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Abstract
We consider the production of a pair of heavy quarks (QQ̄) in hadronic collisions.
When the transverse momentum qT of the heavy-quark pair is much smaller than its
invariant mass, the QCD perturbative expansion is affected by large logarithmic terms
that must be resummed to all-orders. This behavior is well known from the simpler case
of hadroproduction of colourless high-mass systems, such as vector or Higgs boson(s).
In the case of QQ̄ production, the final-state heavy quarks carry colour charge and are
responsible for additional soft radiation (through direct emission and interferences with
initial-state radiation) that complicates the evaluation of the logarithmically-enhanced
terms in the small-qT region. We present the all-order resummation structure of the
logarithmic contributions, which includes colour flow evolution factors due to soft
wide-angle radiation. Resummation is performed at the completely differential level
with respect to the kinematical variables of the produced heavy quarks. Soft-parton
radiation produces azimuthal correlations that are fully taken into account by the
resummation formalism. These azimuthal correlations are entangled with those that
are produced by initial-state collinear radiation. We present explicit analytical results
up to next-to-leading order and next-to-next-to-leading logarithmic accuracy.
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Introduction

We consider the inclusive production of a QQ̄ pair of heavy quarks (Q) in hadron–hadron collisions.
The bulk of the cross section is produced in the kinematical region where the transverse momentum
qT of the QQ̄ pair is smaller than the mass m of the heavy quark. In this paper we are interested
in the small-qT region, namely, the region where qT ≪ m (including the limit qT → 0). From
the phenomenological point of view, the most relevant process is the production of a pair of topantitop (tt̄) quarks [1], because of its topical importance in the context of both Standard Model
(SM) and beyond-SM physics. In our theoretical study at the formal level, we consider a generic
pair of heavy quarks.
The qT cross section of the QQ̄ pair is computable in QCD perturbation theory [2], provided
m is much larger than the QCD scale ΛQCD . The cross section is obtained by convoluting the
parton densities of the colliding hadrons with the partonic cross sections, which are evaluated
as power series expansion in the QCD coupling αS . In the small-qT region the perturbative
expansion is badly behaved, since the size of the perturbative coefficients is enhanced by powers of
ln qT . A reliable theoretical calculation requires the all-order resummation of these logarithmicallyenhanced terms. This type of perturbative behaviour is well known [3, 4, 5] from the simpler case
of hadroproduction of a high-mass lepton pair through the Drell–Yan (DY) mechanism. In the
case of the DY process the all-order resummation of the ln qT terms is fully understood [3, 4, 5, 6].
At the level of leading-logarithmic (LL) contributions, the extension of resummation from the DY
process to the heavy-quark process is relatively straightforward, and it was first discussed long
ago in Ref. [7] (related studies were presented in Ref. [8]). Beyond the LL level, the structure of
ln qT terms for the heavy-quark process is definitely different (the main physical differences are
discussed below) from that of the DY process, and this difference implies very relevant theoretical
complications. The all-order resummation for the heavy-quark process has been discussed only
very recently by H. X. Zhu et al. in Refs. [9, 10]. The analysis of Refs. [9, 10] is limited to
the study of the qT cross section after integration over the azimuthal angles of the produced
heavy quarks. In this paper we illustrate the results of our independent study of transversemomentum resummation for QQ̄ production. We present our all-order resummation formalism
for QQ̄ production, and we perform the resummation up to the next-to-next-to-leading logarithmic
(NNLL) level, by explicitly including all the contributions up to the next-to-leading order (NLO)
in the perturbative expansion. Our formalism and results are valid at the fully-differential level
with respect to the kinematics of the produced heavy quarks. In particular, we consider the
explicit dependence on the azimuthal angles of the heavy quarks and we have full control, at the
resummed level, of the ensuing azimuthal correlations in the small-qT region. In the case of the
azimuthally-averaged qT cross section we find agreement with the NNLL results of Refs. [9, 10].
The DY lepton-pair production is a specific process of a general class of hard-scattering processes in which the produced high-mass system F in the final state is formed by a set of colourless
(i.e., non-strongly interacting) particles (e.g., F can be a lepton pair, or a photon pair, or one or
more vector bosons or Higgs bosons). Transverse-momentum resummation for the qT distribution
of F is fully understood for this entire class of processes (i.e., independently of the specific particle
content of the system F ). Indeed, transverse-momentum resummation for these processes has an
all-order universal (process-independent) structure [11, 6, 12, 13, 14], which has been explicitly
worked out [14, 15, 16, 17] at NNLL accuracy and the next-to-next-to-leading order (NNLO) in
the perturbative expansion. This universality structure eventually originates from the underlying
1

physical mechanism that produces the qT broadening of the system F at small qT : the transverse momentum of F is produced by (soft and collinear) QCD radiation from the initial-state
colliding partons. The QQ̄ production process definitely belongs to a different class of processes,
since the produced final-state heavy quarks carry colour charge and, therefore, they act as additional source of QCD radiation. The qT of the QQ̄ pair depends on initial-state radiation, on
final-state radiation and on quantum (and colour flow) interferences between radiation from the
initial and final states. These physical differences between QQ̄ production and the production of a
colourless system F lead to very relevant technical and conceptual complications in the context of
transverse-momentum resummation for QQ̄ production. An important issue regards the presence
of possible contributions from factorization-breaking effects of collinear radiation [18, 19, 20, 21].
Other complications, which already arise in the context of threshold resummation for the QQ̄ total
cross section [22, 23, 24, 25, 26], regard the effect of non-abelian colour correlations produced by
initial-state and final-state interferences. Additional important complications and effects, which
are specific of transverse-momentum resummation, regard the azimuthal-angle distribution of the
QQ̄ pair. In the case of the DY process, qT resummation has no effect on the azimuthal correlation between the produced leptons, since the qT broadening of the lepton pair is entirely due
to QCD radiation from the initial-state (q q̄) partons. In contrast, the qT of the QQ̄ pair is also
due to radiation from Q and Q̄ separately, and this leads to qT -dependent azimuthal correlations.
The main features of QQ̄ production that we have just highlighted will be briefly recalled in the
presentation of our resummation results.
The paper is organized as follows. In Sect. 2 we introduce our notation and we illustrate
our all-order resummation formalism. In Sect. 3 we present and discuss the explicit form of the
resummation coefficients up to NLO and NNLL accuracy. Our results are summarized in Sect. 4.

2

All-order resummation

We consider the inclusive hard-scattering process
h1 (P1 ) + h2 (P2 ) → Q(p3 ) + Q̄(p4 ) + X ,

(1)

where the collision of the two hadrons h1 and h2 with momenta P1 and P2 produces the QQ̄
pair, and X denotes the accompanying final-state radiation. The hadron momenta P1 and P2
are treated in the massless approximation (P12 = P22 ≃ 0). The heavy quarks have momenta
p3 and p4 , and the total four-momentum of the QQ̄ pair is q µ = pµ3 + pµ4 . In a reference frame
where the colliding hadrons are back-to-back, the total momentum q µ is fully specified by its
q·P2
invariant mass M (M 2 = q 2 ), rapidity y (y = 21 ln q·P
) and transverse-momentum vector qT .
1
µ
Analogously, the momentum pj (j = 3, 4) of the heavy quark is specified by the heavy-quark
mass m (p23 = p24 = m2 ), rapidity yj and transverse-momentum vector pT j . The two-dimensional
transverse-momentum vectors qT , pT 3 and pT 4 have azimuthal angles φq , φ3 and φ4 .
The kinematics of the observed heavy quarks is fully determined by the their total momentum q
and by two additional and independent kinematical variables that specify the angular distribution
of Q and Q̄ with respect to the momentum q of the QQ̄ pair. These two additional kinematical
variables are generically denoted as Ω = {ΩA , ΩB } (correspondingly, we define dΩ = dΩA dΩB ).
For instance, we can use Ω = {y3 , φ3 } or any other equivalent pairs of kinematical variables (e.g.,
2

y3 → y3 − y, φ3 → φ4 and so forth). We thus consider the most general fully-differential cross
section
dσ(P1 , P2 ; qT , M, y, Ω)
(2)
d2 qT dM 2 dy dΩ
for the inclusive-production process in Eq. (1). Note that the cross section in Eq. (2) and the
corresponding qT resummation formula can be straightforwardly integrated with respect to one
or more of the final-state variables {ΩA , ΩB , y, φq , M}, thus leading to results for observables that
are more inclusive than the differential cross section in Eq. (2).
The hadronic cross section in Eq. (2) is computable within QCD by convoluting partonic cross
sections with the scale-dependent parton distributions fa/h (x, µ2 ) (a = qf , q̄f , g is the label of the
massless partons) of the colliding hadrons. The partonic cross sections are expressed as a power
series expansion in αS . At the leading order (LO) in the perturbative expansion, the partonic cross
sections are proportional to αS2 and there are only two contributing partonic processes, namely, the
quark-antiquark (q q̄) annihilation process qf q̄f → QQ̄ and the gluon fusion process g g → QQ̄. In
both LO processes, the qT dependence of the partonic cross section (and of the ensuing hadronic
cross section) is simply proportional to δ (2) (qT ), because of transverse-momentum conservation.
At higher perturbative orders, the partonic cross sections receive contributions from elastic (cc̄ →
QQ̄) and inelastic (a b → QQ̄ + X) partonic processes. The qT dependence of the partonic cross
section includes contributions that are ‘singular’ in the limit qT → 0: these singular contributions
are proportional to αSn+2 δ (2) (qT ) or to logarithmic terms of the type αSn+2 q12 lnk (M 2 /qT2 ) with
T
k ≤ 2n − 1 (more precisely, the logarithmic terms are expressed in terms of singular, though
integrable over qT , ‘plus’-distributions). We thus decompose the cross section in Eq. (2) as follows:
dσ = dσ (sing) + dσ (reg) ,

(3)

where the component dσ (sing) embodies all the singular terms in the limit qT → 0, whereas dσ (reg)
includes the remaining non-singular terms. In this paper we deal with the all-order evaluation
and resummation of the small-qT singular terms in dσ (sing) . At fixed value of qT the cross section
depends on the mass scales M and m. We use M to set the scale of the ln qT terms, and the
remaining dependence on the two mass scales is controlled by the dimensionless ratio 2m/M or,
equivalently, by the relative velocity v of Q and Q̄,
s
s

2
4
m
2m2
v = 1−
= 1−
.
(4)
(p3 · p4 )2
M 2 − 2m2
In our resummation treatment at small qT , the mass scales M and m are considered to be parametrically of the same order. In two particular regions, namely, the threshold region where 2m/M → 1
(or v → 0) and the high-mass region where 2m/M → 0 (or v → 1), the size of the coefficients of
the ln qT terms can be enhanced, and accurate quantitative predictions may require additional resummation of the dependence on 2m/M (or v). Note, however, that our treatment of the small-qT
dependence is valid in the entire region qT ≪ M (and not only in the subregion qT ≪ m). In other
words, in our treatment of the small-qT region, the decomposition in Eq. (3) is such that we have
dσ (reg) /dσ (sing) = O(qT /M) (modulo logarithmic corrections) order-by-order in the perturbative
QCD expansion (note that O(qT /M) ≪ O(qT /m) if m ≪ M).
Our discussion of the decomposition in Eq. (3) can be expressed in a more formal way.
We consider the order-by-order perturbative expansion of the qT cross section dσ and we write
3

P
(n)
dσ =
, where dσ (n) is the contribution at the n-th perturbative order in αS . Analon dσ
gous perturbative expansions apply to dσ (sing) and dσ (reg) in terms of the n-th order contributions
dσ (sing)(n) and dσ (reg)(n) , and we have dσ (n) = dσ (sing)(n) + dσ (reg)(n) . The regular component of the
qT cross section is thus specified by requiring that the integration of dσ (reg) /d2 qT over the range
0 ≤ qT ≤ Q0 leads to a finite result that, at each fixed order in αS , vanishes in the limit Q0 → 0.
We have
Z Q20
dσ (reg)(n)
= O (Q0 /M) , Q0 → 0 ,
dqT2 2
d qT dM 2 dy dΩ
0
and we note that the right-hand side is power suppressed through the ratio Q0 /M. This requirement on dσ (reg) uniquely specifies all the singular terms of dσ that are included in dσ (sing) ,
although there is still some freedom on how non-singular terms (i.e., terms leading to corrections
of O(Q0 /M) in the limit Q0 → 0) are split between dσ (reg)(n) and dσ (sing)(n) . In the following we
present an explicit all-order expression of dσ (sing) (see Eq. (5)). This expression can systematically
be expanded in powers of αS thus leading to the explicit expression of dσ (sing)(n) . The explicit
expression of dσ (sing)(n) then uniquely determines dσ (reg)(n) in terms of the complete perturbative
expression of the qT cross section (i.e., we have dσ (reg)(n) = dσ (n) − dσ (sing)(n) ). More detailed
discussions on the decomposition in Eq. (3) and on its perturbative expansion can be found in
Refs. [13, 27].

We illustrate the method that we have used to derive our resummation results for dσ (sing) . More
details and additional results will be presented in forthcoming studies. We carry out our analysis of
the singular terms in the small-qT region by working in impact parameter (b) space and, thus, we
first perform the Fourier transformation of dσ (sing) /d2 qT with respect to qT at fixed b. The final
results for dσ (sing) /d2 qT are then eventually recovered by performing the inverse Fourier transformation from b space to qT space (see Eq. (5)). In b space the singular terms are proportional to
power of ln(Mb) (qT ≪ M corresponds to bM ≫ 1). These ln(Mb) terms are produced by the
radiation of soft and collinear partons (i.e., partons with low transverse momentum kT , say, with
kT ≪ M) in the inclusive final state X of the inelastic partonic processes a b → QQ̄ + X. Soft and
collinear radiation is treated by using the universal (process-independent) all-order factorization
formulae [28, 29, 30, 31, 32, 19, 33] of QCD scattering amplitudes. Soft/collinear factorization
at the amplitude (and squared amplitude) level is not spoiled by kinematical effects at the cross
section level, since we are working in b space (in the small-qT limit, the kinematics of the qT cross
section is exactly factorized [4] by the Fourier transformation to b space). Therefore, the ln(Mb)
terms are explicitly computed by the phase space integration (in b space) of the soft/collinear
factors. The application of the known explicit expressions [34, 29, 35, 30, 31, 36] of soft/collinear
factorization formulae allows us to compute the structure of dσ (sing) up to NNLO and NNLL
accuracy. The method that we have just described is completely analogous (as applied in the
NNLL+NLO computation of Ref. [37] and outlined to all orders in Ref. [14]) to the method that
is applicable to transverse-momentum resummation for the production of a system F of colourless particles. The differences between the production of F and QQ̄ production are due to the
non-abelian colour charge of the produced heavy quarks. The complications that arise from these
differences are basically related to soft radiation at wide angles with respect to the direction of the
colliding partons. As a consequence, the structure of dσ (sing) for QQ̄ production definitely differs
(and the differences already appear at the NLO) from that of transverse-momentum resummation
for the production of a colourless system F . Beyond the NNLL+NNLO level of perturbative
accuracy, non-abelian soft wide-angle interactions of absorptive origin produce violation of strict
factorization for space-like collinear radiation [19]. Therefore, the all-order formula of dσ (sing) that
4

is presented below is based on some assumptions about possible contributions that can arise from
factorization-breaking effects of collinear radiation [18, 19, 20, 21]. In particular, we assume that
infrared divergences produced by inclusive parton radiation at transverse momentum kT ≪ 1/b
are either cancelled or customarily factorized in the parton distributions fa/h (x, 1/b2 ) evolved
up to the scale µ ∼ 1/b. Moreover, our resummed result for dσ (sing) includes only the possible
soft/collinear correlation structures that we have explicitly uncovered up to NNLL+NNLO. These
issues certainly deserve further and future investigations. We remark that we have full control of
the all-order structure of dσ (sing) up to NNLL+NNLO accuracy. Possible additional structures are
likely to be absent till very high perturbative orders [18, 19, 20, 38].
In the following we use parton densities fa/h (x, µ2 ) as defined in the MS factorization scheme.
The running coupling αS (µ2 ) denotes the renormalized QCD coupling in the MS renormalization
scheme with decoupling of the heavy quark Q [39] (e.g., in the case of tt̄ production, αS (µ2 ) is
the MS coupling in the 5-flavour scheme), and m is the renormalized pole mass of the heavy
quark Q. Obviously our explicit results can be straightforwardly expressed in different factorization/renormalization schemes by applying the corresponding scheme transformation relations (e.g.,
the pole mass m can be replaced by the MS running mass m(µ2 )). To present the resummation
results for QQ̄ production we closely follow the formulation of transverse-momentum resummation
for the production of a colourless system F , and we use the same notation as in Refs. [13, 14]
(more details about the notation can be found therein). This presentation allows us to clearly
identify and highlight the structural differences that arise in the context of QQ̄ production.
Our results for the singular component dσ (sing) of the QQ̄ production cross section are given
by the following all-order resummation formula:
X h (0) i Z d2 b
dσ (sing) (P1 , P2 ; qT , M, y, Ω)
M2
dσcc̄
=
eib·qT Sc (M, b)
d2 qT dM 2 dy dΩ
2P1 · P2 c=q,q̄,g
(2π)2
X Z 1 dz1 Z 1 dz2
[(H ∆) C1 C2 ]cc̄;a1 a2 fa1 /h1 (x1 /z1 , b20 /b2 ) fa2 /h2 (x2 /z2 , b20 /b2 ) ,
×
x2 z2
x1 z1
a ,a
1

(5)

2

where b0 = 2e−γE (γE = 0.5772 . . . is the Euler number) is a numerical coefficient, and the
kinematical variables x1 and x2 are
x1 = √

M
e+y ,
2P1 · P2

x2 = √

M
e−y .
2P1 · P2

(6)

The right-hand side of Eq. (5) involves the (inverse) Fourier transformation with respect to the
impact parameter b and two convolutions over the longitudinal-momentum fractions z1 and z2 .
The parton densities fai /hi (x, µ2 ) of the colliding hadrons are evaluated at the scale
h µ =
i b0 /b,
(0)

which depends on the impact parameter. The factor that is denoted by the symbol dσcc̄

refers

to the partonic elastic-production process cc̄ → QQ̄ of the QQ̄ pair,
c(p1 ) + c̄(p2 ) → Q(p3 ) + Q̄(p4 ) ,

c = q, q̄, g ,

(7)

with
pi = xi Pi ,
5

i = 1, 2 ,

(8)

where Pi (i = 1, 2) are the momenta of the colliding hadrons (see Eq. (1)) and xi (i =h1, 2) iare
(0)
the momentum fractions in Eq. (6). Making the symbolic notation explicit, the symbol dσcc̄ is

related the LO cross section dσ̂ (0) for QQ̄ production by the partonic process in Eq. (7), and we
have
(0)
h
i
dσ̂cc̄→QQ̄ (p1 , p2 ; p3 , p4 )
(0)
2
2
.
(9)
dσcc̄ = αS (M )
M 2 dΩ

QCD radiative correction are embodied in the factors Sc and [(H ∆) C1 C2 ] on the right-hand
side of Eq. (5). The expression in Eq. (5) involves the sum of two types of contributions, which
correspond to the LO partonic channels: the contribution of the q q̄ annihilation channel (c = q, q̄)
and the contribution of the gluon fusion channel (c = g). In each of these channels, the structure
of Eq. (5) is apparently similar to the structure of transverse-momentum resummation for the
production of a colourless system F [11, 6, 12, 13, 14] (see Eq. (6) of Ref. [14] for direct comparison).
The important differences that occur in the case of QQ̄ production are hidden in the symbolic
notation of the factor [(H ∆) C1 C2 ] and, more specifically, they are due to the factor ∆ that is
related to the accompanying soft-parton radiation in QQ̄ production. In the case of production
of a colourless system F , the factor ∆ is absent (i.e. ∆ = 1).
The expression of the symbolic factor [(H ∆) C1 C2 ] for the q q̄ annihilation channel is
[(H ∆) C1 C2 ]cc̄;a1 a2 = (H ∆)cc̄ Cc a1 (z1 ; αS (b20 /b2 )) Cc̄ a2 (z2 ; αS (b20 /b2 )) ,

(c = q, q̄) ,

(10)

whereas for the gluon fusion channel (c = g) we have
[(H ∆) C1 C2 ]gg;a1 a2 = (H ∆)gg;µ1 ν1 ,µ2 ν2 Cgµa1 1ν1 (z1 ; p1 , p2 , b; αS (b20 /b2 )) Cgµa2 2ν2 (z2 ; p1 , p2 , b; αS (b20 /b2 )) .
(11)
µν
The functions Cca and Cga
are described below. The factors (H ∆) in Eqs. (10) and (11) depend
on b, M and on the kinematical variables of the partonic process in Eq. (7) (this dependence is
not explicitly denoted in Eqs. (10) and (11)). Equation (11) includes the sum over the repeated
indices {µi , νi }, which refer to the Lorentz indices of the colliding gluons g(pi ) (i = 1, 2) in Eq. (7).
In Eqs. (10) and (11) we use the shorthand notation (H ∆) for the contribution of the factors H
and ∆, since these factors embody a non-trivial dependence on the colour structure (and colour
indices) of the partonic process in Eq. (7). To take into account the colour dependence, we use
the colour space formalism of Ref. [40]: the colour-index dependence of the scattering amplitude
M of the process in Eq. (7) is represented by a vector | M i in colour space, and colour matrices
are represented by colour operators acting onto | M i. Using the colour space formalism, we can
write the explicit representation of (H ∆). In the case of the q q̄ annihilation channel, we have
(H ∆)cc̄ =

fcc̄→QQ̄ | ∆ | M
fcc̄→QQ̄ i
hM
(0)

αS2 (M 2 ) |Mcc̄→QQ̄ (p1 , p2 ; p3 , p4 )|2

,

(c = q, q̄) ,

(12)

fcc̄→QQ̄ is directly related to the infrared-finite part of the
where the ‘hard-virtual’ amplitude M
(0)
all-order (virtual) scattering amplitude Mcc̄→QQ̄ of the partonic process in Eq. (7), and Mcc̄→QQ̄
(0)

is the tree-level (LO) contribution to Mcc̄→QQ̄ ( |Mcc̄→QQ̄ |2 is the squared amplitude summed
f is given in
over the colours and spins of the partons c, c̄, Q, Q̄). The relation between M and M
6

Eq. (26). The analogue of Eq. (12) in the gluon fusion channel is
′

(H ∆)gg;µ1 ν1 ,µ2 ν2 =

′

′

′

fν1ν2 | ∆ | M
fµ1 µ2 i dµ′ µ dν ′ ν dµ′ µ dν ′ ν
hM
gg→QQ̄
gg→QQ̄
1 1
1 1
2 2
2 2
(0)

αS2 (M 2 ) |Mgg→QQ̄(p1 , p2 ; p3 , p4 )|2

,

(13)

where {µ′i , νi′ } (i = 1, 2) are exactly (see Eq. (26)) the gluon Lorentz indices of the scattering
amplitude Mgg→QQ̄(p1 , p2 ; p3 , p4 ), and d µν = d µν (p1 , p2 ) is the following polarization tensor,
µν

d (p1 , p2 ) = − g

µν

pµ1 pν2 + pµ2 pν1
,
+
p1 · p2

(14)

which projects onto the Lorentz indices in the transverse plane. The soft-parton factor ∆ depends
on colour matrices, and it acts as a colour space operator in Eqs. (12) and (13). We can also
f i h M|.
f Therefore,
introduce a colour space operator H through the definition αS2 |M(0) |2 H = |M
according to Eqs. (12) and (13), the shorthand notation (H ∆) is equivalent to (H ∆) = Tr [H ∆],
where ‘Tr’ exactly denotes the colour space trace of the colour operator H ∆.
We now illustrate the structural form of the resummation formulae in Eqs. (5), (10)–(13), and
the differences between QQ̄ production and the production of a colourless system F . The hard
factor H is independent of the impact parameter b, and it depends on the scattering amplitude
Mcc̄→QQ̄. An analogous process-dependent hard factor (which depends on the scattering amplitude
of the process cc̄ → F ) [14] appears for the production of a colourless system F . The functions
Cc a [12] and Cgµaν [13] in Eqs. (10) and (11) are universal (they are process independent and only
depend on the parton indices), and they are computable as power series expansions in αS (b20 /b2 ).
These functions originate from initial-state collinear radiation of partons with typical transverse
momentum kT ∼ 1/b. The function Sc (M, b) in Eq. (5) is the Sudakov form factor [11], and it is
also universal. Thus, for instance, the q q̄ annihilation channel functions Sq and Cq a also contribute
to transverse-momentum resummation for the DY process [6], whereas the gluon fusion channel
functions Sg and Cgµaν also contribute in the case of Higgs boson production [13]. The Sudakov
form factor Sc (M, b) resums logarithmic terms αSn lnk (Mb), starting from the LL contributions
(those with k = 2n) to the qT cross section. The Sudakov form factor is due to QCD radiation
from the initial-state partons c and c̄ in the process of Eq. (7) and, more precisely, it is produced
by soft and flavour-conserving collinear radiation with typical transverse momentum kT in the
range 1/b <
∼ M. The factor ∆ in Eqs. (5), (10)–(13) is specific of QQ̄ production (∆ =
∼ kT <
1 for the production of a colourless system F ), and it is due to QCD radiation of soft noncollinear (at wide angles with respect to the direction of the initial-state partons) partons from
the underlying subprocess cc̄ → QQ̄. Therefore, ∆ embodies the effect of soft radiation from
the QQ̄ final state and from initial-state and final-state interferences. As in the case of the
Sudakov form factor, the soft radiation contribution to ∆ involves the transverse-momentum
k
n
range 1/b <
∼ kT <
∼ M. Therefore, ∆ resums additional logarithmic terms αS ln (Mb) (see Eq. (15)),
although the dominant contributions to ∆ are of next-to-leading-logarithmic (NLL) type, since
they are produced by non-collinear radiation. Moreover, soft-parton radiation at the scale kT ∼
1/b has a ‘special’ physical role, since it is eventually responsible for azimuthal correlations (see
Eqs. (15) and (18)).
The soft-parton factor ∆ depends on the impact parameter b, on M and on the kinematics
of the partonic process in Eq. (7). To explicitly denote the kinematical dependence (which is in
turn related to the two angular variables Ω of the qT cross section), we use the rapidity difference
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y34 = y3 − y4 between Q(p3 ) and Q̄(p4 ) and the azimuthal angle φ3 of the quark Q(p3 ) (the
dependence on 2m/M is not explicitly denoted in the following). The all-order structure of ∆ is
∆(b, M; y34 , φ3 ) = V† (b, M; y34 ) D(αS (b20 /b2 ); φ3b , y34 ) V(b, M; y34 ) ,
where

( Z
V(b, M; y34 ) = P q exp −

M2
b20 /b2

dq 2
Γt (αS (q 2 ); y34 )
q2

)

,

∞ 
 α 2
X
αS (1)
αS n (n)
S
(2)
Γt (y34 ) +
Γt (αS ; y34 ) =
Γt (y34 ) +
Γt (y34 ) ,
π
π
π
n=3

D(αS ; φ3b , y34 ) = 1 +

∞ 
X
αS n (n)
αS (1)
D (φ3b , y34 ) +
D (φ3b , y34 ) .
π
π
n=2

(15)

(16)

(17)

(18)

The colour operator (matrix) Γt is the soft anomalous dimension matrix that is specific of
transverse-momentum resummation for QQ̄ production. This quantity is computable order-byorder in αS as in Eq. (17). The evolution factor V in Eq. (16) is obtained by the exponentiation
of the integral of the soft anomalous dimension. The integral is performed over the transversemomentum scale q 2 of the the QCD running coupling, and the symbol P q in Eq. (16) denotes
the anti path-ordering of the exponential matrix with respect to the integration variable q 2 . The
evolution operator V explicitly resums logarithmic terms αSn (M 2 ) lnk (Mb) (with k ≤ n) through
the integration over q 2 . Soft-parton radiation from the process cc̄ → QQ̄ produces non-abelian
colour correlations that are embodied in the soft anomalous dimension matrix. The structure of
V is typical of the resummation of soft-gluon logarithmic contributions in QCD multiparton hardscattering processes [41, 42]. Operators that are analogous to V arise in the context of threshold
resummation for the QQ̄ total cross section [22, 23, 24, 25, 26]. The colour operator D in Eq. (15)
is computable as a powers series expansion in αS (b20 /b2 ) (see Eq. (18)). This operator does not
explicitly depend on the hard scale M 2 , and its dependence on the scale b2 is due to the running
coupling αS (b20 /b2 ). Therefore, the operator D effectively resums ln(Mb) contributions to ∆ by
using the renormalization group evolution of αS (µ2 ) to express αS (b20 /b2 ) in terms of αS (M 2 ) and
ln(M 2 b2 ).
An important point about the structure of the soft factor ∆ in Eq. (15) regards its dependence
on the rapidity and azimuth kinematical variables of the QQ̄ pair. Both Γt and D depend on y34
and this produces an ensuing dependence of the operators V and ∆. The azimuthal dependence
is specific of transverse-momentum resummation. In particular, we remark that Γt and, thus,
the evolution operator V do not depend on azimuthal angles. In contrast, the operator D does
depend on φ3 and, more importantly, it depends on φ3b = φ3 − φb , where φb is the azimuth of the
two-dimensional impact parameter vector b. Inserting this dependence on φ3b in the resummation
formula (5) and performing the inverse Fourier transformation from b space to qT space, we
obtain an ensuing dependence of the qT cross section on φ3 − φq (where φq is the azimuthal angle
of qT ). In other words, the resummation formula (5) leads to qT -dependent azimuthal correlations
of the produced QQ̄ pair in the small-qT region. These azimuthal correlations are produced by
the dynamics of soft-parton radiation, and they are entirely embodied in the soft-parton factor
D of Eq. (15). The φ3b dependence occurs in D, at the characteristic scale 1/b, and does not
occur in the evolution operator V: this fact has a definite physical origin in the distinction
between real and virtual radiative contributions. Virtual radiation involves soft partons with
8

transverse momentum kT in the entire range kT <
∼ M, while real radiation is due to partons with
<
kT ∼ qT ∼ 1/b. The dynamics of V is essentially driven by soft virtual partons, which cannot
produce azimuthal correlations. Real radiation plays a ‘minimal’ role in V: it simply produces
the cancellation of virtual terms (and the ensuing infrared divergences) in the region kT <
∼ 1/b, thus
<
<
leading to remaining contributions from the region 1/b ∼ kT ∼ M (see the limit of integrations over
q ∼ kT in Eq. (16)). Azimuthal correlations are instead necessarily produced by real radiation,
which first occur at scale kT ∼ qT ∼ 1/b: these correlations are thus ‘trapped’ in the soft factor
D(αS (b20 /b2 )), at the corresponding scale 1/b.
As first pointed out in Ref. [12], the structure of transverse-momentum resummation is invariant under a class of renormalization group transformations, named resummation-scheme transformations. This symmetry permits a redefinition of the individual resummation factors in such a
way that their total contribution to the qT cross section is left unchanged. In particular, we can
consider a resummation-scheme transformation that changes (redefines) the separate factors H, V
and D in such a way that (H ∆) (i.e., Eqs. (12) and (13)) is invariant. Such a transformation can
introduce an arbitrary φ3b dependence of the redefined factors H, V, D. Our key point about the
structure of the azimuthal correlations in Eq. (15) is that there are necessarily schemes in which
the dependence on φb is absent from H and V, and it is entirely embodied in D. This key point
eventually follows from our previous discussion on the physical origin of the soft-parton azimuthal
correlations. In particular, we can define the factor D in Eq. (15) in such a way that it gives a
trivial contribution after azimuthal average over b. Thus, the soft factor D can fulfils the property
h D(αS ; φ3b , y34 )iav. = 1 ,

(19)

where the symbol h. . . iav. denotes the azimuthal average over the angle φb of the impact parameter
vector b.
We note that the transverse-momentum resummation formula (5) has an additional source of
azimuthal correlations. These additional azimuthal correlations are due to the b dependence of
the function Cgµaν that contributes to Eq. (11). The two sources of azimuthal correlations have a
definitely different physical origin. The azimuthal correlations produced by Cgµaν originate from
initial-state collinear radiation [13], while those produced by D originate from soft radiation in the
processes, such as QQ̄ production, with final-state coloured partons. This difference is manifest
in the q q̄ annihilation channel, where we find soft-parton azimuthal correlations (produced by D)
without accompanying azimuthal correlations of collinear origin (see Eq. (10)).
The gluon collinear function Cgµaν of Eq. (11) has the following all-order form [13]:
Cgµνa (z; p1 , p2 , b; αS ) = d µν (p1 , p2 ) Cg a (z; αS ) + D µ ν (p1 , p2 ; b) Gg a (z; αS ) ,

(20)

where d µν is given in Eq. (14),
D µν (p1 , p2 ; b) = d µν (p1 , p2 ) − 2

bµ bν
,
b2

(21)

and bµ = (0, b, 0) is the two-dimensional impact parameter vector in the four-dimensional notation
(bµ bµ = −b2 ). The perturbative expansion of Cg a (a = q, q̄, g) starts at O(1) (Cg a (z; αS ) =
δ(1 − z) δg a + O(αS )), analogously to the collinear functions Cq a and Cq̄ a in Eq. (10), whereas the
expansion of the gluonic function Gg a starts at O(αS ). From Eq. (20) we see that the dependence
of Cgµνa on the azimuthal angle φb of b is entirely embodied in the Lorentz tensor D µν of Eq. (21):
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therefore, this azimuthal dependence is uniquely specified at arbitrary perturbative orders in αS .
This specific azimuthal dependence is a consequence [13] of the fact that gluonic collinear radiation
is intrinsically spin-polarized and its spin-polarization structure is uniquely specified (see, e.g.,
Eq. (50) in Ref. [13]) by helicity conservation rules. The contribution of the gluon fusion channel
is the sole source of azimuthal correlations [43, 13] in transverse-momentum resummation for the
production of a colorless system F . The azimuthal dependence of Cgµνa produces a definite structure
of azimuthal correlations with respect to the azimuthal angle φq of the transverse momentum qT .
As shown in Ref. [13], the small-qT resummed cross section for the production of a colourless
system F through gluon fusion leads to azimuthal correlations that are expressed in terms of a
linear combination of only four Fourier harmonics (cos(2φq ), sin(2φq ), cos(4φq ), sin(4φq )).
In the case of qT resummation for QQ̄ production, the azimuthal dependence is present in both
the q q̄ annihilation channel and the gluon fusion channel. In both channels, the φb dependence
of the resummation formula (5) is embodied in the resummation factors at scale b20 /b2 , which are
(see Eqs. (10), (11) and (15))
D Cc a1 Cc̄ a2
(c = q, q̄) ,
µ1 ν1
µ2 ν2
D Cg a1 Cg a2 ,

(22)
(23)

where we have omitted the argument of the various factors to shorten the notation. As we have
just recalled, the azimuthal dependence of the collinear function Cgµνa is relatively simple and it is
uniquely specified to all perturbative orders. In contrast, the φb dependence of D is determined
by the process-dependent dynamics of soft-parton radiation in QQ̄ production: this dependence
is definitely cumbersome already at the first perturbative order (see Eq. (36)), and it receives
additional contributions to each subsequent order. Therefore, the ensuing azimuthal correlations
of the qT cross section depend on Fourier harmonics of any degrees. In particular, in the gluon
fusion channel (see Eq. (23)), the azimuthal dependence originating from soft-parton radiation is
entangled with the azimuthal dependence of collinear origin: the complete azimuthal dependence
is determined by a non-trivial interplay of colour (soft) and spin (collinear) correlations.
The resummation formula (5) can be straightforwardly averaged over the azimuth φq of qT .
The resummation formula for the azimuthally-averaged qT cross section is obtained from Eq. (5)
through two simple replacements: the integrand factor eib·qT is replaced by the 0-th order Bessel
function J0 (bqT ) and the factors in Eq. (22) and (23) are replaced by their azimuthal average over
φb . Performing the azimuthal average over φb , we have
h D Cc a1 Cc̄ a2 iav. = Cc a1 Cc̄ a2
(c = q, q̄) ,
µ1 ν1
µ2 ν2
µ1 ν1
µ2 ν2
h D Cg a1 Cg a2 iav. 6= h Cg a1 Cg a2 iav. .

(24)
(25)

Owing to the property in Eq. (19), the effect of the soft-parton factor D disappears from the
right-hand side of Eq. (24): therefore, in the q q̄ annihilation channel, soft wide-angle radiation
contributes to the azimuthally-averaged qT cross section only through the evolution factor V† V
from Eq. (15). Despite the property in Eq. (19), however, in the gluon fusion channel we have
the inequality in Eq. (25) (owing to Eq. (19) and the fact that Gg a = O(αS ), the inequality is
due to contributions at O(αS2 )). Therefore, the soft factor D still gives a non-trivial effect to
the azimuthally-averaged qT cross section through the contribution of the gluon fusion channel.
This effect is proportional to the factor h D Cgµa11ν1 Cgµa22ν2 iav. , which originates from the entangled
soft/collinear azimuthal dependence of the qT resummation formula (5).
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The contribution of the hard factor H to Eqs. (12) and (13) is independent of b, it depends
fcc̄→QQ̄. The
on the hard scale M and it is entirely specified by the hard-virtual amplitude M
fcc̄→QQ̄ is related to the scattering amplitude Mcc̄→QQ̄ by the following
auxiliary amplitude M
all-order factorization formula:
h
i
fcc̄→QQ̄ (p1 , p2 ; p3 , p4 )i = 1 − eIcc̄→QQ̄ (αS (M 2 ), ǫ) |Mcc̄→QQ̄ (p1 , p2 ; p3 , p4 )i ,
|M
(26)
where

n
∞ 
2
X
αS (µ2R ) e(n)
2
2
eIcc̄→QQ̄(αS (M 2 ), ǫ) = αS (µR ) eI(1)
(ǫ, M /µR ) +
Icc̄→QQ̄ (ǫ, M 2 /µ2R ) ,
cc̄→QQ̄
2π
2π
n=2

(27)

and µR is the renormalization scale. The function eIcc̄→QQ̄ (αS , ǫ) also depends on the momenta
pi (i ≤ 4), although this dependence is not explicitly denoted in its argument. The structure
of Eq. (26) is analogous [14] to that of the hard-virtual amplitudes of transverse-momentum
resummation for the production of colourless systems F . The main technical difference regards
the colour treatment and, thus, the ‘subtraction’ operator eIcc̄→QQ̄ is a colour operator acting onto
the colour vector |Mcc̄→QQ̄i.

The all-order (virtual) amplitude of the process cc̄ → QQ̄ has ultraviolet (UV) and infrared
(IR) divergences. We consider their regularization by analytic continuation in d = 4 − 2ǫ spacetime dimensions, and we use the customary scheme of conventional dimensional regularization
(CDR). The quantity Mcc̄→QQ̄ (p1 , p2 ; p3 , p4 ) ≡ Mcc̄→QQ̄ ({pi }) in the right-hand side of Eq. (26)
is the renormalized on-shell scattering amplitude [44, 45], and it has the perturbative expansion
"
#
n
∞ 
2
X
α
(µ
)
S
(0)
(n)
R
Mcc̄→QQ̄ ({pi }) = αS (µ2R ) µ2ǫ
Mcc̄→QQ̄ ({pi }; µR ) .
(28)
R Mcc̄→QQ̄ ({pi })+
2π
n=1
(0)

fcc̄→QQ̄ is completely analogous to that in Eq. (28), with M
f
=
The perturbative expansion of M
cc̄→QQ̄
(0)
(n)
f (n)
M
and the replacement M
→M
(n ≥ 1). Using Eq. (26), we can readily obtain
cc̄→QQ̄

cc̄→QQ̄

cc̄→QQ̄

(k)
(k)
f (n)
as a function of Mcc̄→QQ̄ and eIcc̄→QQ̄ with k ≤ n. For instance, at the NLO level we have
M
cc̄→QQ̄
(1)
(1)
(0)
f (1)
M
= Mcc̄→QQ̄ − eIcc̄→QQ̄ Mcc̄→QQ̄ .
cc̄→QQ̄

(29)

The renormalized virtual amplitude Mcc̄→QQ̄ still has IR divergences in the form of 1/ǫ poles.
The subtraction operator eIcc̄→QQ̄ (αS , ǫ), which originates from real emission contributions to the
qT cross section, also contains IR divergences. More precisely, it exactly includes the IR divergent
terms that are necessary to cancel the IR divergences of the amplitude Mcc̄→QQ̄, and it includes
additional IR finite terms that are specific of the qT cross section in Eq. (5). Therefore, the hardfcc̄→QQ̄ can be safely computed in the limit ǫ → 0. The expressions of (H ∆) in
virtual amplitude M
fcc̄→QQ̄ , although the four-dimensional
Eqs. (12) and (13) have to be evaluated by setting ǫ = 0 in M
limit ǫ → 0 is not explicitly denoted in the right-hand side of those equations. We note that the
f are renormalization-group invariant quantities (i.e., they are
all-order factors M, eI and, hence, M
independent of µR ). Their dependence on µR only appears throughout the fixed-order truncation
of the perturbative series in powers of αS (µ2R ) (see Eqs. (27), (28) and (29)). We also remark
that the operator eIcc̄→QQ̄ is completely independent of the spin of the four external hard partons
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fgg→QQ̄
of the process cc̄ → QQ̄. In particular, the gluon Lorentz indices {µ′i , νi′ } (i = 1, 2) of M
in Eq. (13) are exactly those of the corresponding amplitude Mgg→QQ̄ in the right-hand side of
Eq. (26).
In the region of very small values of qT , qT <
∼ Λ ( Λ is the QCD scale) or, equivalently, at
very large values of b ( bΛ >
∼ 1), the perturbative computation of the qT cross section has to be
supplemented with non-perturbative corrections. Non-perturbative contributions are embodied
in transverse-momentum dependent (TMD) parton densities [11, 46, 47] that can be used to
express the qT cross section in the small-qT region through TMD factorization (see Ref. [48]
and
In the context of TMD factorization, roughly speaking, the factor
p references therein).
Sc (M, b) C(αS (b20 /b2 )) ⊗ f (b20 /b2 ) (here C denotes the collinear functions in Eqs. (10) and (11),
and the symbol ‘⊗’ denotes the convolution with respect to the momentum fraction z) of the
resummation formula (5) arises from the TMD parton density [15, 49] in the region bΛ <
∼ 1. In
the case of production of a colourless system F , the resummation formula (5) has no other b
dependent factors. In the case of QQ̄ production, the presence in Eq. (5) of one additional b
dependent factor, the soft-parton factor ∆, is consistent with a breakdown (in weak form) [50]
of TMD factorization. In the production processes of strongly interacting systems (such as QQ̄
pairs), TMD parton densities have to be supplemented with additional and process dependent
non-perturbative factors [51]. As we have previously discussed, the breakdown (in strong form)
[18] of TMD factorization can have connection with high-order structures in transverse-momentum
resummation.
In the framework of TMD factorization, azimuthal correlations in heavy-quark production processes at small qT have been discussed in Ref. [52]. The azimuthal dependence that is explicitly
worked out in Ref. [52] arises from TMD factorization and, therefore, it is consistent with the azimuthal dependence (see Ref. [13] and the discussion below Eq. (21)) driven by the gluon collinear
function Cgµaν of the resummation formula (5). The complete structure of azimuthal correlations in
Eq. (5) receives additional contributions from the soft-parton factor ∆ (see Eqs. (22)–(23) and the
accompanying discussion). Since ∆ is related to TMD factorization breaking effects, these (colour
charge dependent) azimuthal correlations cannot originate from process-independent TMD parton
densities (see also Sect. V of the second paper in Ref. [52]).

3

Explicit results for the resummation coefficients

In this Section we present our explicit analytic results for the resummed cross section in Eq. (5)
up to NLO and NNLL accuracy. To this purpose we can exploit the knowledge of the universal
(process-independent) factors Sc , Cc a and Cgµνa up to NNLL+NNLO. The Sudakov form factor
Sc (M, b) has an all-order representation [11] (see, e.g., Eq. (8) in Ref. [14]) that is fully specified
by two perturbative functions Ac (αS ) and Bc (αS ). The corresponding perturbative coefficients
(1)
(1)
(2)
(2)
(3)
Ac , Bc , Ac [46, 47], Bc [53, 37] and Ac [15] are explicitly known, and they determine Sc (M, b)
up to NNLL accuracy. The partonic collinear functions Cc a (c = q, q̄) and Cgµνa in Eqs. (10) and
(11) are known [54, 55, 16, 17] up to O(αS2 ) (i.e., NNLO). The two computations in Refs. [16] and
[17] are fully independent and they lead to results in full agreement. As we have already recalled,
the determination of the individual (separate) factors of the resummation formula (5) requires
the specification of a resummation scheme [12]. The collinear functions of Ref. [17], which refer
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to transverse-momentum resummation according to the formulation of Ref. [15], are eventually
related to our functions Cc a and Cgµνa [16] throughout a transformation of resummation scheme. In
the following, to present our results, we explicitly consider the ‘hard scheme’ used in Ref. [14]. The
expressions of the universal factors Sc , Cc a and Cgµνa in the hard scheme can be found in Ref. [14].
The remaining perturbative ingredients of the QQ̄ resummation formula (5) are the hard factor
H (i.e, the subtraction operator eIcc̄→QQ̄ ), the soft evolution factor V (i.e., the soft anomalous
dimension Γt ) and the soft azimuthal-correlation factor D. We have computed eIcc̄→QQ̄ , Γt and D
at O(αS ), and we have determined Γt at O(αS2 ) by relating it to the O(αS2 ) computation [56, 57, 58]
of the IR anomalous dimension of the scattering amplitude Mcc̄→QQ̄ : these results complete the
evaluation of the QQ̄ resummation formula (5) up to NNLL+NLO. Using the hard scheme, the
results of our computation are presented below (see Eqs. (30), (33), (36) and (40)).
The colour operators eIcc̄→QQ̄, Γt and D depend on the colour charges (Ti )a (a = 1, . . . , Nc2 − 1
is the colour index of the radiated gluon) of the four (i ≤ 4) radiating partons c, c̄, Q, Q̄. Using
the colour space formalism of Ref. [40], the colour charge (Ti )a is a colour matrix in either the
fundamental (if i is a quark) or adjoint (if i is a gluon) representation of SU(Nc ) in QCD with
Nc colours. Note that the colour flow of the process cc̄ → QQ̄ is treated as ‘outgoing’, so that
T3 and T4 are the colour charges of Q(p3 ) and Q̄(p4 ), while T1 and T2 are the colour charges of
the anti-partons
c̄(−p1 ) and c(−p2 ) in Eq. (7). According to this notation, colour conservation
P4
implies
i=1 Ti | . . . i = 0, where | . . . i is a colour-singlet state vector, such as |Mcc̄→QQ̄ i or
f
|Mcc̄→QQ̄ i. We also define Ti · Tj ≡ (Ti )a (Tj )a and, in particular, Ti2 is a c-number term (more
precisely, Ti2 is a multiple of the unit matrix in colour space) given by the Casimir factor (CF or
CA ) of the corresponding representation of SU(Nc ). We have T12 = T22 = CF = (Nc2 − 1)/(2Nc )
in the q q̄ annihilation channel, T12 = T22 = CA = Nc in the gluon fusion channel, whereas
T32 = T42 = CF . Considering the kinematics of the process cc̄ → QQ̄ in Eq. (7), four-momentum
conservation leads to theprelations y3 − y = y − y4 = y34 /2, p2T3 = p2T4 ≡ p2T and the heavy-quark
transverse mass mT = m2 + p2T is related to y34 by using M = 2mT cosh(y34 /2). Using these
kinematical relations the operators eIcc̄→QQ̄ , Γt and D can eventually be expressed in term of the
two independent variables y34 and 2m/M (or, equivalently, the relative velocity v in Eq. (4)). As
already discussed, D additionally depends on the relative azimuthal angle φ3b (or, equivalently,
φ4b ).
The first-order term eI(1) of the subtraction operator eIcc̄→QQ̄ in Eqs. (26) and (27) has the
following form:

 2 −ǫ 



2
2
M
2
1
M
1
π
4
1
(1)
(1)
(1)
2
2
eI
ǫ, 2 = −
(T1 + T2 ) + γc − Γt (y34 ) + Ft (y34 ) .
+ iπ −
cc̄→QQ̄
µR
2 µ2R
ǫ2
ǫ 12
ǫ
ǫ
(30)
The flavour dependent coefficients γc (c = q, q̄, g) originate from collinear radiation: the explicit
values of these coefficients are γq = γq̄ = 3CF /2 and γg = (11CA −2Nf )/6, and Nf is the number of
flavours of massless quarks (e.g., Nf = 5 in the case of tt̄ production). The IR finite contribution
(1)
Ft to Eq. (30) is


 2
p2T
1
mT
(1)
2
2
2
+ (T3 + T4 ) Li2 − 2 + T3 · T4 L34 ,
(31)
Ft (y34 ) = (T3 + T4 ) ln
2
m
m
v
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where the function L34 is


  2



1 2 1+v
1+v
mT
2v
L34 = ln
ln
− ln
− 2 Li2
1−v
m2
1+v
4
1−v
!
!
#
"
r
r
1 − v y34
1 − v −y34
1 2
+ Li2 1 −
+ y34
e
e
+ 2 Li2 1 −
1+v
1+v
2
R z dt
and Li2 is the customary dilogarithm function, Li2 (z) = − 0 t ln(1 − t).

(32)

We note that the second term in the right-hand side of Eq. (33) can be rewritten as
 2
X
(2pi · pj )2
mT
2
− (T1 − T2 ) · (T3 − T4 ) y34 ,
= (T3 + T4 ) ln
Ti · Tj ln
2
2
2
M
m
m
i=1,2

(34)

(1)

The colour operator Γt (y34 ) in the right-hand side of Eq. (30) is exactly equal to the first-order
term of the soft anomalous dimension in Eq. (17), and its explicit form is


X
1 2
(2pi · pj )2
(1)
Γt (y34 ) = −
(T3 + T24 ) (1 − iπ) +
Ti · Tj ln
4
M 2 m2

i=1,2
j=3,4





1
1+v
1
− iπ
ln
+1
.
(33)
+ 2 T3 · T4
2v
1−v
v

j=3,4

where we have simply used colour conservation and kinematical relations.
(1)

The expression of eIcc̄→QQ̄ in Eq. (30) contains IR divergent terms in the form of double and
single poles 1/ǫ2 and 1/ǫ. We have explicitly checked that these IR divergent terms are exactly
those that control the factorized IR structure [59] of general one-loop scattering amplitudes with
f (1)
massive external partons. This directly proves that the one-loop hard-virtual amplitude M
cc̄→QQ̄
in Eq. (29) is IR finite in the limit ǫ → 0. The right-hand side of Eq. (30) also contains IR finite
contributions. As previously discussed (see, e.g., the first paragraph of this Section), these IR finite
contributions depend on the specification of the resummation scheme. The explicit expression in
the right-hand side of Eq. (30) is specific of the hard scheme [14], supplemented with the property
(1)
in Eq. (19). Since eIcc̄→QQ̄ does not depend on b, this scheme choice uniquely determines how IR
(1)
finite contributions are split between eI
and D(1) .
cc̄→QQ̄

The soft-parton operator D in Eq. (18) also depends on the relative azimuthal angle φ3b (or,
equivalently, φ4b ). The expression of the first-order term D(1) is quite involved. To shorten the
notation we define the auxiliary variable c3b ,
p
p
p2T
p2T
c3b =
cos(φ3b ) = −
cos(φ4b ) .
(35)
m
m
We obtain the following result:
"
 2 #
mT
1
c
arcsinh
(c
)
3b
3b
p
ln
−
D(1) (φ3b , y34 ) = (T23 + T24 )
2
m2
1 + c23b



1
p2T
1
2
2
− (T3 + T4 ) arcsinh (c3b ) + Li2 − 2
+
T3 · T4 (Lϕ34 − L34 ) , (36)
2
m
2v
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where L34 is given in Eq. (32). The function Lϕ34 is
h
i
ϕ
L34 = Sign(c3b ) Lξ (ξ(c3b , α34 ), α34 ) − Lξ (ξ(−c3b , α34 ), α34 )

(37)

with





1 2 ξ(1 + ξ)
ξ
α+ξ
2
Lξ (ξ, α) = ln
+ ln(α + ξ) ln(1 − α)
− ln
+ 2 Li2 (−ξ) − Li2
2
α+ξ
α+ξ
α−1

and

(38)

√
2 1 − v2 2
√
,
α34 =
c3b .
(39)
1 − 1 − v2
By simple inspection of Eq. (36), we can observe that the azimuthal dependence of D(1) is quite
complex and entangled with the colour correlation factor T3 · T4 : this is a consequence of its
dynamical origin from the specific angular pattern of soft-gluon radiation in QQ̄ production. We
note that the expression in Eq. (36) has a vanishing azimuthal average (i.e., h D(1) (φ3b , y34 )iav. = 0)
and, therefore, the property in Eq. (19) is fulfilled.



√
√
2
2
ξ(c, α) = c + 1 + c
c+ α+c

(1)

The first-order term Γt (see Eq. (33)) of the soft anomalous dimension controls (through
(2)
Eq. (16)) qT resummation up to NLL accuracy. The second-order term Γt of the soft anomalous
(1)
dimension in Eq. (17) is also necessary to determine the NNLL contributions. Both Γt and
(2)
Γt are related to the IR singularities of the virtual scattering amplitude Mcc̄→QQ̄ , which are
explicitly known at one-loop [59] and two-loop [56, 57, 58] order: exploiting this knowledge, we
(2)
have determined Γt . We obtain the result
i

 α 2 1  h
1 sub.
S
(1)
(1)
(1)
Γ
(y
)
,
F
(y
)
+
πβ
F
(y
)
+ O(αS3 ) ,
(α
;
y
)
−
Γt (αS ; y34 ) = Γcc̄→Q
34
34
0 t
34
S 34
t
t
Q̄
2
π
4
(40)
(1)
(1)
where 12πβ0 = 11Nc − 2Nf , and Ft and Γt are given in Eqs. (31) and (33). The ‘subtracted’
sub.
anomalous dimension Γcc̄→Q
is directly related to the IR anomalous dimension of Ref. [58] (as
Q̄
explained below). The perturbative expansion of the right-hand side of Eq. (40) includes both
(1)
(2)
(1)
sub.
the first-order and second-order terms Γt and Γt (obviously, Γcc̄→Q
= 2(αS /π)Γt + O(αS2 )),
Q̄
while terms at O(αS3 ) and beyond are neglected.
As we have previously discussed, the evolution operator V and, thus, Γt are essentially determined by virtual soft-parton radiation through the cancellation mechanism of the IR singularities
(1)
of the scattering amplitude Mcc̄→QQ̄ . This origin in manifest in Eq. (30), where Γt enters as
(1)
coefficient of the single pole 1/ǫ. In particular, setting Γt = 0 in Eq. (30), the IR divergences
(1)
of the subtraction operator eIcc̄→QQ̄ would be exactly equal to those of the analogous subtraction
(1)

operator [14] for the production of a colourless system F . This means that Γt controls the IR
divergences due to soft wide-angle radiation in the process cc̄ → QQ̄. This origin of Γt remains
sub.
valid at higher perturbative orders, and it leads to the contribution Γcc̄→Q
in Eq. (40). The
Q̄
sub.
subtracted anomalous dimension Γcc̄→QQ̄ is given by the following relation:




M2
1 2
2
c
sub.
(41)
Γcc̄→QQ̄ (αS ; y34 ) = Γ(µ) − (T1 + T2 ) γcusp (αS ) ln 2 − iπ + 2γ (αS ) ,
2
µ

where the terms on the right-hand side are written by exactly using the notation of Eq. (5) of
Ref. [58]. The term Γ(µ) is the anomalous-dimension matrix that controls the IR divergences
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of the scattering amplitude Mcc̄→QQ̄ , while the square-bracket term on the right-hand side of
Eq. (41) is the corresponding expression of Γ(µ) for a generic process cc̄ → F (where the system
F is colorless). The square-bracket term is the contribution of soft and collinear radiation from the
sub.
colliding partons c and c̄. In Eq. (41), this contribution is subtracted from Γ(µ), so that Γcc̄→Q
Q̄
embodies the remaining IR effects due to soft wide-angle radiation in the process cc̄ → QQ̄.
We note that the subtraction in Eq. (41) exactly corresponds to the splitting procedure used in
sub.
h
Eq. (57) of Ref. [10] to introduce the anomalous dimension γihī : therefore, we have Γcc̄→Q
= γcc̄
.
Q̄
2
The expression of Γ(µ) at O(αS ) is computed and explicitly given in Ref. [58]. This expression
sub.
(which is too long to be reported here) straightforwardly leads to the O(αS2 ) term of Γcc̄→Q
Q̄
in Eq. (41) and to the ensuing contribution in Eq. (40). The additional contribution to Γt in
(1)
Eq. (40) is proportional to Ft , and it is due to the corresponding IR finite contribution to
eI(1)
in Eq. (30). Both contributions eventually originate from the property in Eq. (19) of the
cc̄→QQ̄
soft-parton factor D.
(1)

We note that the first-order term Γt of the soft anomalous dimension includes (see Eq. (33))
(1)
an absorptive (antihermitian) term of the type Γ(C) ∝ i T3 · T4 (it is due to the non-abelian
QCD analogue of the QED Coulomb phase) that involves colour correlations between two par(1)
tons. Owing to its antihermitian character, Γ(C) gives a vanishing contribution (see the factors in
(1)

Eqs. (12), (13) and (15)) to the QQ̄ cross section at the NLO. Nonetheless, Γ(C) does contribute to
the singular component of the qT cross section at higher perturbative orders. A related comment
(2)
applies to a term, Γ(3) ∝ f abc Ta1 Tb3 Tc4 , that contributes to the second-order anomalous dimeni
h
(2)
(2)
(1)
(1)
in
sion Γt . The triple colour correlation term Γ(3) originates from the commutator Γt , Ft

sub.
the right-hand side of Eq. (40) and from a corresponding term in Γcc̄→Q
(see Eq. (41) and the
Q̄
expression of Γ(µ) in Eq. (5) of Ref. [58]). In the computation of the QQ̄ cross section (see the
(2)
factors in Eqs. (12), (13) and (15)), Γ(3) gives a vanishing contribution at the NNLO [25, 58, 60].
(0)
f (0)
This follows from the fact that the tree-level amplitude M
=M
is real and, therefore,
cc̄→QQ̄

cc̄→QQ̄

f (0) i = 0 [20, 60]. At higher perturbative orders the resummation factors in
f (0) | Γ(2) |M
hM
(3)
cc̄→QQ̄
cc̄→QQ̄
f (1)
Eqs. (12), (13) and (15) include additional absorptive terms (e.g., the one-loop amplitude M
cc̄→QQ̄

(2)

is not purely real) and, therefore, Γ(3) gives non-vanishing contributions to the qT cross section
beyond the NNLO level (see the related discussion in the Note Added of Ref. [19]).

Transverse-momentum resummation for QQ̄ production has been studied in Refs. [9, 10]. The
framework developed in Refs. [9, 10] is an extension of the SCET formulation of qT resummation
that was presented in Ref. [15] for the cases of DY and Higgs boson production. The authors of
Refs. [9, 10] consider the azimuthally-averaged qT cross section and present results at the NLO
and NNLL accuracy. We have performed a comparison between those results and our results, and
we find full agreement. The comparison poses no difficulties since, as we have discussed, we can
straightforwardly obtain the azimuthally-averaged qT cross section by integrating the resummation
formula (5). In particular, at NLO and NNLL accuracy, we can simply set ∆ = V† V (i.e., D = 1)
in Eq. (5) (this follows from Eq. (24) and from the fact the inequality in Eq. (25) is due to terms
of O(αS2 ), which start to contribute at the NNLO and beyond NNLL accuracy). We note that
the various (hard, soft, collinear) resummation factors in our Eq. (5) and those in Ref. [10] are
separately different, since they correspond to the use of different resummation schemes.
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As discussed in Sect. 2, the results presented in this Section are obtained by using soft/collinear
factorization formulae [34, 29, 35, 30, 31, 36], and they can be extended to the complete NNLO level
through the evaluation of the O(αS2 )-terms D(2) and eI(2) in Eqs. (18) and (27). The extension,
which does not require further conceptual steps, is certainly complex from the computational
viewpoint.

4

Summary

In this paper we have considered the transverse-momentum distribution of a heavy-quark pair
produced in hadronic collisions. As in the case of simpler processes, such as the hadroproduction
of a system of non-strongly interacting particles, the perturbative QCD computation of the qT
cross section is affected by large logarithmic terms that need be resummed to all perturbative
orders. We have discussed the new issues that arise in the case of heavy-quark production, and we
have presented our all-order resummation formula (see Eq. (5)) for the logarithmically-enhanced
contributions. The main differences with respect to the production of colourless systems is the
appearance of the soft factor ∆ (see Eq. (15)) that is due to soft-parton radiation at large angles
with respect to the direction of the colliding hadrons (partons). The factor ∆ embodies the effect of
soft radiation from the heavy-quark final state and from initial-state and final-state interferences.
The dynamics of soft-parton radiation produces colour-dependent azimuthal correlations in the
small-qT region. This azimuthal dependence is fully taken into account by the resummation
formula and it is embodied in the soft-parton factor ∆: the dependence is controlled by the
colour operator D and it is factorized with respect to the colour (soft) evolution factor V (see
Eq. (15)). We have shown how the azimuthal correlations of soft-parton origin are entangled with
the azimuthal dependence due to gluonic collinear radiation (see Eq. (23)), and we have discussed
the ensuing effect on the azimuthally-averaged qT cross section. We have presented the explicit
results of the perturbative coefficients of the resummation formula up to NLO and NNLL accuracy
(see Eqs. (30), (33), (36) and (40)).
Transverse-momentum resummation for heavy-quark production is important for phenomenological applications through resummed calculations [10], especially for the production of top-quark
pairs. Given the huge amount of top-quark pairs that have been produced
at the LHC in its first
√
run, and the even higher number of tt̄ events that are expected at s = 13 (14) TeV, the possibility of relying on accurate computations of the transverse-momentum spectrum of the tt̄ pair
down to the low-qT region is very relevant for physics studies within and beyond the SM.
We point out that the qT resummation formalism for QQ̄ production has implications not only
for resummed calculations but also for fixed-order computations up to NNLO. The qT subtraction
formalism [54] is an efficient method to perform fully-exclusive NNLO computations of hardscattering processes, and it is based on the knowledge of the small-qT limit of the transversemomentum cross section of the corresponding process. In the case of the production of colourless
systems, thanks to the complete understanding of the all-order structure of the large logarithmic
terms, the method is fully developed up to NNLO. The resummation formula presented in Eq. (5)
makes possible to apply the qT subtraction formalism also to heavy-quark production at NNLO,
once the explicit results of the resummation factors at the corresponding order will be available.
Acknowledgements. This research is supported in part by the Swiss National Science Founda17

tion (SNF) under contract 200021-144352 and by the Research Executive Agency (REA) of the
European Union under the Grant Agreement number PITN-GA-2010-264564 (LHCPhenoNet).

References
[1] G. Aad et al. [ATLAS Collaboration], Eur. Phys. J. C 73 (2013) 2261 [arXiv:1207.5644 [hepex]]; report CERN-PH-EP-2014-099, arXiv:1407.0371 [hep-ex]; S. Chatrchyan et al. [CMS
Collaboration], Eur. Phys. J. C 73 (2013) 2339 [arXiv:1211.2220 [hep-ex]]; V. M. Abazov et
al. [D0 Collaboration], Phys. Rev. D 84 (2011) 112005 [arXiv:1107.4995 [hep-ex]]; T. Aaltonen
et al. [CDF Collaboration], Phys. Rev. D 87 (2013) 092002 [arXiv:1211.1003 [hep-ex]].
[2] M. L. Mangano, P. Nason and G. Ridolfi, Nucl. Phys. B 373 (1992) 295.
[3] Y. L. Dokshitzer, D. Diakonov and S. I. Troian, Phys. Lett. B 79 (1978) 269, Phys. Rep. 58
(1980) 269.
[4] G. Parisi and R. Petronzio, Nucl. Phys. B 154 (1979) 427.
[5] G. Curci, M. Greco and Y. Srivastava, Nucl. Phys. B 159 (1979) 451.
[6] J. C. Collins, D. E. Soper and G. Sterman, Nucl. Phys. B 250 (1985) 199.
[7] E. L. Berger and R. -b. Meng, Phys. Rev. D 49 (1994) 3248 [hep-ph/9310341].
[8] S. Mrenna and C. P. Yuan, Phys. Rev. D 55 (1997) 120 [hep-ph/9606363].
[9] H. X. Zhu, C. S. Li, H. T. Li, D. Y. Shao and L. L. Yang, Phys. Rev. Lett. 110 (2013) 082001
[arXiv:1208.5774 [hep-ph]].
[10] H. T. Li, C. S. Li, D. Y. Shao, L. L. Yang and H. X. Zhu, Phys. Rev. D 88 (2013) 074004
[arXiv:1307.2464].
[11] J. C. Collins and D. E. Soper, Nucl. Phys. B 193 (1981) 381 [Erratum-ibid. B 213 (1983)
545], Nucl. Phys. B 197 (1982) 446.
[12] S. Catani, D. de Florian and M. Grazzini, Nucl. Phys. B 596 (2001) 299 [arXiv:hepph/0008184].
[13] S. Catani and M. Grazzini, Nucl. Phys. B 845 (2011) 297 [arXiv:1011.3918 [hep-ph]].
[14] S. Catani, L. Cieri, D. de Florian, G. Ferrera and M. Grazzini, Nucl. Phys. B 881 (2014) 414
[arXiv:1311.1654 [hep-ph]].
[15] T. Becher and M. Neubert, Eur. Phys. J. C 71 (2011) 1665 [arXiv:1007.4005 [hep-ph]];
T. Becher, M. Neubert and D. Wilhelm, JHEP 1305 (2013) 110 [arXiv:1212.2621 [hep-ph]].
[16] S. Catani and M. Grazzini, Eur. Phys. J. C 72 (2012) 2013 [Erratum-ibid. C 72 (2012) 2132]
[arXiv:1106.4652 [hep-ph]]; S. Catani, L. Cieri, D. de Florian, G. Ferrera and M. Grazzini,
Eur. Phys. J. C 72 (2012) 2195 [arXiv:1209.0158 [hep-ph]].

18

[17] T. Gehrmann, T. Lubbert and L. L. Yang, Phys. Rev. Lett. 109 (2012) 242003
[arXiv:1209.0682 [hep-ph]], JHEP 1406 (2014) 155 [arXiv:1403.6451 [hep-ph]].
[18] T. C. Rogers and P. J. Mulders, Phys. Rev. D 81 (2010) 094006 [arXiv:1001.2977 [hep-ph]].
[19] S. Catani, D. de Florian and G. Rodrigo, JHEP 1207 (2012) 026 [arXiv:1112.4405 [hep-ph]].
[20] J. R. Forshaw, M. H. Seymour and A. Siodmok, JHEP 1211 (2012) 066 [arXiv:1206.6363
[hep-ph]].
[21] A. Mitov and G. Sterman, Phys. Rev. D 86 (2012) 114038 [arXiv:1209.5798 [hep-ph]].
[22] N. Kidonakis and G. F. Sterman, Nucl. Phys. B 505 (1997) 321 [hep-ph/9705234].
[23] R. Bonciani, S. Catani, M. L. Mangano and P. Nason, Nucl. Phys. B 529 (1998) 424 [Erratumibid. B 803 (2008) 234] [hep-ph/9801375].
[24] M. Beneke, P. Falgari and C. Schwinn, Nucl. Phys. B 828 (2010) 69 [arXiv:0907.1443 [hepph]].
[25] M. Czakon, A. Mitov and G. F. Sterman, Phys. Rev. D 80 (2009) 074017 [arXiv:0907.1790
[hep-ph]].
[26] V. Ahrens, A. Ferroglia, M. Neubert, B. D. Pecjak and L. L. Yang, JHEP 1009 (2010) 097
[arXiv:1003.5827 [hep-ph]].
[27] G. Bozzi, S. Catani, D. de Florian and M. Grazzini, Nucl. Phys. B 737 (2006) 73 [hepph/0508068].
[28] D. A. Kosower, Nucl. Phys. B 552 (1999) 319 [hep-ph/9901201].
[29] Z. Bern, V. Del Duca, W. B. Kilgore and C. R. Schmidt, Phys. Rev. D 60 (1999) 116001
[hep-ph/9903516].
[30] S. Catani and M. Grazzini, Nucl. Phys. B 570 (2000) 287 [hep-ph/9908523].
[31] S. Catani and M. Grazzini, Nucl. Phys. B 591 (2000) 435 [hep-ph/0007142].
[32] S. Catani, D. de Florian and G. Rodrigo, Phys. Lett. B 586 (2004) 323 [hep-ph/0312067];
G. F. R. Sborlini, D. de Florian and G. Rodrigo, JHEP 1401 (2014) 018 [arXiv:1310.6841
[hep-ph]].
[33] I. Feige and M. D. Schwartz, Phys. Rev. D 88 (2013) 6, 065021 [arXiv:1306.6341 [hep-th]],
arXiv:1403.6472 [hep-ph].
[34] J. M. Campbell and E. W. N. Glover, Nucl. Phys. B 527 (1998) 264 [hep-ph/9710255];
S. Catani and M. Grazzini, Phys. Lett. B 446 (1999) 143 [hep-ph/9810389].
[35] D. A. Kosower and P. Uwer, Nucl. Phys. B 563 (1999) 477 [hep-ph/9903515].
[36] M. Czakon, Nucl. Phys. B 849 (2011) 250 [arXiv:1101.0642 [hep-ph]]; I. Bierenbaum, M. Czakon and A. Mitov, Nucl. Phys. B 856 (2012) 228 [arXiv:1107.4384 [hep-ph]].

19

[37] D. de Florian and M. Grazzini, Phys. Rev. Lett. 85 (2000) 4678 [arXiv:hep-ph/0008152],
Nucl. Phys. B 616 (2001) 247 [arXiv:hep-ph/0108273].
[38] J. R. Forshaw, A. Kyrieleis and M. H. Seymour, JHEP 0608 (2006) 059 [hep-ph/0604094],
JHEP 0809 (2008) 128 [arXiv:0808.1269 [hep-ph]]; J. Keates and M. H. Seymour, JHEP
0904 (2009) 040 [arXiv:0902.0477 [hep-ph]].
[39] W. Bernreuther and W. Wetzel, Nucl. Phys. B 197 (1982) 228 [Erratum-ibid. B 513 (1998)
758].
[40] S. Catani and M. H. Seymour, Nucl. Phys. B 485 (1997) 291 [Erratum-ibid. B 510 (1998)
503] [hep-ph/9605323].
[41] N. Kidonakis, G. Oderda and G. F. Sterman, Nucl. Phys. B 531 (1998) 365 [hep-ph/9803241].
[42] R. Bonciani, S. Catani, M. L. Mangano and P. Nason, Phys. Lett. B 575 (2003) 268 [hepph/0307035].
[43] P. M. Nadolsky, C. Balazs, E. L. Berger and C. -P. Yuan, Phys. Rev. D 76 (2007) 013008
[hep-ph/0702003 [hep-ph]].
[44] M. Czakon, Phys. Lett. B 664 (2008) 307 [arXiv:0803.1400 [hep-ph]]; P. Bärnreuther, M. Czakon and P. Fiedler, JHEP 1402 (2014) 078 [arXiv:1312.6279 [hep-ph]].
[45] R. Bonciani, A. Ferroglia, T. Gehrmann, D. Maitre and C. Studerus, JHEP 0807 (2008) 129
[arXiv:0806.2301 [hep-ph]]; R. Bonciani, A. Ferroglia, T. Gehrmann and C. Studerus, JHEP
0908 (2009) 067 [arXiv:0906.3671 [hep-ph]]; R. Bonciani, A. Ferroglia, T. Gehrmann, A. von
Manteuffel and C. Studerus, JHEP 1101 (2011) 102 [arXiv:1011.6661 [hep-ph]], JHEP 1312
(2013) 038 [arXiv:1309.4450 [hep-ph]].
[46] J. Kodaira and L. Trentadue, Phys. Lett. B 112 (1982) 66, report SLAC-PUB-2934 (1982),
Phys. Lett. B 123 (1983) 335.
[47] S. Catani, E. D’Emilio and L. Trentadue, Phys. Lett. B 211 (1988) 335.
[48] J. Collins, Foundations of Perturbative QCD (Cambridge University Press, Cambridge, 2011).
[49] M. G. Echevarria, A. Idilbi and I. Scimemi, JHEP 1207 (2012) 002 [arXiv:1111.4996 [hepph]], Phys. Lett. B 726 (2013) 795 [arXiv:1211.1947 [hep-ph]]; J. C. Collins and T. C. Rogers,
Phys. Rev. D 87 (2013) 3, 034018 [arXiv:1210.2100 [hep-ph]].
[50] J. Collins and J. W. Qiu, Phys. Rev. D 75 (2007) 114014 [arXiv:0705.2141 [hep-ph]]; W. Vogelsang and F. Yuan, Phys. Rev. D 76 (2007) 094013 [arXiv:0708.4398 [hep-ph]]; J. Collins,
arXiv:0708.4410 [hep-ph].
[51] C. J. Bomhof, P. J. Mulders and F. Pijlman, Phys. Lett. B 596 (2004) 277 [hep-ph/0406099];
A. Bacchetta, C. J. Bomhof, P. J. Mulders and F. Pijlman, Phys. Rev. D 72 (2005) 034030
[hep-ph/0505268]. C. J. Bomhof, P. J. Mulders and F. Pijlman, Eur. Phys. J. C 47 (2006)
147 [hep-ph/0601171].
[52] D. Boer, S. J. Brodsky, P. J. Mulders and C. Pisano, Phys. Rev. Lett. 106 (2011) 132001
[arXiv:1011.4225 [hep-ph]]; C. Pisano, D. Boer, S. J. Brodsky, M. G. A. Buffing and P. J. Mulders, JHEP 1310 (2013) 024 [arXiv:1307.3417].
20

[53] C. T. H. Davies and W. J. Stirling, Nucl. Phys. B 244 (1984) 337; C. T. H. Davies, B. R. Webber and W. J. Stirling, Nucl. Phys. B 256 (1985) 413.
[54] S. Catani and M. Grazzini, Phys. Rev. Lett. 98 (2007) 222002 [arXiv:hep-ph/0703012].
[55] S. Catani, L. Cieri, G. Ferrera, D. de Florian and M. Grazzini, Phys. Rev. Lett. 103 (2009)
082001 [arXiv:0903.2120 [hep-ph]].
[56] A. Mitov, G. F. Sterman and I. Sung, Phys. Rev. D 79 (2009) 094015 [arXiv:0903.3241
[hep-ph]], Phys. Rev. D 82 (2010) 034020 [arXiv:1005.4646 [hep-ph]].
[57] A. Ferroglia, M. Neubert, B. D. Pecjak and L. L. Yang, Phys. Rev. Lett. 103 (2009) 201601
[arXiv:0907.4791 [hep-ph]].
[58] A. Ferroglia, M. Neubert, B. D. Pecjak and L. L. Yang, JHEP 0911 (2009) 062
[arXiv:0908.3676 [hep-ph]].
[59] S. Catani, S. Dittmaier and Z. Trocsanyi, Phys. Lett. B 500 (2001) 149 [hep-ph/0011222].
[60] M. Czakon and P. Fiedler, Nucl. Phys. B 879 (2014) 236 [arXiv:1311.2541 [hep-ph]].

21

