directly used to calculate diffractive hadron-hadron cross sections,
since account must first be taken of “soft” rescattering effects.
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Figure 16.6: Diffractive parton distributions, xIP zfD
a/p,

obtained from fitting to the H1 data with Q2 > 8.5 GeV2

assuming Regge factorization [75], and using a more perturbative
QCD approach [79]. Only the Pomeron contributions are shown
and not the secondary Reggeon contributions which are negligible
at the value of xIP = 0.003 chosen here. Diffractive DIS dijet
data [80,81,82] favour a smaller gluon at high z than that in H1
Fit A, more like MRW, as shown by the H1 Jets curve [81].

∗ The value of ηCC deduced from Ref. [1] is found to be a factor of
two too small; ηCC of Eq. (16.9) agrees with Refs. [2,3].
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Figure 16.7: The proton structure function F
p
2 measured in electromagnetic scattering of positrons on protons (collider experiments

ZEUS and H1), in the kinematic domain of the HERA data, for x > 0.00006 (cf. Fig. 16.10 for data at smaller x and Q2), and for
electrons (SLAC) and muons (BCDMS, E665, NMC) on a fixed target. Statistical and systematic errors added in quadrature are shown.
The data are plotted as a function of Q2 in bins of fixed x. Some points have been slightly offset in Q2 for clarity. The ZEUS binning in
x is used in this plot; all other data are rebinned to the x values of the ZEUS data. For the purpose of plotting, F

p
2 has been multiplied

by 2ix , where ix is the number of the x bin, ranging from ix = 1 (x = 0.85) to ix = 28 (x = 0.000063). References: H1—C. Adloff et al.,
Eur. Phys. J. C21, 33 (2001); C. Adloff et al., Eur. Phys. J. C30, 1 (2003); ZEUS—S. Chekanov et al., Eur. Phys. J. C21, 443 (2001);
S. Chekanov et al., Phys. Rev. D70, 052001 (2004); BCDMS—A.C. Benvenuti et al., Phys. Lett. B223, 485 (1989) (as given in [55]) ;
E665—M.R. Adams et al., Phys. Rev. D54, 3006 (1996); NMC—M. Arneodo et al., Nucl. Phys. B483, 3 (1997); SLAC—L.W. Whitlow
et al., Phys. Lett. B282, 475 (1992).
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Figure 16.8: The deuteron structure function F d
2 measured in electromagnetic scattering of electrons (SLAC) and muons (BCDMS,

E665, NMC) on a fixed target, shown as a function of Q2 for bins of fixed x. Statistical and systematic errors added in quadrature are
shown. For the purpose of plotting, F d

2 has been multiplied by 2ix , where ix is the number of the x bin, ranging from 1 (x = 0.85) to 29
(x = 0.0009). References: BCDMS—A.C. Benvenuti et al., Phys. Lett. B237, 592 (1990). E665, NMC, SLAC—same references as
Fig. 16.7.
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Figure 16.9: The deuteron structure function F2 measured in deep inelastic scattering of muons on a fixed target (NMC) is compared to
the structure function F2 from neutrino-iron scattering (CCFR and NuTeV) using F

μ
2 = (5/18)F ν

2 − x(s + s)/6, where heavy-target effects

have been taken into account. The data are shown versus Q2, for bins of fixed x. The NMC data have been rebinned to CCFR and NuTeV
x values. Statistical and systematic errors added in quadrature are shown. For the purpose of plotting, a constant c(x) = 0.05ix is added
to F2, where ix is the number of the x bin, ranging from 0 (x = 0.75) to 7 (x = 0.175). For ix = 8 (x = 0.125) to 11 (x = 0.015), 2c(x) has
been added. References: NMC—M. Arneodo et al., Nucl. Phys. B483, 3 (1997); CCFR/NuTeV—U.K. Yang et al., Phys. Rev. Lett.
86, 2741 (2001); NuTeV—M. Tzanov et al., Phys. Rev. D74, 012008 (2006).
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Figure 16.10: a) The proton structure function F
p
2 mostly at small x and Q2, measured in electromagnetic scattering of positrons (H1,

ZEUS), electrons (SLAC), and muons (BCDMS, NMC) on protons. Lines are ZEUS and H1 parameterizations for lower (Regge) and higher
(QCD) Q2. The width of the bins can be up to 10% of the stated Q2. Some points have been slightly offset in x for clarity. References:
ZEUS—J. Breitweg et al., Phys. Lett. B407, 432 (1997); J. Breitweg et al., Eur. Phys. J. C7, 609 (1999); J. Breitweg et al., Phys.
Lett. B487, 53 (2000) (both data and ZEUS Regge parameterization); S. Chekanov et al., Eur. Phys. J. C21, 443 (2001); S. Chekanov
et al., Phys. Rev. D70, 052001 (2004); H1—C. Adloff et al., Nucl. Phys. B497, 3 (1997); C. Adloff et al., Eur. Phys. J. C21, 33 (2001)
(both data and H1 QCD parameterization); C. Adloff et al., Eur. Phys. J. C30, 1 (2003); A. Aktas et al., Phys. Lett. B598, 159 (2004);
BCDMS, NMC, SLAC—same references as Fig. 16.7.

b) The charm structure function F cc
2 (x), i.e. that part of the inclusive structure function F

p
2 arising from the production of charm

quarks, measured in electromagnetic scattering of positrons on protons (H1, ZEUS) and muons on iron (EMC). The H1 points have been
slightly offset in x for clarity. For the purpose of plotting, a constant c(Q) = 0.05i2Q is added to F cc

2 where iQ is the number of the Q2

bin, ranging from 1 (Q2 = 1.8 GeV2) to 11 (Q2 = 650 GeV2). References: ZEUS—J. Breitweg et al., Eur. Phys. J. C12, 35 (2000);
S. Chekanov et al., Phys. Rev. D69, 012004 (2004); S. Chekanov et al., JHEP 07, 074 (2007); H1—C. Adloff et al., Z. Phys. C72, 593
(1996); C. Adloff et al., Phys. Lett. B528, 199 (2002); A. Aktas et al., Eur. Phys. J. C40, 349 (2005); A. Aktas et al., Eur. Phys. J. C45,
23 (2006); EMC—J.J. Aubert et al., Nucl. Phys. B213, 31 (1983).

Inset: The bottom quark structure function F bb
2 (x). For the purpose of plotting, a constant k(Q) = 0.01i1.7

Q is added to F bb
2 where iQ is

the number of the Q2 bin, ranging from 1 (Q2 = 12 GeV2) to 5 (Q2 = 650 GeV2). References: H1—A. Aktas et al., Eur. Phys. J. C40,
349 (2005); A. Aktas et al., Eur. Phys. J. C45, 23 (2006).

Statistical and systematic errors added in quadrature are shown for both plots. The data are given as a function of x in bins of Q2.
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Figure 16.11: The structure function xF
γZ
3 measured in electroweak scattering of a) electrons on protons (H1 and ZEUS) and b)

muons on carbon (BCDMS). The ZEUS points have been slightly offset in x for clarity. References: H1—C. Adloff et al., Eur. Phys.
J. C30, 1 (2003); ZEUS—S. Chekanov et al., Eur. Phys. J. C28, 175 (2003); S. Chekanov et al., Eur. Phys. J. C62, 625 (2009);
BCDMS—A. Argento et al., Phys. Lett. B140, 142 (1984).
c) The structure function xF3 of the nucleon measured in ν-Fe scattering. The data are plotted as a function of Q2 in bins of fixed x. For
the purpose of plotting, a constant c(x) = 0.5(ix − 1) is added to xF3, where ix is the number of the x bin as shown in the plot. The
NuTeV and CHORUS points have been shifted to the nearest corresponding x bin as given in the plot and slightly offset in Q2 for clarity.
References: CCFR—W.G. Seligman et al., Phys. Rev. Lett. 79, 1213 (1997); NuTeV—M. Tzanov et al., Phys. Rev. D74, 012008 (2006);
CHORUS—G. Önengüt et al., Phys. Lett. B632, 65 (2006).

Statistical and systematic errors added in quadrature are shown for all plots.
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Figure 16.12: Top panel: The longitudinal structure function FL as a function of x in bins of fixed Q2 measured on the proton (except
for the SLAC data which also contain deuterium data). BCDMS, NMC, and SLAC results are from measurements of R (the ratio of
longitudinal to transverse photon absorption cross sections) which are converted to FL by using the BDCMS parameterization of F2

(A.C. Benvenuti et al., Phys. Lett. B223, 485 (1989)). It is assumed that the Q2 dependence of the fixed-target data is small within
a given Q2 bin. Also shown is the MSTW2008 parameterization given at two Q2 values (A.D. Martin et al., Eur. Phys. J. C63, 189
(2009)). References: H1—F.D Aaron et al., Phys. Lett. B665, 139 (2008); BCDMS—A. Benvenuti et al., Phys. Lett. B223, 485 (1989);
NMC—M. Arneodo et al., Nucl. Phys. B483, 3 (1997); SLAC— L.W. Whitlow et al., Phys. Lett. B250, 193 (1990) and numerical values
from the thesis of L.W. Whitlow (SLAC-357).

Bottom panel: Higher Q2 values of the longitudinal structure function FL as a function of Q2 given at the measured x for e+/e−-proton
scattering. Points have been slightly offset in Q2 for clarity. References: H1—C. Adloff et al., Eur. Phys. J. C30, 1 (2003).

The H1 results shown in the bottom plot require the assumption of the validity of the QCD form for the F2 structure function in order
to extract FL. Statistical and systematic errors added in quadrature are shown for both plots.
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Figure 16.13: The spin-dependent structure function xg1(x) of the proton, deuteron, and neutron (from 3He target) measured in deep
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E155 (Q2 ∼ 1 − 40 GeV2), JLab E99-117 (Q2 ∼ 2.71 − 4.83 GeV2), HERMES (Q2 ∼ 0.18 − 20 GeV2), CLAS (Q2 ∼ 1 − 5 GeV2) and
muons: EMC (Q2 ∼ 1.5 − 100 GeV2), SMC (Q2 ∼ 0.01 − 100 GeV2), COMPASS (Q2 ∼ 0.001 − 100 GeV2), shown at the measured Q2

(except for EMC data given at Q2 = 10.7 GeV2 and E155 data given at Q2 = 5 GeV2). Note that gn
1 (x) may also be extracted by taking

the difference between gd
1(x) and gp

1(x), but these values have been omitted in the bottom plot for clarity. Statistical and systematic errors
added in quadrature are shown. References: EMC—J. Ashman et al., Nucl. Phys. B328, 1 (1989); E142—P.L. Anthony et al., Phys.
Rev. D54, 6620 (1996); E143—K. Abe et al., Phys. Rev. D58, 112003 (1998); SMC—B. Adeva et al., Phys. Rev. D58, 112001 (1998),
B. Adeva et al., Phys. Rev. D60, 072004 (1999) and Erratum-Phys. Rev. D62, 079902 (2000); HERMES—A. Airapetian et al., Phys.
Rev. D75, 012007 (2007) and K. Ackerstaff et al., Phys. Lett. B404, 383 (1997); E154—K. Abe et al., Phys. Rev. Lett. 79, 26 (1997);
E155—P.L. Anthony et al., Phys. Lett. B463, 339 (1999) and P.L. Anthony et al., Phys. Lett. B493, 19 (2000); Jlab-E99-117—X. Zheng
et al., Phys. Rev. C70, 065207 (2004); COMPASS—V.Yu. Alexakhin et al., Phys. Lett. B647, 8 (2007) and E.S. Ageev et al., Phys.
Lett. B647, 330 (2007); CLAS—K.V. Dharmawardane et al., Phys. Lett. B641, 11 (2006) (which also includes resonance region data not
shown on this plot).



214 16. Structure functions

Q
2
 (GeV

2
)

F
2
 γ  (

x
,Q

2
)/

α
 +

 c
(x

)

ALEPH
DELPHI
L3
OPAL
AMY
JADE
PLUTO
TASSO
TOPAZ
TPC

0

2

4

6

8

10

12

14

10
-1

1 10 10
2
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M. Acciarri et al., Phys. Lett. B483, 373 (2000); OPAL–A. Ackerstaff et al., Phys. Lett. B411, 387 (1997); A. Ackerstaff et al., Z. Phys.
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B400, 395 (1997); JADE–W. Bartel et al., Z. Phys. C24, 231 (1984); PLUTO–C. Berger et al., Phys. Lett. 142B, 111 (1984); C. Berger
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17. FRAGMENTATION FUNCTIONS IN e+e−, ep AND pp COLLISIONS

Revised October 2009 by O. Biebel (Ludwig-Maximilians-Universität,
Munich, Germany), D. de Florian (Dep. de F́ısica, FCEyN-UBA,
Buenos Aires, Argentina), D. Milstead (Fysikum, Stockholms
Universitet, Sweden), and A. Vogt (Dep. of Mathematical Sciences,
University of Liverpool, UK).

17.1. Introduction to fragmentation

The term ‘fragmentation functions’ is widely used for two related
if conceptually different sets of functions describing final-state
single particle energy distributions in hard scattering processes (see
Refs. [1,2] for introductory reviews, and Refs. [3,4] for summaries of
recent experimental and theoretical research in this field).

The first are cross-section observables such as the functions
FT,L,A(x, s) in semi-inclusive e+e− annihilation at center-of-mass

(CM) energy
√

s via an intermediate photon or Z-boson, e+e− →
γ/Z → h +X , given by

1

σ0

d 2σh

dx d cos θ
=

3

8
(1 + cos2 θ)Fh

T +
3

4
sin2 θ Fh

L +
3

4
cos θ Fh

A . (17.1)

Here x = 2Eh/
√

s ≤ 1 is the scaled energy of the hadron h (in
practice the approximation x ≃ xp = 2ph/

√
s is often used), and θ is

its angle relative to the electron beam in the CM frame. Eq. (17.1)
is the most general form for unpolarized inclusive single-particle
production via vector bosons [5]. The transverse and longitudinal
fragmentation functions FT and FL represent the contributions from
γ/Z polarizations transverse or longitudinal with respect to the
direction of motion of the hadron. The parity-violating term with the
asymmetric fragmentation function FA arises from the interference
between vector and axial-vector contributions. Normalization factors
σ0 used in the literature range from the total cross section σtot for
e+e− → hadrons, including all weak and QCD contributions, to
σ0 = 4πα2Nc/3s with Nc = 3, the lowest-order QED cross section for
e+e− → µ+µ− times the number of colors Nc . LEP1 measurements
of all three fragmentation functions are shown in Fig. 17.1.
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Figure 17.1: LEP1 measurements of total transverse
(FT ), longitudinal (FL), and asymmetric (FA) fragmentation
functions [6,7,8]. Data points with relative errors greater than
100% are omitted.

Integration of Eq. (17.1) over θ yields the total fragmentation
function Fh = Fh

T + Fh
L ,

1

σ0

dσh

dx
= Fh(x, s) =

∑

i

∫ 1

x

dz

z
Ci(z, αs(µ),

s

µ2
)Dh

i (
x

z
, µ2) + O(

1√
s
)

(17.2)
with i = u, ū, d, d̄, . . . , g. Here we have introduced the second set of
functions mentioned in the first paragraph, the parton fragmentation
functions (or fragmentation densities) Dh

i . These functions are the
final-state analogue of the initial-state parton distributions addressed
in Section 16 of this Review. Due to the different sign of the squared
four-momentum q2 of the intermediate gauge boson these two sets of
distributions are also referred to as the timelike (e+e− annihilation,
q2 > 0) and spacelike (deep-inelastic scattering (DIS), q2 < 0) parton
distributions. The function Dh

i (z, µ2) encodes the

probability that the parton i fragments into a hadron h carrying
a fraction z of the parton’s momentum. Beyond the leading order
(LO) of perturbative QCD these universal functions are factorization-
scheme dependent, with ‘reasonable’ scheme choices retaining certain
quark-parton-model (QPM) constraints such as the momentum sum
rule

∑

h

∫ 1

0
dz z Dh

i (z, µ2) = 1 . (17.3)

The dependence of the functions Dh
i on the factorization (or

fragmentation) scale µ2 (in Eq. (17.2) and below identified with the
renormalization scale) is discussed in Section 17.2.

The second ingredient in Eq. (17.2), and analogous expressions
for the functions FT,L,A , are the observable-dependent coefficient
functions Ci. At the zeroth order in the strong coupling αs the
coefficient functions Cg for gluons are zero, while for (anti-) quarks
Ci = gi(s) δ(1 − z) except for FL, where gi(s) is the appropriate
electroweak coupling. In particular, gi(s) is proportional to the
squared charge of the quark i at s ≪ M 2

Z , when weak effects can
be neglected. The full electroweak prefactors gi(s) can be found in
Ref. [5]. The power corrections in Eq. (17.2) arise from quark and
hadron mass terms and from non-perturbative effects.

Measurements of fragmentation in lepton-hadron and hadron-
hadron scattering are complementary to those in e+e− annihilation.
The latter provides a clean environment (no initial-state hadron
remnant) and stringent constraints on the combinations Dh

qi
+ Dh

q̄i
.

However e+e− annihilation is far less sensitive to Dh
g and insensitive

to the charge asymmetries Dh
qi

− Dh
q̄i

. These quantities are best
constrained in proton–(anti-)proton and electron-proton scattering,
respectively. Especially the latter provides a more complicated
environment with which it is possible to study the influence on the
fragmentation process from initial state QCD radiation, the partonic
and spin structure of the hadron target, and the target remnant
system (see Ref. [9] for a comprehensive review of the measurements
and models of fragmentation in lepton-hadron scattering).

Moreover, unlike e+e− annihilation where q2 = s is fixed by the
collider energy, lepton-hadron scattering has two independent scales,
Q2 = −q2 and the invariant mass W 2 of the hadronic final state,
which both can vary by several orders of magnitudes for a given
CM energy, thus allowing the study of fragmentation in different
environments by a single experiment. E.g., in photoproduction the
exchanged photon is quasi-real (Q2 ≈ 0) leading to processes akin to
hadron-hadron scattering. In DIS (Q2 ≫ 1 GeV2), using the QPM,
the hadronic fragments of the struck quark can be directly compared
with quark fragmentation in e+e− in a suitable frame. Results from
lepton-hadron experiments quoted in this report primarily concern
fragmentation in the DIS regime. Studies performed by lepton-hadron
experiments of fragmentation with photoproduction data containing
high transverse momentum jets or particles are also reported, when
these are directly comparable to DIS and e+e− results.

Fragmentation studies at HERA are usually performed in one of
two frames in which the target hadron and the exchanged boson
are collinear. The hadronic center-of-mass frame (HCMS) is defined
as the rest system of the exchanged boson and incoming hadron,
with the z∗-axis defined along the direction of the exchanged
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boson. The positive z∗ direction defines the so-called current region.
Fragmentation measurements performed in the HCMS often use
the Feynman-x variable xF = 2p∗z/W , where p∗z is the longitudinal
momentum of the particle in this frame. As W is the invariant mass
of the hadronic final state, xF ranges between −1 and 1.

The Breit system [10] is connected to the HCMS by a longitudinal
boost such that the time component of q vanishes, i.e, q = (0, 0, 0,−Q).
In the QPM, the struck parton then has the longitudinal momentum
Q/2 which becomes −Q/2 after the collision. As compared with
the HCMS, the current region of the Breit frame is more closely
matched to the partonic scattering process, and is thus appropriate for
direct comparisons of fragmentation functions in DIS with those from
e+e− annihilation. The variable xp = 2p∗/Q is used at HERA for
measurements in the Breit frame, ensuring rather directly comparable
DIS and e+e− results, where p∗ is the particle’s momentum in the
current region of the Breit frame.

17.2. Scaling violation

The simplest parton-model approach would predict scale-independent
x-distributions (‘scaling’) for both the fragmentation function Fh and
the parton fragmentation functions Dh

i . Perturbative QCD corrections
lead, after factorization of the final-state collinear singularities for light
partons, to logarithmic scaling violations via the evolution equations

∂

∂ ln µ2 Di(x, µ2) =
∑

j

∫ 1

x

dz

z
Pji(z, αs(µ

2))Dj(
x

z
, µ2) . (17.4)

Usually this system of equations is decomposed into a 2×2 flavour-
singlet sector comprising gluon and the sum of all quark and
antiquark fragmentation functions, and scalar (‘non-singlet’) equations
for quark-antiquark and flavour differences. Notice that the singlet
splitting-function matrix is now Pji , rather than Pij as for the initial-
state parton distributions, since Dj represents the fragmentation of
the final parton.

The splitting functions in Eq. (17.4) have perturbative expansion of
the form

Pji(z, αs) =
αs

2π
P

(0)
ji (z)+

(αs

2π

)2
P

(1)
ji (z)+

(αs

2π

)3
P

(2)
ji (z)+. . . (17.5)

where the leading-order (LO) functions P (0)(z) [11,12] are the same
as those for the initial-state parton distributions. The next-to-leading
order (NLO) corrections P (1)(z) have been calculated in Refs. [13–17]
(there are well-known misprints in the journal version of Ref. [14]).
Ref. [17] also includes the spin-dependent case. These functions are
different from, but related to their space-like counterparts, see also
Ref. [18]. These relations have facilitated recent calculations of the

next-to-next-to-leading order (NNLO) quantities P
(2)
qq (z) and P

(2)
gg (z)

in Eq. (17.5) [19,20]. The corresponding off-diagonal quantities P
(2)
qg

and P
(2)
gq are not yet known except for their second moments fixed by

the momentum sum rule, Eq. (17.3) [20]. All these results refer to the
standard MS scheme, with the exception of Refs. [16], with a fixed
number nf of light flavours. The NLO treatment of flavour thresholds

in the evolution has been addressed in Ref. [21].

The QCD parts of the coefficient functions for FT,L,A(x, s) in

Eq. (17.1) and the total fragmentation function Fh
2 ≡ Fh in Eq. (17.2)

are given by

Ca,i(z, αs) = (1− δaL) δiq +
αs

2π
c
(1)
a,i (z)+

(αs

2π

)2
c
(2)
a,i (z)+ . . . . (17.6)

The first-order corrections have been calculated a long time ago in
Refs. [22], and the second-order terms in [23]. The latter results have
recently been verified (and some typos corrected) in Refs. [19,24].
Thus the coefficient functions are known to NNLO except for FL
where the leading contribution is of order αs.

The effect of the evolution is similar in the timelike and spacelike
cases: as the scale increases, one observes a scaling violation in which
the x-distribution is shifted towards lower values. This can be seen
from Fig. 17.2 where a large amount of measurements of the total
fragmentation function in e+e− annihilation are summarized. QCD
analyses of these data are discussed in Section 17.5 below.
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Figure 17.2: The e+e− fragmentation function for all
charged particles is shown [8,25–41] (a) for different CM energies√

s versus x and (b) for various ranges of x versus
√

s. For
the purpose of plotting (a), the distributions were scaled by
c(
√

s) = 10i with i ranging from i = 0 (
√

s = 12 GeV) to i = 13
(
√

s = 202 GeV).

Unlike the splitting functions in Eq. (17.5), see Refs. [18–20],
the coefficient functions for F2,T,A in Eq. (17.6) show a threshold

enhancement with terms up to αn
s (1−z)−1 ln 2n−1(1−z). Such

logarithms can be resummed to all orders in αs using standard
soft-gluon techniques [42–44]. Recently this resummation has been
extended to the subleading (and for FL leading) class αn

s ln k(1−z) of
large-x logarithms [45].

In Refs. [22] the NLO coefficient functions have been calculated
also for single hadron production in lepton-proton scattering,
ep → e + h + X . More recently corresponding results have been
obtained for the case that a non-vanishing transverse momentum is
required in the HCMS frame [46].

Scaling violations in DIS are shown in Fig. 17.3 for both HCMS and
Breit frame. In Fig. 1.3(a) the distribution in terms of xF = 2p∗z/W
shows a steeper slope in ep data than for the lower-energy µp data
for xF > 0.15, indicating the scaling violations. At smaller values of
xF in the current jet region, the multiplicity of particles substantially
increases with W owing to the increased phase space available for
the fragmentation process. The EMC data access both the current
region and the region of the fragmenting target remnant system. At
higher values of |xF |, due to the extended nature of the remnant, the
multiplicity in the target region far exceeds that in the current region.
For acceptance reasons the remnant hemisphere of the HCMS is only
accessible by the lower-energy fixed-target experiments.

Using hadrons from the current hemisphere in the Breit frame,
measurements of fragmentation functions and the production
properties of particles in ep scattering have been made by Refs. [51–56].
Fig. 17.3(b) compares results from ep scattering and e+e− experiments,
the latter results are halved as they cover both event hemispheres. The
agreement between the DIS and e+e− results is fairly good. However,
processes in DIS which are not present in e+e− annihilation, such as
boson-gluon fusion and initial state QCD radiation, can depopulate
the current region. These effects become most prominent at low values
of Q and xp. Hence, when compared with e+e− annihilation data at√

s = 5.2, 6.5 GeV [58] not shown here, the DIS particle rates tend
to lie below those from e+e− annihilation. A recent ZEUS study [59]
finds that the direct comparability of the ep data to e+e− results at
low scales is improved if twice the energy in the current hemisphere of
the Breit frame, 2E cr

B , is used instead of Q as the fragmentation scale.
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Figure 17.3: (a) The distribution 1/N · dN/dxF for all
charged particles in DIS lepton-hadron experiments at different
values of W , and measured in the HCMS [47–50]. (b) Scaling
violations of the fragmentation function for all charged particles
in the current region of the Breit frame of DIS [51,56] and in
e+e− interactions [40,57]. The data are shown as a function of√

s for e+e− results, and as a function of Q for the DIS results,
each within the same indicated intervals of the scaled momentum
xp. The data for the four lowest intervals of xp are multiplied by
factors 50, 10, 5, and 3, respectively for clarity.

17.3. Fragmentation functions for small particle

momenta

The higher-order timelike splitting functions in Eq. (17.5) are
very singular at small x. They show a double-logarithmic (LL)
enhancement with leading terms of the form αn

s ln2n−2x corresponding
to poles αn

s (N − 1)1−2n for the Mellin moments

P (n)(N) =

∫ 1

0
dx xN−1 P (n)(x) . (17.7)

Despite large cancellations between leading and non-leading logarithms
at non-asymptotic value of x, the resulting small-x rise in the timelike
splitting functions dwarfs that of their spacelike counterparts for the
evolution of the parton distributions in Section 16 of this Review,
see Fig. 1 of Ref. [20]. Consequently the fixed-order approximation
to the evolution breaks down orders of magnitude in x earlier in
fragmentation than in DIS.

The pattern of the known coefficients and other considerations
suggest that the LL terms sum to all-order expressions without any
pole at N = 1 such as [60,61]

PLL
gg (N) = −1

4
(N − 1 −

√

(N − 1)2 · 24 αs/π ) . (17.8)

Keeping the first three terms in the resulting expansion of Eq. (17.4)
around N = 1 yields a Gaussian in the variable ξ = ln(1/x) for the
small-x fragmentation functions,

xD(x, s) ∝ exp

[

− 1

2σ2
(ξ − ξp)2

]

, (17.9)

with the peak position and width varying with the energy as [62] (see
also Ref. [2])

ξp ≃ 1

4
ln

( s

Λ2

)

, σ ∝
[

ln
( s

Λ2

)]3/4
. (17.10)

Next-to-leading corrections to the above predictions have been
calculated [63]. In the method of Ref. [64], see also Refs. [65,66],
the corrections are included in an analytical form known as the
‘modified leading logarithmic approximation’ (MLLA). Alternatively
they can be used to compute higher-moment corrections to the shape
in Eq. (17.9) [67].

Fig. 17.4 shows the ξ distribution for charged particles produced in
the current region of the Breit frame in DIS and in e+e− annihilation.
Consistent with Eq. (17.9) (the ‘hump backed plateau’) and Eq. (17.10)
the distributions have a Gaussian shape with the peak position and
area increasing with the CM energy (e+e−) and Q2 (DIS).
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Figure 17.4: Distribution of ξ = ln(1/xp) at several CM
energies (e+e−) [25–27,32–35,40,68–71] and intervals of
Q2 (DIS) [54,55]. At each energy only one representative
measurement is displayed. For clarity some measurements at
intermediate CM energies (e+e−) or Q2 ranges (DIS) are not
shown. The DIS measurements (∗) have been scaled by a factor
of 2 for direct comparability with the e+e− results. Fits of
simple Gaussian functions are overlaid for illustration.

The predicted energy dependence Eq. (17.10) of the peak in the ξ
distribution is explained by soft gluon coherence (angular ordering)
which correctly predicts the suppression of hadron production at
small x. Of course, a decrease at very small x is expected on
purely kinematical grounds, but this would occur at particle energies
proportional to their masses, i.e., at x ∝ m/

√
s and hence ξ ∼ 1

2 ln s.
Thus, if the suppression were purely kinematic, the peak position ξp

would vary twice as rapidly with the energy, which is ruled out by
the data in Fig. 17.5. The e+e− and DIS data agree well with each
other, demonstrating the universality of hadronization, and the MLLA
prediction. Measurements of the higher moments of the ξ distribution
in e+e− [40,71–73] and DIS [55] have also been performed and show
consistency with each other.
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Figure 17.5: Evolution of the peak position, ξp, of the
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Z) = 0.118 is superimposed to the

data of Refs. [25,27,28,31–33,35,40,53,54,69,70,73–81].

17.4. Fragmentation models

Although the scaling violation can be calculated perturbatively, the
actual form of the parton fragmentation functions is non-perturbative.
Perturbative evolution gives rise to a shower of quarks and gluons
(partons). Multi-parton final states from leading and higher order
matrix element calculations are linked to these parton showers using
factorization prescriptions, also called matching schemes, see Ref. [82]
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for an overview. Phenomenological schemes are then used to model
the carry-over of parton momenta and flavor to the hadrons. Two
of the very popular models are the string fragmentation [83,84],
implemented in the JETSET [85], PYTHIA [86] and UCLA [87]
Monte Carlo event generation programs, and the cluster fragmentation
of the HERWIG [88] and SHERPA [89] Monte Carlo event generators.

17.4.1. String fragmentation : The string-fragmentation scheme
considers the color field between the partons, i.e., quarks and gluons,
to be the fragmenting entity rather than the partons themselves.
The string can be viewed as a color flux tube formed by gluon
self-interaction as two colored partons move apart. Energetic gluon
emission is regarded as energy-momentum carrying “kinks” on the
string. When the energy stored in the string is sufficient, a qq pair may
be created from the vacuum. Thus, the string breaks up repeatedly
into color singlet systems, as long as the invariant mass of the string
pieces exceeds the on-shell mass of a hadron. The qq pairs are created
according to the probability of a tunneling process exp(−πm2

q,⊥/κ),

which depends on the transverse mass squared m2
q,⊥ ≡ m2

q + p2
q,⊥

and the string tension κ ≈ 1 GeV/fm. The transverse momentum
pq,⊥ is locally compensated between quark and antiquark. Due to
the dependence on the parton mass, mq, and/or hadron mass, mh,
the production of strange and, in particular, heavy-quark hadrons is
suppressed. The light-cone momentum fraction z = (E+p‖)h/(E+p)q,
where p‖ is the momentum of the formed hadron h along the direction
of the quark q, is given by the string-fragmentation function

f(z) ∼
1

z
(1 − z)a exp

(

−
bm2

h,⊥

z

)

, (17.11)

where a and b are free parameters. These parameters need to be
adjusted to bring the fragmentation into accordance with measured
data, e.g., a = 0.11 and b = 0.52 GeV−2 as determined in [90] (for an
overview on tuned parameters see [91]).

17.4.2. Cluster fragmentation : Assuming a local compensation
of color based on the pre-confinement property of perturbative
QCD [92], the remaining gluons at the end of the parton shower
evolution are split non-perturbatively into quark-antiquark pairs.
Color singlet clusters of typical mass of a couple of GeV are then
formed from quark and antiquark of color-connected splittings. These
clusters decay directly into two hadrons unless they are either too
heavy, when they decay into two clusters, or too light, in which case
a cluster decays into a single hadron, requiring a small rearrangement
of energy and momentum with neighboring clusters. The decay of a
cluster into two hadrons is assumed to be isotropic in the rest frame
of the cluster except if a perturbative-formed quark is involved. A
decay channel is chosen based on the phase-space probability, the
density of states, and the spin degeneracy of the hadrons. Cluster
fragmentation has a compact description with few parameters, due to
the phase-space dominance in the hadron formation.

17.5. Quark and gluon fragmentation functions

The fragmentation functions are solutions to the evolution equations
Eq. (17.4), but need to be parametrized at some initial scale µ2

0
(usually around 1 GeV2 for light quarks and gluons and m2

Q for heavy

quarks). A usual parametrization for light hadrons is [93–98]

Dh
i (x, µ2

0) = Nxα(1 − x)β
(

1 + γ(1 − x)δ
)

, (17.12)

where the normalization N , and the parameters α, β, γ and δ in
general depend on the energy scale µ2

0, and also on the type of the
parton, i, and the hadron, h. Frequently the term involving γ and δ
is left out [95–98]. Heavy flavor fragmentation into heavy mesons is
discussed in Sect. 17.9. The parameters of Eq. (17.12) (see [93–98]) are
obtained by performing global fits to data on various hadron types for
different combinations of partons and hadrons in e+e−, lepton-hadron
and hadron-hadron collisions.

Data from e+e− annihilation present the cleanest experimental
source for the measurement of fragmentation functions, but can

not contribute to disentangle quark from antiquark distributions.
Since the bulk of the e+e− annihilation data is obtained at the
mass of the Z-boson, where the electroweak couplings are roughly
the same for the different partons, it provides the most precise
determination of the flavor-singlet quark fragmentation. Flavor tagged
results [99], distinguishing between the light quark, charm and bottom
contributions are of particular value for flavor decomposition, even
though those measurements can not be unambiguously interpreted in
perturbative QCD.

The most relevant source for quark-antiquark (and also flavor)
separation is provided by data from semi-inclusive DIS (SIDIS).
Semi-inclusive measurements are usually performed at much lower
scales than for e+e− annihilation. The inclusion of SIDIS data
in global fits allows for a wider coverage in the evolution of the
fragmentation functions, resulting at the same time in a stringent test
of the universality of these distributions. Charged-hadron production
data in hadronic collisions also presents a sensitivity on (anti-)quark
fragmentation functions.

The gluon fragmentation function Dg(x) can be extracted, in
principle, from the longitudinal fragmentation function FL in
Eq. (17.2), as the coefficient functions CL,i for quarks and gluons are

comparable at order αs. However at NLO, i.e., including the O(α2
s )

coefficient functions C
(2)
L,i [23], quark fragmentation is dominant in

FL over a large part of the kinematic range, reducing the sensitivity
on Dg. This distribution could be determined also analyzing the
evolution of the fragmentation functions. This possibility is limited
by the lack of sufficiently precise data at energy scales away from the
Z-resonance and the dominance of the quark contributions and at
medium and large values of x.

Dg can also be deduced from the fragmentation of three-jet events
in which the gluon jet is identified, for example, by tagging the other
two jets with heavy quark decays. To leading order, the measured
distributions of x = Ehad/Ejet for particles in gluon jets can be
identified directly with the gluon fragmentation functions Dg(x).
At higher orders the theoretical interpretation of this observable is
ambiguous.

A direct constraint on Dg is provided by pp, pp̄ → hX data. At
variance with e+e− annihilation and SIDIS, for this process gluon
fragmentation starts to contribute at the lowest order in the coupling
constant, introducing a strong sensitivity on Dg. At large x � 0.5,
where information from e+e− is sparse, data from hadronic colliders
facilitate significantly improved extractions of Dg [93,94].
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Figure 17.6: Comparison of up, strange, charm and gluon
NLO fragmentation functions for π+ + π− at the mass of the Z.
The different lines correspond to the result of the most recent
analyses performed in Refs. [93,94,98].

A comparison of recent fits of NLO fragmentation functions for
π+ + π− obtained by DSS07 [93], AKK08 [94] and HKNS07 [98] is
shown in Fig. 17.6. Differences between the sets are large especially
for the gluon fragmentation function over the full range of x and
for the quark distribution at large momentum fractions. Those
discrepancies can be considered as a first estimate of the present
uncertainties involved in the extraction of the fragmentation functions.
The differences are even larger for other species of hadrons like kaons
and protons [93,94,98].
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17.6. Identified particles in e+e− and semi-inclusive

DIS

A great wealth of measurements of e+e− fragmentation into
identified particles exists. A collection of references for data on
fragmentation into identified particles is given on Table 41.1.
Representative of this body of data is Fig. 17.7 which shows
fragmentation functions as the scaled momentum spectra of charged
particles at several CM energies.
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Figure 17.7: Scaled momentum spectra of (a) π±, (b) K±,
and (c) p/p at

√
s = 10, 29, and 91 GeV [37,41,78,100].

Quantitative results of studies of scaling violation in e+e−

fragmentation have been reported in [6,38,101,102]. The values of αs

obtained are consistent with the world average (see review on QCD in
Section 9 of this Review).

Many studies have been made of identified particles produced in
lepton-hadron scattering, although fewer particle species have been
measured than in e+e− collisions. References [103–108] and [109–115]
are representative of the data from fixed target and ep collider
experiments, respectively.

QCD calculations performed at NLO provide an overall good
description of the HERA data [50,51,55,110,116,117] for both
SIDIS [118] and the hadron transverse momentum distribution [46] in
the kinematic regions in which the calculations are predictive.

Fig. 17.8(a) compares lower-energy fixed-target and HERA data
on strangeness production, showing that the HERA spectra have
substantially increased multiplicities, albeit with insufficient statistical
precision to study scaling violations. The fixed-target data show that
the Λ rate substantially exceeds the Λ rate in the remnant region,
owing to the conserved baryon number from the baryon target.
Fig. 17.8(b) shows neutral and charged pion fragmentation functions
1/N · dn/dz, where z is defined as the ratio of the pion energy to
that of the exchanged boson, both measured in the laboratory frame.
Results are shown from HERMES and the EMC experiments, where
HERMES data have been evolved with NLO QCD to 〈Q2〉 = 25 GeV2

in order to be consistent with the EMC. Each of the experiments uses
various kinematic cuts to ensure that the measured particles lie in
the region which is expected to be associated with the struck quark.
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Figure 17.8: (a) 1/N · dn/dxF for identified strange particles
in DIS at various values of W [103,106,109]. (b) 1/N ·
dn/dz for measurements of pions from fixed-target DIS
experiment [104,107,108].

In the DIS kinematic regime accessed at these experiments, and over
the range in z shown in Fig. 17.8, the z and xF variables have similar
values [47]. The precision data on identified particles can be used in
the study of the quark flavor content of the proton [119].

Data on identified particle production can aid the investigation
of the universality of jet fragmentation in e+e− and DIS. The
strangeness suppression factor γs, as derived principally from tuning
the Lund string model [84] within JETSET [85], is typically found
to be around 0.3 in e+e− experiments [68], although values closer
to 0.2 [120] have also been obtained. A number of measurements
of so-called V 0-particles (K0, Λ0) and the relative rates of V 0’s
and inclusively produced charged particles have been performed
at HERA [109,111,115] and fixed target experiments [103]. These
typically favour a stronger suppression (γs ≈ 0.2) than usually
obtained from e+e− data although values close to 0.3 have also been
obtained [121,122].

However, when comparing the description of QCD-based models
for lepton-hadron interactions and e+e− collisions, it is important to
note that the overall description by event generators of inclusively
produced hadronic final states is more accurate in e+e− collisions
than lepton-hadron interactions [123]. Predictions of particle rates
in lepton-hadron scattering are affected by uncertainties in the
modelling of the parton composition of the proton and photon,
the extended target remnant, and initial and final state QCD
radiation. Furthermore, the tuning of event generators for e+e−
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collisions is typically based on a larger set of parameters and uses
more observables [68] than are used when optimizing models for
lepton-hadron data [124].

17.7. Fragmentation in hadron-hadron collisions

An extensive set on high-transverse momentum (pT ) single-inclusive
hadron data has been collected in h1h2 → hX scattering processes,
both at high energy colliders and fixed-target experiments [125–143].
Only the transverse momentum pT is considered in hadron-hadron
collisions because of lack of knowledge of the longitudinal momentum
of the hard subprocess. Fig. 17.9 shows a compilation of neutral pion
and charged hadron production data for energies in the range

√
s ≈ 23

- 800 GeV.
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Figure 17.9: Selection of inclusive (a) π0 and (b)
charged-hadron production data from pp [133,140–143] and
pp̄ [125,128,131] collisions.

The differential cross-section for high-transverse momentum
distributions has been computed to next-to-leading order accuracy in
perturbative QCD [144]. NLO calculations yield a good description of
the collider data, but significantly under-predict the cross-section for
several fixed-target energy data sets [145,146]. Data collected at high
energy colliders are either included in global fit analyses or used as a
test for the universality of fragmentation functions.

Different strategies have been developed to ameliorate the theoreti-
cal description at fixed-target energies. A possible phenomenological
approach involves the introduction of a non-perturbative intrinsic
partonic transverse momentum [143,147,148]. From the perturbative
side, the resummation of the dominant higher order corrections at
threshold produces an enhancement of the theoretical calculation that
significantly improves the description of the data [149].

Measurements of hadron production in longitudinally polarized pp
collisions are used mainly in the determination of the polarized gluon
distribution in the proton [150,151].

Hadron production provides a critical observable for probing
the high energy-density matter produced in heavy-ion collisions.
Measurements at colliders show a suppression of inclusive hadron
yields at high transverse momentum for AA collisions compared to
pp scattering, indicating the formation of a dense medium opaque to
quark and gluons, see e.g. [152].

17.8. Spin-dependent fragmentation

Measurements of charged-hadron production in unpolarized lepton-
hadron scattering provide a unique tool to perform a flavor-separation
determination of polarized parton densities from DIS interactions with
longitudinally polarized targets [153–157].

Polarized scattering presents the possibility to measure the spin
transfer from the struck quark to the final hadron, and thus
develop spin-dependent fragmentation functions [158,159]. Early
measurements of the longitudinal spin transfer to Lambda hyperons

have been presented in [160,161]. This process is also useful in the
study of the quark transversity distribution [162], which describes
the probability of finding a transversely polarized quark with its
spin aligned or anti-aligned with the spin of a transversely polarized
nucleon. The transversity function is chiral-odd, and therefore not
accessible through measurements of inclusive lepton-hadron scattering.
Semi-inclusive DIS, in which another chiral-odd observable may be
involved, provides a valuable tool to probe transversity. The Collins
fragmentation function [163] relates the transverse polarization of the
quark to that of the final hadron. It is chiral-odd and naive T-odd,
leading to a characteristic single spin asymmetry in the azimuthal
angular distribution of the produced hadron in the hadron scattering
plane. Azimuthal angular distributions in semi-inclusive DIS can also
be produced by other processes requiring non-polarized fragmentation
functions, like the Sivers mechanism [164].

A number of experiments have measured these asymme-
tries [165–173]. Collins and Sivers asymmetries have been shown
experimentally to be non zero by the HERMES measurements on
transversely polarized proton targets [166–168]. Independent infor-
mation on the Collins function has been provided by the BELLE
Collaboration [169–170]. Measurements performed by the COMPASS
collaboration on deuteron targets show results compatible with zero
for both asymmetries [171–173].

17.9. Heavy quark fragmentation

It was recognized very early [174] that a heavy flavored meson
should retain a large fraction of the momentum of the primordial
heavy quark, and therefore its fragmentation function should be much
harder than that of a light hadron. In the limit of a very heavy quark,
one expects the fragmentation function for a heavy quark to go into
any heavy hadron to be peaked near x = 1.

When the heavy quark is produced at a momentum much larger
than its mass, one expects important perturbative effects, enhanced
by powers of the logarithm of the transverse momentum over
the heavy quark mass, to intervene and modify the shape of the
fragmentation function. In leading logarithmic order (i.e., including
all powers of αs log mQ/pT ), the total (i.e., summed over all hadron
types) perturbative fragmentation function is simply obtained by
solving the leading evolution equation for fragmentation functions,
Eq. (17.4), with the initial condition at a scale µ2 = m2

Q given by

DQ(z, m2
Q) = δ(1 − z) and Di(z, m2

Q) = 0 for i �= Q (here Di(z),
stands for the probability to produce a heavy quark Q from parton i
with a fraction z of the parton momentum).

Several extensions of the leading logarithmic result have appeared
in the literature. Next-to-leading-log (NLL) order results for the
perturbative heavy quark fragmentation function have been obtained
in [175]. The resummation of the dominant logarithmic contributions
at large z was performed in [42] to next-to-leading-log accuracy.
Fixed-order calculations of the fragmentation function at order α2

s in
e+e− annihilation have appeared in [176] while the initial condition
for the perturbative heavy quark fragmentation function has been
extended to NNLO in [177].

Inclusion of non-perturbative effects in the calculation of the
heavy-quark fragmentation function is done by convoluting the
perturbative result with a phenomenological non-perturbative form
[178–183], see also section 17.8 of [184]. The parameters entering
the non-perturbative forms are fitted together with some model
of hard radiation, which can be either a shower Monte Carlo, a
leading-log or NLL calculation (which may or may not include
Sudakov resummation), or a fixed order calculation [176,185].

A more conventional approach [186] involves the introduction of a
unique set of heavy quark fragmentation functions of non-perturbative
nature that obey the usual massless evolution equations in Eq. (17.4).
Finite mass terms of the form (mQ/pT )n are kept in the corresponding
short distance coefficient function for each scattering process. Within
this approach, the initial condition for the perturbative fragmentation
function provides the term needed to define the correct subtraction
scheme to match the massless limit for the coefficient function (see
e.g. [187]) . Such implementation is in line with the variable flavor
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number scheme introduced for parton distributions functions, as
described in Section 16 of this Review.

High statistics data for charmed mesons production near the
Υ resonance (excluding decay products of B mesons) have been
published [188,189]. They include results for D and D∗, Ds (see
also [190,191]) and Λc. Shown in Fig. 17.10(a) are the CLEO and
BELLE inclusive cross-sections times branching ratio B, s · Bdσ/dxp,
for the production of D0 and D∗+. The variable xp approximates the
light-cone momentum fraction z, but is not identical to it. The two
measurements are consistent with each other.
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Figure 17.10: (a) Efficiency-corrected inclusive cross-
section measurements for the production of D0 and D∗+ in
e+e− measurements at

√
s ≈ 10.6 GeV, excluding B decay

products [188,189]. (b) Measured e+e− fragmentation function
of b quarks into B hadrons at

√
s ≈ 91 GeV [200].

The branching ratio B represents D0 → K−π+ for the D0 results
and for the D∗+ the product branching fraction: D∗+ → D0π+,
D0 → K−π+. Given the high precision of CLEO’s and BELLE’s data,
a superposition of different parametric forms for the non-perturbative
contribution is needed to obtain a good fit [21]. Older studies are
reported in Refs. [192–194]. Charmed meson spectra on the Z peak
have been published by OPAL and ALEPH [90,195].

Charm quark production has also been extensively studied at
HERA by the H1 and ZEUS collaborations. Measurements have been
made of D∗±, D±, and D±

s mesons; see, for example, Refs. [196,197].
The production of the Λc baryon has also been studied [198].

Experimental studies of the fragmentation function for b quarks,
shown in Fig. 17.10(b), have been performed at LEP and
SLD [199–201]. Commonly used methods identify the B meson
through its semileptonic decay or based upon tracks emerging from

the B secondary vertex. The studies in [200] fit the B spectrum using
a Monte Carlo shower model supplemented with non-perturbative
fragmentation functions yielding consistent results.

The experiments measure primarily the spectrum of B mesons.
This defines a fragmentation function which includes the effect of
the decay of higher mass excitations, like the B∗ and B∗∗. In the
literature, there is sometimes ambiguity in what is defined to be
the bottom fragmentation function. Instead of using what is directly
measured (i.e., the B meson spectrum) corrections are applied to
account for B∗ or B∗∗ production in some cases. For a more detailed
discussion see section 17.8 of [184].

Heavy-flavor production in e+e− collisions is the primary source
of information for the role of fragmentation effects in heavy-flavor
production in hadron-hadron and lepton-hadron collisions. The QCD
calculations tend to underestimate the data in certain regions of phase
space. The discrepancy observed between theoretical calculations
and the measured B meson spectrum at the hadron colliders [202]
is substantially reduced when a more refined use of information on
heavy flavor production from e+e− data is made [203] and when
up-to-date parton distributions and strong coupling constant values
are considered [204].

Both bottomed- and charmed-mesons spectra have been measured
at the Tevatron with unprecedented accuracy [205]. The measured
spectra are in good agreement with QCD calculations (including
non-perturbative fragmentation effects inferred from e+e− data [206]),
no longer supporting the previously reported discrepancies [202].

The HERA collaborations have produced a number of measurements
of beauty production; see, for example, Refs. [196,207–209]. As for the
Tevatron data, the HERA results are described well by QCD-based
calculations using fragmentation models optimised with e+e− data.

Besides degrading the fragmentation function by gluon radiation,
QCD evolution can also generate soft heavy quarks, increasing in the
small x region as

√
s increases. Several theoretical studies are available

on the issue of how often bb̄ or cc̄ pairs are produced indirectly, via
a gluon splitting mechanism [210–212]. Experimental results from
studies on charm and bottom production via gluon splitting, given
in [195,213–217], yield weighted averages of ng→cc = 3.05± 0.45% and
ng→bb = 0.277± 0.072%, respectively.
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T. Sjöstrand, S. Mrenna, P. Skands, Comp. Phys. Comm. 178,
852 (2008).

87. S. Chun and C. Buchanan, Phys. Reports 292, 239 (1998).
88. G. Marchesini et al., Comp. Phys. Comm. 67, 465 (1992);

G. Corcella et al., JHEP 0101, 010 (2001);
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