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“Not only is the Universe stranger than we think, it is stranger than
we can think.”
– Werner Heisenberg
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Abstract
This thesis studies the formation and the internal structure of dark matter halos in
standard and non-standard cosmological models. In a first part, we present a group
finding algorithm that accounts for the total collapsed mass of a halo in the sense of
classical Press-Schechter theory. We show that such an approach is indispensable in
order to make meaningful comparisons between results from numerical simulations
and theoretical frameworks.
In a second part, that consists of three individual papers, we investigate the
formation, evolution and internal structure of halos in various non-standard cosmologies. The first paper examines how thermal velocities of warm dark matter
particles influence the density and phase-space density profiles of dark matter halos.
We show that warm dark matter alone, although still an attractive candidate, is not
enough to solve the core / cusp problem.
The second paper studies the internal structure of galaxy-sized objects in generic
cold + warm dark matter cosmologies. We quantify how the presence of a warm dark
matter component leads to an imbalance between the warm to cold ratio locally
and on average in the Universe; a fact that needs to be considered in dark matter
searches.
In the last paper of the second part, we show that a multi-dimensional small scale
approach is a powerful method to set strong limits on the nature of dark matter.
In the third and last part of the thesis, we again return to a standard cold
dark matter cosmology and investigate the smallest structures that form in a hierarchical bottom-up scenario: Earth-mass microhalos. A detailed study of the very
inner density profile reveals the slope to be considerably steeper than their larger
counterparts. Based on this result, we compute the change in the total annihilation
luminosity boost factor, a quantity of great importance for indirect dark matter
detection.
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Zusammenfassung
Diese Doktorarbeit befasst sich mit verschiedenen Aspekten der Entstehung und
der inneren Struktur von dunkle Materie Halos in unterschiedlichen kosmologischen Modellen. Im ersten Teil dieser Arbeit präsentieren wir einen Halo-Finder Algorithmus, welcher die gesamte kollabierte Masse eines dunkle Materie Halos im
Sinne der Press-Schechter Theorie detektiert. Wir zeigen, dass solch eine Korrektur unumgänglich ist, wenn man einen physikalisch sinnvollen Vergleich zwischen
Computersimulation und Theorie machen will.
Im zweiten Teil, welcher aus drei individuellen Publikationen besteht, untersuchen wir die Entstehung, die Evolution und die innere Struktur von Halos in verschiedenen Kosmologien, welche vom Standardmodell abweichen. Als Erstes wird
aufgezeigt, wie die thermische Geschwindigkeit von warmer dunkler Materie sowohl
das Dichteprofil als auch die Phasenraumdichte beeinflusst. Des weiteren zeigen wir,
dass zusätzliche Physik benötigt wird, um das ’core-cusp’ Problem zu lösen, auch
wenn ein solch warmes Teilchen immer noch ein attraktiver dunkle Materie Kandidat
darstellt.
Das zweite Paper untersucht die innere Struktur von Milchstrassen ähnlichen
Halos in gemischten (kalt plus warm) dunkle Materie Kosmologien. Wir zeigen, dass
die Existenz einer warmen dunklen Materie Komponente zu einem Ungleichgewicht
des warm-kalt Verhältnisses zwischen lokaler und universeller dunkle Materie Dichte
führt. Dies hat unter anderem auch Konsequenzen für die Detektion dunkler Materie.
Im letzten Paper des mittleren Teils präsentieren wir eine multi-dimensionale
Substruktur-Analyse und zeigen, dass dies neue Einblicke in die Natur der dunklen
Materie erlaubt.
Im abschliessenden Teil dieser Arbeit untersuchen wir die kleinsten kalte dunkle
Materie Halos, welche sich einem hierarchischen Strukturformierungsprozess bilden:
Microhalos mit etwa derselben Masse wie die Erde. Mit Hilfe hochauflösender Computersimulationen zeigen wir, dass die Steigung ihrer Profile deutlich grösser ist als
diejenige von massiveren Halos. Des weiteren berechnen wir den daraus resultierenden Leuchtkraft-Multiplizitätsfaktor der Paarvernichtung von dunkler Materie.
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1
I NTRODUCTION
Cosmology, when translated from the greek language, means nothing but the study
of the Universe. It aims towards an understanding of its origin, its structure and
composition and its evolution. Modern cosmology was born in the late 1920’s, when
Edwin Hubble measured the line of sight velocities of galaxies as a function of their
distance from us and discovered the expansion of the Universe. Since then, not only
astrophysics but also particle physics made a lot of progress in understanding the
laws of nature, although independently from each other for quite a while. By tracing
back the evolution of space-time to its earliest moments, it became clear that the two
pillars of each field, quantum field theory on the particle side and general relativity
on the astrophysical side, need to be combined in order to gain a complete picture
of mother nature.
Several attempts have been made to come up with such an unified theory of
everything (TOE), of which string theory is probably the most prominent. Apart
from the lack of a TOE, there are further unknown mysteries whose explanations
are a long time coming: inflation and the origin of density fluctuations, the baryon
asymmetry of the Universe, dark energy and the puzzle why the accelerated expansion of the Universe only started around today, and last but no least, the nature of
dark matter and the associated impact on the formation of structures. The latter is
the centrepiece of this PhD thesis and runs through it like a common thread.
This thesis is a resume of all research activities I was involved in and it mainly
consists of five papers (Chapters 3-7), of which all have the status of being accepted
and published. This thesis is structured as follows: subsequently, I will briefly give
an overview about the content of the five research papers and how they are related
to the general subject of this thesis, structure formation and the nature of dark matter. Chapter 2 contains a summary of the Hot Big Bang Model, introduces a few
realistic dark matter candidates and shows the basics of linear and non-linear structure formation. Finally, the thesis ends with Chapter 8, in which prospects about
possible future projects based on this thesis are listed.



Chapter 1: Introduction

The first paper enters into the question of how to define the total mass of a dark
matter halo. In order to determine the halo mass function from simulations and
compare it with theoretical predictions, the mass of a dark matter halo is an essential ingredient. The halo mass function, defined as the number density of collapsed
objects as a function of mass, is a sensitive tracer of the underlying cosmological
model. Hence, its evolution not only provides detailed information about the process of structure formation but also about the nature of the dark matter particle.
For this purpose and in order to make a meaningful comparison between numerical
simulations and theoretical frameworks, we present an algorithm that, based on a
conventional FoF halo finder, accounts for the total collapsed mass.
While ΛCDM simulations point to a cuspy functional form of the density profile of
dark matter halos, astronomical observations of Milky Way satellite galaxies show
the opposite: there is evidence for a constant inner density core. This discrepancy
is referred to as the cusp / core problem. A while ago, it was already proposed that
a warm dark matter particle, due to its non-negligible velocity dispersion, can remedy this CDM shortcoming. In the second paper, we face this issue with a set of
N -body warm dark matter simulations and find it, in its simplest treatment, to be
a classical Catch-22 problem: if you want a large core you wont get the galaxy, if
you get the galaxy it wont have a large core.
A further viable model beyond ΛCDM is that the dark matter particle is not solely
warm, but instead is a mixture of a cold and a warm component. This gets especially
interesting on smaller scales, since the power spectrum of such mixed (CWDM) cosmologies reaches a constant plateau and is not dropping to zero as in pure warm
dark matter models. In paper three we investigate the internal structure of a Milky
Way sized halo in a set of CWDM cosmologies, varying the mass and the fraction
of the warm dark matter component. We find the so called scaling ansatz to be
violated, which in turn, has wide ranging consequences in combined, i.e. accelerator
plus direct detection, dark matter searches.
Whereas observations of the Lyman-alpha forest (Ly-α) constrain the nature of
dark matter in the mildly non-linear regime, substructures as Milky Way dwarf
galaxies have the potential to put even stronger limits on the underlying cosmology.
Subhalos with a sized of typical Milky Way dwarfs probe the power spectrum at
scales on which structure have already becom highly non-linear. In paper four, we
present results of a multi-dimensional small scale structure analysis in cold, warm
and mixed dark matter cosmologies. The requirement of simultaneously satisfying
the total satellite abundance, their radial distribution and their mass profile does
not only rule out a range of mixed dark matter models which are consistent with
Ly-α constraints, but also gives new hints on the nature of dark matter.
The free streaming length of a cold dark matter particle is usually assumed to
be zero. This has the consequences that the matter power spectrum on small scales
asymptotes a power law with constant slope ∼ k −3 . However, since the mass of the
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cold and thermal relic is still finite, this is of course only approximately true. For
the purpose of cosmological simulations, free streaming can usually be neglected,
unless mass scales are resolved that are affected by the tiny thermal motion of CDM
particles. In paper five, we have incorporated such a free streaming induced cutoff in the power spectrum and resolve the earliest virialised objects that form in a
ΛCDM cosmology: Earth-mass microhalos right at the cutoff scale. Since they are
the most numerous objects in the Universe, a detailed knowledge of the slope of
the inner density profile is especially interesting for indirect dark matter detection.
Since the annihilation signal is proportional to the density squared, any deviations
from a standard NFW profile can potentially alter the cumulative gamma-ray flux
from a Milky Way sized dark matter halo when extrapolated to the smallest scales.
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2
PARTICLE C OSMOLOGY
In this chapter we briefly introduce the theoretical frameworks used in this thesis.
In particular, this is the Hot Big Bang Model as well as the role of dark matter, the
concepts of structure formation in the Universe and an overview about cosmological
simulations. However, more detailed descriptions about the subject can be found in
a row of excellent textbooks [e.g. 3, 10, 13, 14].

2.1. The Universe: homogenous and isotropic
In the year of 1687, Sir Isaac Newton published his monograph Philosophiae Naturalis Principia Mathematica, a cornerstone in the history of science. He described
gravitation as an universal law of nature, simultaneously explaining the motion of
free falling objects on Earth and the motion of the planets around the sun. More
than 200 years later, Albert Einstein was able to understand the laws of gravity with
the mathematical framework of differential geometry, which opened up a new interpretation of four dimensional space-time. In 1917, Einstein published his legendary
work Cosmological considerations in the General Theory of Relativity [1]. The basis
for modern cosmology, and therefore towards an understanding of the formation of
structures in the Universe, was made.
The centerpiece of this mathematical description of gravity are the Einstein field
equations, which govern the dynamics of the Universe:
Gµν = 8πGTµν + Λgµν .

(2.1)

The above set of equations connects the geometry of space-time, expressed via the
Einstein tensor Gµν , with the energy density of the Universe, described by the
energy-momentum tensor Tµν . Furthermore, G is the gravitational constant and
Λ the cosmological constant. The metric tensor gµν is related to the line element
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ds2 , which describes a four-dimensional homogenous and isotropic space-time:
ds2 = gµν dxµ dxν

h dr2
i
= dt2 − a2 (t)
+ r2 dθ2 + sin2 θdφ2 ,
1−k r

(2.2)

where we have set c = 1. This form is also known as the Friedmann-Lemaı̂treRobertson-Walker (FLRW) metric; the geometry of space-time is expressed by the
curvature parameter k = +1, 0, −1, corresponding to a closed, flat or open Universe, and a(t) is the cosmic scale factor, the only dynamical variable of the FLRW
model. The scale factor is a measure of the expansion rate of the Universe and is
usually normalised to unity at present time, a(t0 ) = 1. Equivalently, one can define
the redshift z as:
1
a=
.
(2.3)
1+z
The assumption that the Universe, when regarded on sufficiently large scales, is
indeed homogenous and isotropic has been known for quite a while as the cosmological principle. This hypothesis has nowadays been confirmed by measurements of
the cosmic microwave background radiation (CMB) which arrives us from different
parts of the sky with a temperature fluctuation of only 10−5 .
The relativistic dynamics of an expanding, homogenous and isotropic space-time
is derived by evaluating the time-time and the space-space components of Eq. (2.1).
Substituting one into the other leads to the Friedmann equation:
H 2 (t) ≡

 ȧ 2
a

=

8πG
K Λ
ρ− 2 + .
3
a
3

(2.4)

It determines the time dependence of the scale factor and ρ, the matter and radiation
density of the Universe. H(t) is the Hubble parameter, whose present value is usually
written as H0 = 100 h km s−1 Mpc−1 . The WMAP-7 data release [2] sets the
parameter h ' 0.7.
Solutions of Eq. (2.4) strongly depend on the curvature of space-time as well as
the numerical value of the cosmological constant. Observations suggest a finite and
non-negative value of the cosmological constant, Λ > 0, as well as an overall flat
space-time geometry, K = 0. Defining the critical density of the Universe to be,
ρcrit (t) =

3H 2 (t)
,
8πG

(2.5)

the matter and radiation density, as well as Λ, can be expressed in terms of the
dimensionless parameters:
Ωm =

ρm
,
ρcrit

Ωr =

ρr
,
ρcrit

ΩΛ =

Λ
.
3H 2

(2.6)

The Friedmann equation thus takes the convenient form,
Ωdm + Ωb +Ωr + ΩΛ = 1,
| {z }
Ωm

(2.7)

2.2. Thermal History



Figure 2.1. Energy density of the Universe represented in a cosmic pie. Observational
constraints (as of January 2013, see, http://map.gsfc.nasa.gov, for details of the WMAP
mission) give the following numerical values to the dimensionless quantities of Eq. (2.6):
ΩΛ = 0.714, Ωdm = 0.24, Ωb = 0.046. The radiation density has been neglected and set
equal zero.

where we have split up the matter density Ωm into a baryonic and a dark component.
This form of the Friedmann equation can be illustrated in the famous cosmic pie,
see Figure 2.1.
The energy density ρ and the pressure p are related via an equation of state,
p = wρ, where w is a time-independent parameter. In combination with a thermodynamical analysis of an arbitrary adiabatically expanding volume, the evolution of
the energy density can be written as:
ρ = ρ0 · a−3(1+w) .

(2.8)

Examples of interests are radiation (w = 1/3), matter (w = 0) and the cosmological constant (w = −1), also referred to as dark energy. The resulting evolution is
sketched in Figure 2.2. The vertical dashed lines indicate three different eras in the
evolution of space-time, each one dominated by a particular form of energy. In the
following section, we will give a brief chronological introduction to the evolution of
the Universe: from the hot primordial soup 13.7 billion years ago until present times.

2.2. Thermal History
One essential feature of the Hot Big Bang Model is that the temperature, and hence
the density, in the very early Universe was arbitrarily high. In order to understand
the thermal history of the Universe, it is crucial to compare the particle interaction
rates with the expansion rate. For that purpose, a good approximation is to assume
that the Universe has been in thermal equilibrium for much of its history. The
number density n, energy density ρ, and pressure p of any particle species with g
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Figure 2.2. Evolution of the radiation (ρR ), matter (ρR ) and vacuum energy (ρΛ ) densities as a function of time. The vertical dashed lines indicate the transitions from a
radiation to a matter dominated era, and from a matter to a vacuum energy dominated
era respectively.

internal degrees of freedom, mass m, and with chemical potential µ at temperature
T can then be written as [e.g. 3]:
1/2
Z ∞
E 2 − m2
g
n =
E dE,
(2.9)
E−µ
2π 2 m
e T ±1
1/2
Z ∞
E 2 − m2
g
ρ =
E 2 dE.
(2.10)
E−µ
2π 2 m
e T ±1
3/2
Z ∞
E 2 − m2
g
dE.
(2.11)
p =
E−µ
6π 2 m
e T ±1

The plus (minus) sign in the denominator of the integrand refers to the distribution
function of a fermion (boson).
The temperature of the primordial soup decreases proportional to scale factor due
to the expansion of the Universe. At very early times, all kind of particle interactions,
such as
i + j ←→ k + l,
(2.12)
maintain in thermal equilibrium as long as the interaction rate Γ is much larger
than the expansion rate, given by the Hubble constant H. On the other hand,
when interactions like Eq. (2.12) happen at much slower rates than the expansion,
departures from thermal equilibrium become possible and particle species decouple
from the primordial soup. Notable examples are neutrino decoupling, the decoupling
of photons, primordial nucleosynthesis and the decoupling of dark matter.
In order to calculate the relic density of a given particle species that decouples
from thermal equilibrium at temperature T , one has to integrate the Boltzmann

2.2. Thermal History



Table 2.1. Thermal history of the Universe in a Nutshell. The second and third columns
list the corresponding energy in units of Kelvin and thermal energy. Column three shows
the redshift of the event, column four the time since the Big Bang.

Quantum Gravity
Grand Unification
electro-weak transition
nucleon pairs
nucleosynthesis
e− − e+ pairs
matter-radiation equality
recombination
first galaxies
now

T [K]
1032
1028
1015.5
1013
1010
109.7
9’500
3’000
16
2.7

kT
1019 GeV
1016 GeV
250 GeV
1 GeV
1 MeV
500 keV
0.8 eV
0.3 eV
0.001 eV
0.0002 eV

z
time
1032
10−43 s
28
10
10−36 s
1015
10−12 s
1013
10−7 s
10
10
1s
109.5
3s
3’500 50’000 yr
1’100 300’000 yr
5
1 Gyr
0
13.7 Gyr

equation (see [3] for a comprehensive overview):
dfi
= Ci [f ].
dt

(2.13)

f is the six-dimensional distribution function of species i and Ci [f ] describes the
change of the distribution function due to interactions with other particle species.
For practical purposes and particularly in N -body simulations, the collisional term
is often neglected.
As already mentioned, cosmic history can be subdivided into several periods (see
Fig. 2.2), in which different forms of energy dominate and shape the present state of
the Universe. In the following, we will shortly highlight these epochs in cosmic history
at which important decouplings took place. Moreover, a chronological overview of
the most important epochs is listed in Table 2.1.

Inflation
The first epoch the Universe went through, approximately 10−43 − 10−14 s after the
Big Bang, was a period of exponential expansion called inflation. Resulting from
a phase transition associated with some unknown scalar field, the inflationary hypothesis is potentially able to solve a number of problems that come along with the
standard cosmological framework (e.g. the horizon and flatness problem). Furthermore, the primordial density fluctuations responsible for the growth of structures
are seeded during inflation.
Baryogenesis
A further important event that must have taken place in the first moments of spacetime is baryogenesis: a mechanisms responsible for the observed asymmetry between
baryons and anti-baryons. The details of this process are still poorly understood.
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Grand Unification (GUT)
Depending on the underlying particle theory, at scales between 1015 and 1017 GeV,
the gauge interactions of the strong, weak and electromagnetic forces are assumed
be equal in strength and are therefore unified into a single grand unification theory.
Electro-Weak Symmetry Breaking
At an energy around 300 GeV (∼ 10−11 s) the symmetry between the weak and the
electromagnetic force gets broken, also known as the Higgs mechanism.
QCD Phase Transition
After the Universe cooled down to about 200-300 MeV (∼ 10−5 s), the quark-gluon
plasma got confined into hadrons. Once this transition was complete, the hot plasma
of the Universe now consists of pions, protons, neutrons and leptons which are all
still in thermal equilibrium. On the other hand, at this moment of time, a few species
have already decoupled; the most prominent among them are the tau-neutrinos and
non-baryonic dark matter. Just a fractional amount later, at t ∼ 10−4 s, the charged
pions annihilate while the neutral pions decay into photons and the muon-neutrinos
decouple from the plasma.
Electron-Positron Annihilation
When the Universe was a few seconds old, at an energy of about 0.5 MeV, electrons and positrons effectively start to annihilate into photons. While the photons
of the thermal bath are heated up by this annihilation process, the temperature
of the already decoupled neutrinos remains unaffected. Hence, the present neutrino
background temperature is roughly 30 per cent lower than the present CMB temperature.
Nucleosynthesis
A few minutes (E ∼ 0.01 MeV) after the Big Bang, primordial nucleosynthesis
starts. When the temperature of the Universe continues to decrease, protons and
neutrons combine to form helium, deuterium, and a tiny amount of lithium and
other light elements. Since approximately the same amount of helium is observed in
the present Universe than predicted by theory, primordial nucleosynthesis provides
a deep insight into the first few minutes of the evolution of the Universe and hence,
yields a strong argument in favour of the Hot Big Bang Model.
Recombination
A next important instant of time happens when the temperature of the Universe
drops below the binding energy of hydrogen (E . 13.6 eV). At this point, a large
fraction of the free electrons (re-)combine to form neutral atomic systems. The
disappearance of charged particles drastically reduces the scattering cross section
between photons and electrons, thereby increasing the mean free path of the photons

2.3. Particle Dark Matter



by a large amount. The Universe suddenly becomes transparent to photons, which
are observed today as the CMB radiation at a temperature of Tγ,0 = 2.73 K. At
around the same time, the energy density in relativistic particles has become so
small that the Universe now enters the epoch of matter domination.
Structure Formation
After the Universe has entered the matter dominated era, the primordial matter
density fluctuations seeded by inflation effectively start to grow. This process, mainly
driven by dark matter, leads to overdensities which later on collapse and form the
cosmic web consisting of filaments, galaxies and clusters of galaxies. Before we will
explore the theory of structure formation in more detail, the concept of dark matter
as well as a few candidates are motivated in the following section.

2.3. Particle Dark Matter
As we have seen in the previous section, about 30 per cent of the total energy density
of the Universe consists of non-relativistic matter, most of it in the form of a still
unknown dark matter component. But why do we know it exists? What is dark
matter, and what is it certainly not?
It all began with the swiss astronomer Fritz Zwicky in the early 30’s. He came
up with a dynamical argument that the speeds of galaxies in cluster he observed are
way too large to be gravitationally bound, unless there is much more mass than we
can see. The concept of dark matter was born.
About 30 years later, the american astronomer Vera Rubin measured the rotational velocities of stars in the spiral galaxies. She found that, in conflict with
Kepler’s third law, the resulting rotation curves are flattening out as a function of
radius. This means that there is either a problem with the well established Newtonian dynamics or indeed most of the mass of a galaxy is not in the form of stars and
gas but is made of dark matter. Today, several independent cosmological probes,
such as gravitational lensing and the relative peak heights in the power spectrum
of the CMB anisotropies confirm the notion of dark matter. However, it is worth
noting that, although the evidence in favor of dark matter is compelling, its presence
is uniquely inferred through its gravitational influence. To this day, there is no conclusive experimental evidence for electroweak or other non-gravitational interactions
of the dark matter particle.
A variety of dark matter candidates has been proposed, ranging from MACHOs
(massive astrophysical compact halo object) to elementary particles such as neutrinos. There are strong constraints coming from big bang nucleosynthesis and the
CMB which exclude the dark matter to be baryonic. Moreover, due to their relativistic nature, large scale simulations rule out standard model neutrinos to play the
role of dark matter.
Although the detection of dark matter is a long time coming, several wellmotivated theoretical frameworks exist which incorporate a dark matter candidate
in a natural way. Without digging too deep into such theories beyond the standard
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model, we want to highlight some of the hottest particle candidates that arise from
theory.
2.3.1. Candidates
Independent of the underlying particle theory, it is possible to deduce a list of ten
questions that altogether demand a positive answer in order to find a good dark
matter candidate [4]:
1. Does it match the relic density?
2. Is it ’thermally’ cold?
3. Is it electrically neutral?
4. Is it consistent with nucleosynthesis?
5. Does it leave stellar evolution unchanged?
6. Is it compatible with constraints on self-interactions?
7. Is it consistent with direct dark matter searches?
8. Is it compatible with gamma-ray constraints?
9. Is it compatible with other astrophysical bounds?
10. Can it be probed experimentally?
In the course of this thesis, we will altercate with question (2) and in a broader
context also with (7) - (9). Such dark matter candidates, fulfilling the listed points
above, are known as weakly interacting massive particles (WIMP).
A generic dark matter particle is characterised by its free streaming length,
Z t0
σ(t0 ) 0
λFS =
dt ,
(2.14)
0
ti a(t )
a measure of how far a particle has travelled on average from an initial time ti until a
time t0 . σ(t) is the velocity dispersion of the dark matter particle, usually an inverse
function of its mass, and a(t) is the scale factor whose evolution strongly depends
on the cosmological epoch (see Figure 2.2). So the heavier (lighter) the particle,
the colder (warmer) it is1 . The free streaming length is extremely useful in order to
quantify the clustering properties of dark matter particles and it subdivides possible
candidates into three distinct classes: cold, warm and hot dark matter. The latter
was already ruled out by structure formation arguments in the 1990’s and hence it
will not be discussed any further.
1
In general, this argument is only valid for thermally produced particles. If the dark matter is
produced via more exotic mechanisms, also extremely light mass candidates can effectively appear
to be cold. One example is the axion.

2.3. Particle Dark Matter



Cold Dark Matter
Cold dark matter (CDM) refers to particle species whose thermal velocities are effectively zero. Such particles decouple while already non-relativistic at temperatures
much less than their mass. The great interest in CDM-WIMPs stems from the fact
that, assuming a cross section of the order of the weak force, they have the right
relic abundance to make up the dark matter density in the Universe. This is also
referred to as the WIMP miracle.
The most popular CDM candidate is the neutralino. It usually appears as the
lightest stable particle in supersymmetric theories and has a mass in the range
between 10 GeV and 1 TeV. Another interesting candidate is the axion. Produced
via a phase transition in the early Universe, the axion was originally proposed to
solve the strong CP problem, a long discussed and still unsolved issue in particle
physics.
Warm Dark Matter
A dark matter particle is considered to be warm if it has either thermally decoupled
from the primordial plasma while still being relativistic or it was never in thermal
equilibrium and was created relativistic via decay or some sort of topological defect.
The free streaming length of warm dark matter (WDM) is considerably larger than
its CDM counterpart, which leads to a strong suppression of structures on small
scales. Hence, WDM provides a viable solution to some of the shortcomings of the
standard CDM cosmology (more detailed discussions about such CDM issues and
potential solutions can be found in chapters 4-6).
The most common WDM candidates are sterile neutrinos and gravitinos. In general, sterile neutrinos have the nice feature that they not only arise as a natural dark
matter candidate in several theories beyond the standard model, they are also able
to simultaneously explain the tiny masses of active neutrinos and provide a mechanism for baryogenesis. However, there are already tight constraints on the sterile
neutrino mass, especially for the most simple thermal production mechanisms [e.g.
5–7]. More sophisticated production mechanism alleviate these constraints though.
The gravitino on the other hand, is the supersymmetric partner of the graviton,
and its mass is usually determined by the corresponding supersymmetry breaking
scale. In theories where supersymmetry breaking is mediated by gauge interactions,
the gravitino is likely to be the lightest supersymmetric particle and can act as
potential WDM candidate, provided that its mass is in the keV range [e.g. 8, 9].
In principle, the dark matter density of the Universe, ΩDM , can consist of more than
just one single particle species. For example, one and the same dark matter candidate
can be produced via different mechanisms, and hence, the primordial dark matter
velocity spectrum exhibits colder and warmer contributions. Or two distinct particle
species, such as a mixture of neutralino- and gravitino-like particles, can both contribute to the total dark matter density. Scenarios like these are usually referred to as
cold plus warm dark matter (CWDM) models [see e.g. 7, for comprehensive introduction]. They are characterised by the mass of the warm component, mWDM , and the
relative abundance of cold and warm dark matter, fWDM = ΩWDM /(ΩCDM + ΩWDM ).



Chapter 2: Particle Cosmology

The formation of structures and the internal dynamics of dark matter halos in nonstandard cosmologies such as warm and mixed dark matter, are explored in more
detail in chapters 4, 5 and 6.
2.3.2. Dark Matter Detection
There are several experiments running in order to detect the still unknown dark
matter particle and gain insight into its nature. These experiments can be divided
into three categories: direct, indirect and collider searches.
Direct detection
Direct detection experiments aim to detect the dark matter via nuclear recoil caused
by elastic scattering, in dedicated low background detectors on earth. Generally, the
interaction can be written in the form
χ + N → χ + N,

(2.15)

where χ represents the dark matter particle and N the nucleon. However, the event
rate as well as the recoil energy is expected to be very small due the weakly interacting nature of the dark matter particle. Therefore, large detectors (or in other words,
a very large number of nucleons) are needed that are shielded against natural and
cosmic radiation in order to reduce the background as much as possible.
Indirect detection
Indirect detection experiments aim to detect dark matter via annihilation (or decay)
products, i.e. by measuring an enhanced flux of gamma-rays, anti-protons or leptons.
Such experiments are based on earth or in outer space. Assuming the dark matter
particle being its own anti-particle, the interactions take the form
χ + χ → e+ e− , pp̄, ν ν̄, γγ.

(2.16)

In order to separate these secondary particles from background radiation, other
astrophysical sources in the Milky Way halo need to be known very accurately. The
annihilation (decay) signal is proportional to the density squared (proportional to
the density), so the dark matter distribution of the target (e.g. the dark matter halo
density profile) becomes a large factor of uncertainty.
Collider experiments
The goal of collider experiments is to produce the dark matter particle directly in
the laboratory by a high energy collision of standard model particles. A signal would
appear as a missing transverse energy. However, although collider experiments are a
good method to determine the mass of the dark matter particle, a definite detection
can only be confirmed when combined with direct or indirect searches.
However, it is fair to mention that such experiments as described above assume
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the dark matter to be a cold and thermal WIMP. For the case of the dark matter
being warm and superweakly interacting (e.g. a sterile neutrino or a gravitino), all
currently running experiments would fail to detect any dark matter signals, since
the interaction rate with standard model particles can either be infinitesimally small
or even zero. Hence, warm dark matter, even though theoretically well motivated,
would constitute some sort of nightmare scenario, at least from an experimental
point of view.

2.4. Structure Formation
As stated earlier, in the past the Universe was highly homogeneous and isotropic.
Today, however, we observe a lot of inhomogeneities as galaxies, clusters of galaxies
and the cosmic web. Such structures are assumed to have grown from tiny initial
density fluctuations due to gravitational instability. The origin of these initial perturbations are seeded during the inflationary epoch and are measured today in the
CMB radiation.
This section gives a short overview about the theory of structure formation, in
particular linear perturbation theory and the statistical description of the density
field. A more detailed as well as a fully relativistic treatment of the subject can be
found in [10, 13].
2.4.1. Linear Perturbation Theory
As long as initial inhomogeneities are small, their growth and evolution can be
described by linear perturbation theory. Therefore, we are only interested in density
perturbations at linear order. It turns out to be helpful to define the dimensionless
density contrast parameter δ,
δ(x, t) ≡

ρ(x) − ρ̄(t)
,
ρ̄(t)

(2.17)

where ρ̄ is the average background density of the Universe and ρ(x) the density
at position x. For the sake of simplicity, we will omit the explicit space and time
dependence of the density contrast in our notation. In the linear regime, where
δ << 1, each mode evolves independently. Since we only consider modes that are
smaller than the Hubble radius2 , one can work in the Newtonian approximation.
Consider the evolution of a non-relativistic fluid (e.g. dark matter and baryons)
with density ρ, velocity u and pressure P under the influence of a gravitational
potential φ. The time evolution is governed by the hydrodynamical equations of
Newtonian physics:
ρ̇ + ∇ · (ρu) = 0 (continuity equation),
∇P
u̇ + (u · ∇)u = −
− ∇φ (Euler equation),
ρ
∇2 φ = 4πGρ (Poisson equation),
2

(2.18)
(2.19)
(2.20)

For modes larger than the Hubble radius, a fully general relativistic treatment is needed.
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where an overdot denotes derivatives with respect to cosmic time t. Together with
an equation of state for the pressure, the above set equations form a closed system
that, for a given cosmology, can be solved numerically. Expressing these equations
in terms of the density contrast δ, represented by its Fourier transform3 ,
Z
−1
δ(x) = V
δk exp(−i k · x) d3 k,
(2.21)
where V is the volume of a large box on which the perturbations are assumed to be
periodic, the following equation can be obtained:

ȧ
k 2 c2 
δ̈k + 2 δ̇k = 4πGρ̄ − 2 s δk ,
(2.22)
a
a

where c2s = ∂P/∂ρ is the adiabatic sound speed. The second term on the left-hand
side (LHS) is the Hubble drag term, which works against the growth of perturbations
δk due the expansion of the Universe. The two terms on the right-hand side (RHS) are
caused by gravitation and pressure. While the former causes perturbations to grow
via gravitational instability, the second is due to spatial variations in the density
contrast. Strictly speaking, the above set of equations is not directly applicable for a
pressureless dark matter fluid. However, it can be shown that an equivalent equation
to Eq. (2.22) can be derived via an integration and linearisation of the collisionless
Boltzmann equation. The only difference is that the sound speed cs is replaced by a
velocity dispersion σ [see 14, for a step by step derivation].
Considering a more realistic scenario in which a variety of particles populating
the Universe (dark matter, baryons, radiation, ...), Eq. (2.22) can easily be extended
to:
X
k2σ2
ȧ
ρ i δi − 2 A δA ,
(2.23)
δ̈A + 2 δ̇A = 4πG
a
a
i∈{A,B}

where the perturbations of the fluid B are coupled to the perturbations of the fluid
A. We now want to gain insight into the dynamics of this adiabatic perturbation
equation.
On very large scales (k → 0), gravity dominates the RHS of Eq. (2.22). On
smaller scales though (large k), the velocity dispersion takes over and δ tends to
oscillate, similar to a sound wave. The transition between the two is known as the
Jeans scale kJ :
s
2πa
k2σ2
σ2π
⇒ λJ =
=
.
(2.24)
4πGρ̄ = 2
a
kJ
Gρ̄
When the physical wavelength λ is smaller than the Jeans length λJ , the solution of
the perturbation equation corresponds to a sound wave propagating with speed cs .
On the other hand, for λ > λJ , the amplitude of the perturbation possesses both a
growing (δ+ ) and decreasing (δ− ) mode.
A more useful quantity in terms of structure formation is the Jeans mass,
4  λJ 3
.
(2.25)
MJ ≡ π ρ̄
3
2
3

This is valid as long as the curvature of the Universe can be neglected.
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It defines the smallest mass scale that is unstable to gravitational collapse and
therefore able to form structures.
Let us now investigate how fast perturbations grow in an expanding Universe,
assuming it to be filled with dark matter and a homogeneously distributed radiation
background. Neglecting the pressure term, Eq. (2.22) has the general solution
δ(t, k) = δ+ (k)D+ (t) + δ− (k)D− (t),

(2.26)

consisting of a growing (+) and a decaying (-) mode. D+ (t) is usually called the linear
growth function and is normalised to unity at present time, D+ (t) = D(a0 ) = 1. In
order to get a qualitative picture of structure formation during both the radiation
and matter dominated epoch, it is convenient to rewrite the linear perturbation
equation in the following way. On changing the independent variable [14],
t 7→ y,
one finds
δ 00 +

y = a/aeq ,

(2.27)

3δ
2 + 3y 0
δ −
= 0,
2y(1 + y)
2y(1 + y)

(2.28)

with the growing solution4 (also known as Mészáros solution):
3
3 a
D+ ≡ D(a) = 1 + y = 1 +
.
2
2 aeq

(2.29)

Hence, dark matter perturbations are basically frozen during the era of radiation
domination, and are growing proportional to the scale factor a during the matter
dominated epoch. The growing mode can in general be found numerically by also
incorporating the late time domination of the cosmological constant; Carroll et al.
(1992) [15] have found the approximate solution,
h

Ωm (a) 
ΩΛ (a) i−1
5
(a)
−
Ω
(a)
+
1
+
1
+
,
(2.30)
δ+ = a Ωm (a) Ω4/7
Λ
m
2
2
70
where

Ωm (a) = Ωm a−3

h H i2
0
,
H(a)

ΩΛ (a) = ΩΛ

h H i2
0
,
H(a)

(2.31)

and H(a) is obtained from the Friedmann equation (2.4).
2.4.2. Statistical Properties of the Density Field

In the previous section, we have described how individual Fourier modes of the
density perturbation field δ evolve as a function of time. In order to relate such a
theoretical framework to astronomical observations, a statistical description of the
cosmic density field is needed. A simple statistical method to the describe the matter
distribution is the two-point correlation function,
ξ(|x − x0 |) = hδ(x)δ(x0 )i,
4

(2.32)

In the context of structure formation, we are only interested in growing solutions. Therefore,
we will not discuss decaying modes any further. A more detailed description of the subject can be
found in [10].



Chapter 2: Particle Cosmology

a measure of the probability that two galaxies (or any other objects assumed to be
point like) are separated by a distance |x−x0 |5 . Writing both δ(x) and δ(x0 ) in terms
of their Fourier transforms, one can define the power spectrum,
P (k) = |δk |2 ,

(2.33)

a real valued and non-negative function for all k. The power spectrum provides
a powerful method towards an understanding of structures on large scales. This
is usually done by relating the P (k) to root-mean-squared (rms) fluctuations on
a wavenumber k that is equal to an inverse length scale R. Given a map of the
distribution of galaxies in the Universe (e.g. SDSS [11] and 6dF [12]), one can lay
down spheres of radius R at different points in that map and count the number Ni
of galaxies within the i-th sphere. The variance σ of such a sample (assuming i to
be large enough) can now be related to the power spectrum:
Z ∞
1
2
P (k) Ŵ 2 (k · R) k 2 dk,
(2.34)
σ (R) = 2
2π 0
where Ŵ is the Fourier transform of a spherically symmetric window function.
The distribution of matter is predominantly observed at late epochs (low redshift), when all modes are evolving identically. However, it is possible to relate the
present density perturbations to the initial conditions set during the inflationary
phase in the early Universe. A convenient way to describe this relation is through a
linear transfer function, T (k), that also describes the change in shape of the power
spectrum through cosmic history, strongly dependent on the underlying cosmology.
Thus, once the transfer function is known, it is straight forward to compute the
post-recombination power spectrum P (k) from the initial conditions Pi (k):
P (k, t) = Pi (k) T 2 (k) D2 (t),

(2.35)

where D(t) is the linear growth factor. The initial power spectrum, motivated by
inflationary theories, is usually assumed to be a power law in k,
Pi (k) ∼ k ns ,

(2.36)

where the spectral index ns is very close to one (ns = 0.96 [2]), indicating the almost
perfect initial scale invariance.
In general, the transfer function has to be determined by solving the fully relativistic Boltzmann equation (see Eq. (2.13)). For a standard ΛCDM cosmology with
a dark matter particle mass of the order of 100 GeV, the linear transfer function is
well fitted by [16]:
i−1/4
log(1 + 2.34q) h
2
3
4
T (k) =
1 + 3.89q + (16.1q) + (5.46q) + (6.71q)
,
2.34q

where

5

1 h k i
q=
.
Ωm h2 Mpc−1

(2.37)

(2.38)

The density perturbation field δ is, by assumption, a homogeneous and isotropic random field.
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A more sophisticated fitting form, which also accounts for baryonic acoustic oscillations, is provided by Eisenstein & Hu (1998) [17].
For the case of a WDM cosmology with a thermal dark matter candidate in the
keV mass range, the CDM transfer function above can, for most purposes, simply
be multiplied with the following useful fitting function [e.g. 9, 18]:

where ν = 1.12 and
α = 0.049


−5/ν
TWDM (k) = 1 + (αk)2ν
,

(2.39)

i−1.11 h Ω
i0.11 h h i1.22
WDM
h−1 Mpc.
keV
0.25
0.7

(2.40)

hm

WDM

The very strong suppression of the power spectrum is due to the free streaming effect
of the light warm dark matter particle, washing out all small scale perturbations
below a characteristic scale α.
The transfer function of a generic CWDM is derived in chapter 5.

2.5. Non-linear Structure Formation
As long as the perturbations δ are sufficiently small (δ  1), linear theory provides
an adequate method for an analytical description of the evolution of the matter
density field. However, once the density perturbations locally enter the non-linear
regime, i.e. δ & 1, this formalism breaks down. At this point, even though a handful
of analytical and semi-analytical approaches exist, numerical simulations take over to
model the formation and evolution of structures. When comparing with observations,
large N -body simulations also establish a robust way to test the matter power
spectrum at the smallest scales and hence, act as an indicator for probing the nature
of dark matter. In the following, we first revise one of the most prominent analytical
approaches, the Press-Schechter formalism, and then give a short overview about
numerical simulations.
2.5.1. Press-Schechter Theory
As addressed above, the formation of non-linear structures can be approximated
by analytical methods, even though they are based on extrapolations from the linear regime and somewhat unrealistic simplifications are used. Nevertheless, such
frameworks help to not only quantitatively but also qualitatively understand the
non-linear regime and the process of halo formation.
Press-Schechter theory [19] basically describes a method to partition the linear
density field δ into a set of distinct patches each of which will later collapse to
form a single dark matter halo. As we have seen, the density field in the linear
regime grows proportional to the growth factor, δ(x, t) ∼ D(t). According to the
spherical collapse model, a growing spherical overdensity decouples from the Hubble
flow once it exceeds a characteristic density δc . After crossing this threshold, the
corresponding region is assumed to turn around and collapse to a virialised dark
matter halo immediately. The numerical value of the threshold can be calculated
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from the spherical collapse model by analysing the motion of a mass shell in a
spherically symmetric perturbation [e.g. 13, for a detailed description] and is found
to be δc ' 1.686.
In order to estimate the mean number density of halos in the Universe at a given
time t, it is useful to assign masses to these collapsed regions. This is achieved by
first smoothing the linearly extrapolated density field δ0 with a window function W
of characteristic radius R and corresponding mass M 6 :
Z
δs (x, R) = δ0 (x0 ) W (x + x0 , R) d3 x0 .
(2.41)
Press & Schechter (PS) [19] then made the ansatz that the probability of the
smoothed density field exceeding the threshold is equal to the fraction of mass
contained in halos with mass m > M at a given time t. Assuming the density to be
Gaussian random field, the probability that δs > δc (t) is:
Z ∞
h
 δ (t) i
δ2 i
1h
1
c
,
dδs = 1 − erf √
exp − 2 s
P[δs > δc (t)] = √
2σ
(M
)
2
2πσ(M ) δc
2σ(M )
(2.42)
where the variance σ(M ) is given by Eq. (2.34) and erf(x) is the usual error function.
In the limit M → 0, the variance tends to infinity and hence, the probability in Eq.
(2.42) asymptotes 1/2. This suggests that only half of the mass in the Universe is
part of a collapsed dark matter halo of any mass. In their original work, Press &
Schechter corrected this circumstance in a very qualitative way, just by introducing
a ’fudge factor’ of 2. A natural explanation for this additional factor was obtained by
Bond et al. (1991) [21] in the context of the excursion set formalism, a pedagogical
overview can be found in Zentner (2007) [22].
The number density n(M ) of collapsed halos with masses in the range [M, M +
dM ] can now be derived by differentiating Eq. (2.42) with respect to M and is given
by:
r
h
d log σ
2 δc
δ2 i
ρ̄
n(M )dM = 2 fPS (σ)
dM, fPS (σ) =
exp − c 2 .
(2.43)
M
d log M
πσ
2σ
The above form is also known as the PS mass function and provides a useful tool
to understand hierarchical structure formation. Over the past 20 years, larger and
larger numerical simulations have been used in order to derive more accurate fitting
formulas for the halo mass function. Among these, the Sheth-Tormen (ST) mass
function [20] is probably the most prominent. Unlike the PS formalism, the ST
mass function is based on ellipsoidal collapse and can be written in the same form
as Eq. (2.43) but with fPS replaced by
r h
 σ 2 p i δ
h qδ 2 i
2q
c
1+
exp
− c2 ,
(2.44)
fST (σ) = A
π
qδc2
σ
2σ
6

For the case of a spherical top-hat filter, the mass is essentially given by M =
radii r > R, the window function drops to zero.

4
3
3 π ρ̄R .

For
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where A = 0.3222, q = 0.707 and p = 0.3. The above ST form provides a reasonably
good fit to cosmological large scale simulations over many orders of magnitude in
mass.
A large source of uncertainty when comparing such theoretical frameworks with
results from N -body simulations comes from the mass definition of dark matter
halos. This issue will be explored in great detail in Chapter 3.
2.5.2. Numerical Simulations
The largest numerical simulations that are currently exist span en enormous range
of mass scale, representing a good fraction of the Universe until down to sub-galactic
scales. However, they have one thing in common, evolving the dark matter density
fluctuations from some early time all the way to the present epoch.
Since dark matter is assumed to be the driving component in the process of
structure formation, they all evolve dark matter density fluctuations from some
early time all the way to the present epoch. All simulations performed for this thesis
are dark matter only simulations, so the baryonic contribution to the total matter
density field is embedded into the dark matter component, and gas physics of any
kind is neglected.
In general, such pure dark matter simulations can be subdivided into two categories, i.e. cosmological full box simulations and refinement (or zoom) simulations.
Full box simulations try to cover a representative volume of the Universe and are
mainly used to resolve structures on very large scales. These runs have typical box
sizes, Lbox , ranging from Mpc to several Gpc and resolve the computational domain
with a single particle mass mp and force resolution , given by:
mp = 2.775 × 1011 Ωm



Lbox 3 −1
h M ,
np h−1 Mpc

=c·

1
,
np

(2.45)

where n3p is the number of particles in the box, and c is usually taken to be c '
1/50. On the other hand, zoom simulations are used to focus a large junk of the
computational resources on a selected part (typically a single halo) of the initial
box, resolving its internal structure at the highest possible resolution.
Simulation Techniques
We are interested in the time evolution of a system of N collisionless particles that
only interact gravitationally. Such a system is perfectly described at any time t by
the positions (ri ) and velocities (ui ) of the particles:
dri
= ui ,
dt

dui
= Fi = −∇Φ,
dt

(2.46)

where the gravitational potential Φ is determined through the Poisson equation (see
Eq. (2.18)). For cosmological considerations, expanding space-time is considered by
the use of comoving coordinates, i.e. by a change of variables, r → x = r/a, where
a is the cosmic scale factor.
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In order to obtain the particle trajectories, assuming N particles, one has to
solve the above set of 2N coupled differential equations. This is achieved by numerically integrating these first-order equations with finite time steps. A commonly
used technique is the leapfrog integrator [see 23, for a detailed description], because
it conserves the total energy of the N -body system. Since gravity is described via
an inverse-square law, the force can locally diverge when two particles are coming
infinitesimally close to each other. To antagonise this issue, one can smooth the
force with a gravitational softening length  (see Eq. (2.45)) below which the force
effectively drops to zero.
The actual force calculation after each time step is the most expensive part in
terms of computational costs. In the following, the most commonly used algorithms
are summarised:
• Particle-Particle (PP): The calculation of the gravitational force is done by
a straight implementation of Newton’s law, i.e. a direct summation of particleparticle interactions. However, even though a very accurate method, it is almost impossible to integrate systems with a large particle number, since the
computational costs are proportional to N 2 .
• Tree: In a tree algorithm, particles are systematically grouped together according to their distance to particle i for which the the force calculation is
required. The force from each group is then replaced by its multipole expansion. The grouping process is usually done by dividing the simulation box into
eight equally sized cells, that are again sub-divided as long as there is at maximum one particle in a cell. Finally, the force computation proceeds by walking
down the constructed tree and summing up the individual contributions from
each cell. Such a tree method allows very large particle numbers since the
computational costs are only of the order of N · log N .
• Particle-Mesh (PM): In a PM algorithm, the computational box is divided
into a grid of M 3 meshes and the particles are transferred to the grid. This
allows to turn the particle description to a density field. The forces are then
computed by solving the Poisson equation in Fourier space, obtained by a fast
Fourier transform (FFT) method. It can be shown that the computational
costs only grow linearly with N , but since the force resolution is limited by
the size of the mesh, a PM algorithm is mainly constrained by memory.
• Particle-Particle-Particle-Mesh (P3 M): The combination of PM with PP
is called P3 M. Long-ranged forces are computed by PM, while the force between particles with a distance less than the typical mesh size are computed via
direct summation. Since such an algorithm reduces to a PP method for highly
clustered particles, the P3 M is often used for large cosmological simulations.
In this thesis we used the gravity code PKDGRAV, a fully parallelised treecode with
multipole expansion up to seventh order and adaptive time stepping. PKDGRAV
was written by Joachim Stadel and Thomas Quinn [24].
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Numerical Accuracy
In any N -body simulation, no matter what algorithm has been chosen for the force
calculation, mass and force resolution as well as the time stepping criterion are
critical factors which influence the computational accuracy and efficiency of a simulation. A finite force resolution, for example, limits the ability to study the internal
structure of dark matter halos with masses of the order of or less than the mass
resolution. On the other hand, a very small gravitational softening length requires
considerably more time steps in order to maintain the accuracy of the numerical integration. Hence, it is of great importance to adjust not only the cosmological but also
the computational parameters when setting up initial conditions for a simulation.
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3
PAPER I: T HE T OTAL M ASS OF
D ARK M ATTER H ALOS
In this first part of the thesis, we recap the different definitions of the mass of a
dark matter halo and subsequently present an algorithm that accounts for the total
collapsed mass of a halo corresponding to Press-Schechter theory.
The halo mass function, defined as the number of collapsed objects as a function
of mass, is a useful method to learn about the underlying cosmology. In this paper,
we show that in order to draw meaningful conclusions from simulation results, when
comparing with analytical or semi-analytical models, it is crucial to know what is
meant by the mass of a dark matter halo.
The following paper has been published in 2011 in the Monthly Notices of the
Royal Astronomical Society [25].
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ABSTRACT

The simple, conventional dark matter halo mass definitions commonly used in cosmological simulations (”virial” mass, FoF mass, M50,100,200,... ) only capture part of
the collapsed material and are therefore inconsistent with the halo mass concept used
in analytical treatments of structure formation. Simulations have demonstrated that
typical dark matter particle orbits extend out to about 90 per cent of their turnaround
radius, which results in apocenter passages outside of the current ”virial” radius on
the first and also on the second orbit (Diemand & Kuhlen 2008). Here we describe how
the formation history of haloes can be used to identify those particles which took part
in the halo collapse, but are missed by conventional group-finders because of their
remote present location. These particles are added to the part of the halo already
identified by FoF. The corrected masses of dark haloes are significantly higher (the
median mass increase is 25 per cent) and there is a considerable shift of the halo mass
function towards the Press & Schechter form. We conclude that meaningful quantitative comparisons between (semi-)analytic predictions of halo properties (e.g. mass
functions, mass accretion rates, merger rates, spatial clustering, etc.) and simulation
results will require using the same halo definition in both approaches.
Key words: cosmology: dark matter – large-scale structure of Universe – methods:
N-body simulations

1

INTRODUCTION

Theoretical models of cosmological structure formation are
based on the ansatz that an overdense region in the linearly
evolved density field collapse into a dark matter halo when
the linear density contrast reaches a certain collapse threshold δc . In an idealised, radial spherical collapse, a region
collapses into a point at the time when its linear density
contrast grows to δc = 1.686 (Gunn & Gott 1972). Press
& Schechter (1974, PS hereafter) have used this collapse
threshold to calculate the abundance of haloes from the mass
variance σ 2 (M ) of the linear density field. PS was extended
by Bond et al. (1991) and many others using the ’excursion
set’ approach, which allows a more robust derivation of the
original PS mass function and also the prediction of further
halo properties like accretion rates, merger rates and spatial
clustering (see Zentner 2007, for a recent review of this approach). Note that in the PS formalism the mass enclosed
in the linear over-density and the resulting halo mass are
assumed to be equal, i.e. the entire collapsing region makes
up the final mass of the halo.
Since the collapse itself is fairly complicated (i.e. nonlinear, clumpy, non-radial, non-spherical) event, theoretical
?
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models of structure formation cannot predict the detailed
properties of the haloes they describe, i.e. PS does not describe (or depend on) the mass distribution in their haloes.
Modern cosmological simulations on the other hand calculate the z = 0 non-linear density field reliably, but to extract halo properties from simulations requires an operational halo definition, i.e. the choice and implementation of
some kind of halo finder. Unfortunately the conventional
halo definitions used by simulators are still based on an outdated, oversimplified picture: By imposing that a homogenous collapsing sphere reaches virial equilibrium, one finds
that the material would settle within a sphere of half its
turnaround radius, defined to be the virial radius rvir . By
definition rvir contains the virial mass Mvir , which is assumed to be equal to the mass of the collapsed homogenous
sphere. The moment of this virialisation is assumed to be
when a radially collapsing sphere falls into one point. At
this time the virial radius encloses ∆M = 178 times the
mean matter density in a flat universe with ΩM = 1. This
simple picture motivates the operational definition of haloes
as spherical overdensities (SO hereafter) with ρ̄ = 178ρcrit
(e.g. Warren et al. 1992). A related halo definition is the
friends-of-friends (FoF) algorithm (e.g. Davis et al. 1985):
FoF recursively links particles closer than some fraction b of
the mean particle spacing. The conventional value of b = 0.2
produces groups with comparable mean density as the SO
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virial mass definition. The spherical collapse in ΛCDM leads
to a larger ∆M and therefore a smaller linking length b (see
White 2001, 2002; Warren et al. 2006; Tinker et al. 2008;
Robertson et al. 2009, for detailed comparisons of the halo
mass function obtained with SO(∆M ) and FoF(b) for a wide
ranges in ∆M and b).
SO and FoF are well defined and easy to use for the analysis of large data sets from cosmological N-body simulations.
SO halo masses correlate rather tightly with some galaxy
cluster observables (SZ, X-ray, optical), especially for large
∆M values (see Tinker et al. 2008, and references therein).
While FoF and especially SO based halo mass function are
useful for comparisons with observations, they are not suited
for comparisons with predictions from PS and related models, because they only capture a fraction of the collapsed
mass: Simulations show that spheres which enclose the final
Mvir of a halo, collapse only by about a factor of 1.4, i.e.
much less than the factor of 2 assumed in the definition of
the virial radius (Diemand, Kuhlen & Madau 2007). Related
indications that haloes are much more extended than their
rvir are their larger virialized regions (Maccio, Murante &
Bonometto 2003; Prada et al. 2006; Cuesta et al. 2008) and
the fact that many haloes found between rvir and 2rvir of a
large host halo are orbiting through and around this host, i.e.
many were well inside its rvir at some earlier time (Moore,
Diemand & Stadel 2004; Gill, Knebe & Gibson 2005; Ludlow et al. 2009). Diemand & Kuhlen (2008) have shown that
the dynamics in outskirts of haloes are very well described
by the self-similar secondary infall model from Fillmore &
Goldreich (1984) and Bertschinger (1985): Typical particle
(and subhalo) orbits extend out to about 90 per cent of
their turnaround radius and the apocenter distance decays
only very slowly and asymptotes to about 83 per cent of the
turnaround radius. This implies that after falling into a halo
a typical particle has its first two apocenter passages beyond
the current rvir of this halo (Diemand & Kuhlen 2008). This
causes significant amounts of is material which forms part
of the collapsed region, and therefore of the halo mass in
PS type models, to lie beyond rvir . The mismatch between
the PS mass concept and Mvir is obvious and implies that
quantitative comparisons between models and simulations
will require that both approaches agree on what exactly is
meant by ’halo’.
One way out would be to combine analytic models with
secondary infall to convert the total collapsed mass into a
SO(∆M ) mass for comparison with simulation results. A second solution is to maintain the PS halo mass concept and
to develop a group-finder which is able to extract the entire
collapsed halo mass from cosmological simulations. We have
investigated this second route and present in this paper an
algorithm which finds the total mass of haloes in the PS
sense, based on a standard groupfinder (FoF is used in this
work, although SO provides similar results) and on the formation histories of haloes given by their merger trees.
This paper is structured as follows. After this overview
of the mass problem, we describe in Section 2 first the simulation setup we used for this work and thereafter the time dependent group finding algorithm. In Section 3 the resulting
mass function based on this correction is presented whereas
a summary and discussion is given in Section 4.

2

THE CODE

In this section we present our correction code which computes the total halo mass. Sorting as well as searching algorithms are taken from Numerical Recipes (Press et al. 1992).
2.1

N-body Simulations

For this work we make use of two different ΛCDM simulations, which were run using the parallel tree code PKDGRAV (Stadel 2001). Both runs have a total number of 5123
particles, simulated in cubic volumes of 80h−1 Mpc (Run 1)
and 250h−1 Mpc (Run 2) respectively, leading to particle
masses of 3.18 × 108 h−1 M and 9.67 × 109 h−1 M . This
setup enables us to probe a mass range of almost five orders
of magnitude, although the statistics at the high mass end
is not sufficient to give a detailed prediction for the cluster
mass function. We are using a WMAP 1st year cosmology
for both simulations. The parameters are
p

=

(Ω0 , Ωdm , ΩΛ , h, σ8 , n)

=

(0.3, 0.255, 0.7, 0.7, 0.9, 1).

(1)

The initial conditions for both simulations were created with
GRAFIC2 (Bertschinger 2001); the analysis described in the
following is based on 40 snapshots in time, ending at the
present epoch.
2.2

Finding the Total Halo Mass

According to the PS ansatz, the mass of a dark matter halo
is defined to be the entire mass which once collapsed from a
connected (spherical or ellipsoidal) and overdense region. In
a first attempt to find this mass, all particles in haloes today
were traced back to their initial positions. Then we tried to
find a well defined way to complete the initial particle distribution into a convex and connected form. Unfortunately,
these primordial regions turned out to be highly irregular
and they are often not connected, so it was not possible
to come up with a method to identify all particles which
will collapse into a halo using only the initial distribution
of those particles that ended up in haloes identified by the
FoF groupfinder. We therefore consider the entire formation
history of each halo in order to compute the total collapsed
mass. The goal is to detect all particles which did belong
to a progenitor of a redshift z = 0 FoF-group1 and to join
them together with the part of the halo already found by
FoF into one complete z = 0 halo.
First, a halo merger tree is constructed based on the
FoF group snapshots with a linking length b = 0.2. This
is done by comparing the number of particles which went
from a progenitor group Gzi to a group G0 at present time
(NGzi →G0 , the subscript 0 denotes redshift z = 0), with the
number of particles which were in the progenitor Gzi ,
R≡

NGzi →G0
,
N (Gzi )

(2)

and demanding that R > 0.5 ∀zi to ensure unique remnants
and merger tree without splits.
1

We focus on z = 0. The same method can be applied at higher
redshifts, if enough earlier snapshots are stored and analysed.
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Figure 1. Projection on the x-z-plane of a cluster-sized halo at
z = 0. The left panel shows all particles which are members of
the clusters z = 0 FoF group (red), and the particles in a smaller,
nearby FoF group (blue). After correction for lost particles (right
panel), many more particles, including the small FoF group now
form part of the total mass of the cluster. The trajectory of the
small group reveals that it is actually a subhalo (its irregular
shape is due to tidal stripping, some of its tidal stream is captured
by its FoF group).

Now the total collapsed mass for each object is found
by going through all particles and assigning each one to the
correct z = 0 halo. If a particle was part of a progenitor,
the code assigns it to the unique successor according to the
merger tree. Particles which do not already form part of the
correct successor FoF group are added to that halo. Most of
the corrected particles do not form part of any z = 0 FoF
group, i.e. they have orbited through a progenitor halo and
are now found somewhere in the low density outskirts of the
z = 0 successor FoF group. Some of the corrected particles
are members of a different z = 0 FoF group, i.e. they form
part of a subhalo which did fly through a progenitor halo
and is now found outside the extent of the z = 0 successor
FoF group. In a conventional analysis such a subhalo would
be misclassified and counted as an individual field halo. Our
approach realises that this halo used to be a subhalo and
should still be counted as a satellite, its mass is added to
the primary halo and the subhalo disappears from the halo
mass function2 . Note that such extended, but bound orbits
are typical for particles and subhaloes which are on their
first two orbits after infall (Diemand & Kuhlen 2008).
An illustration of one example outcome of our correction method is shown in Fig. 1. In the FoF result (left
panel) there are two distinct haloes, a cluster-sized halo (red,
MFoF = 1.16 × 1014 M ) and a nearby smaller halo (blue,
M ∼ 1011 M ). Following the orbit of the small halo back
in time shows that this halo is orbiting around the cluster
and that it did form part of the clusters progenitors at earlier epochs, i.e. it is actually a subhalo which happens to
lie outside its z = 0 primary. Therefore our correction also
takes care of all these subhaloes and adds them to their hosts

2

A particle can only be part of one halo, i.e. in our corrected
mass function no mass element can be counted more than once.
c ... RAS, MNRAS 000, 1–7
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Figure 2. Phase-space distribution of dark matter particles at
redshift z = 0 of a small galaxy-sized halo. Particles in the FoF
group are plotted as blue circles, red triangles give all halo members after the correction. The black dots are particles which are
neither in the FoF group, nor in the corrected halo. In addition
to the virial radius (solid line), the static radius (dot-dashed) is
given (Cuesta et al. 2008). Depending on the definition, the mass
of this halo is Mvir = 2.13 × 1011 M , MFoF = 2.37 × 1011 M ,
Mstatic = 4.73 × 1011 M or Mtotal = 3.26 × 1011 M .

in addition to the many other particles which were lost and
not captured in the hosts z = 0 FoF group.
Fig. 2 shows the phase-space distribution of an FoF
group and of the corresponding complete, corrected halo.
The bulk (almost 90 per cent) of the additional particles
from the correction are located between one and two virial
radii. However, about 5 per cent of the corrected particles
have travelled out to a distance of more than three virial
radii after their infall. These exceptional distances suggest
that these particles have gained kinetic energy during their
passage through the halo, due to real (e.g. three body encounters involving a massive subhalo, Sales et al. 2007) or
numerical effects. Some of these very remote particles might
never fall back into this halo. At z = 0 they might be unbound or even bound to another halo. Nevertheless, for the
total halo mass and especially for the purpose of comparison with analytic results, we advocate counting even those
remote particles as halo members, since they did fall in once
and PS and related approaches do not account for the complicated nonlinear effects which led to their ejection.3
3

In a few cases two nearby z = 0 FoF groups, which according to
our merger tree do not appear to have ever been one and the same
halo (i.e. merged and de-merged), might still have exchanged a
significant number of particles. If the correction assigns more than
15 per cent of the members of the smaller group to its larger
neighbour we assume that the small group is a subhalo and add
it to its primary halo. Such haloes did have a close encounter with
the main halo, but they were not caught inside the main halo at

4

D. Anderhalden and J. Diemand
between Mstatic and Mtotal is that Mstatic includes all particles within an increased search radius around each halo:
If two FoF groups lie close together they do both prevail
and grow in mass, and some of the additional mass may be
assigned to both haloes. In the case of Mtotal every particle
can contribute to at most one halo. If two nearby FoF groups
emerge from a common progenitor, they are joined together
into one larger halo. For galaxy-sized haloes our total-to-FoF
mass ratios are smaller than the typical static-to-virial mass
ratio in Cuesta et al. (2008), whereas it is the other way
around for clusters. Our correction is slowly decreasing with
mass (see linear fit in Fig. 3), while the static-to-virial mass
ratio is an increasing function at the low mass end. Above
the characteristic mass (M? ) the typical static-to-virial mass
ratio decreases quickly because the relative importance of infall increases, which pushes the static radius back close to
the virial radius. Our method shows that haloes well above
M? , e.g. cluster haloes at z = 0, still do have a total mass
which is significantly larger than their FoF and their virial
mass. Below M? mass corrections (up to 2-3 times the FoF
mass) are more common, causing the 84th percentile to increase.

Figure 3. The total collapsed mass-to-FoF mass relation at z =
0. The solid line shows the median, the dot-dashed lines the 16th
and 84th percentile. The red dot-dashed line is a linear fit to
the median: Mtotal /MFoF = 1.25 − 9 × 10−3 log(MFoF /3.16 ×
1010 M ).

Fig. 3 shows the total collapsed mass-to-FoF mass relation for all dark matter haloes at redshift z = 0. For clarity,
only the median as well as the 16th and 84th percentiles
are plotted. At the low mass end the scatter is largest: some
haloes are up to three times heavier than their corresponding
FoF group, while other haloes have about the same mass before and after the correction. The median correction values
are almost independent of mass, ∼25 per cent for galaxysized haloes and ∼20 per cent for clusters. The mass dependence is weak, because the secondary infall pattern with
subsequent apocenter passages beyond the virial radius applies to both galaxy- and cluster-sized haloes (Diemand &
Kuhlen 2008). Only the weighting of these patterns differs
somewhat: in clusters a larger mass fraction is currently infalling and the relative importance of the older, distant material near its first and second apocenter is slightly smaller.
The static mass (Cuesta et al. 2008) is the mass of all
particles enclosed in the static radius. By definition, the
static radius is the largest radius where the mean radial velocity averaged over all haloes in this mass bin is still close
to zero, i.e. < 0.05vcirc (rvir ). For the galaxy-sized halo in
Fig. 2, the static mass is about 40 per cent larger than the
our total mass. This originates from the fact that Mstatic encloses all particles up to rstatic and many of those have never
experienced infall (black dots in Fig. 2). Another difference

the analysed snapshots. An overlap of less than 15 per cent is
assumed to be due to ejected particles and the two haloes are
kept in the catalogue as individual objects. The threshold value
of 15 per cent is arbitrary. However, we have checked that our
resulting mass function is practically unaffected by this threshold
value, as long as it is larger than a few percent.

3
3.1

THE MASS FUNCTION
Correcting the Mass Function

In this Section we present the halo mass function (MF hereafter) based on the total halo mass, instead of the conventional choice of FoF or SO halo masses. The PS (Press &
Schechter 1974) result, as outlined in Section 1, is given by
n(M, t)dM =

ρ̄
d log ν
fP S
dM,
M2
d log M

(3)

where ρ̄ is the mean background density of the universe,
δc (t)
ν ≡ σ(M
and
)
r
 ν2 
2
ν exp −
(4)
fP S (σ) =
π
2

is the multiplicity function which gives the fraction of mass
associated with haloes in a unit range of log ν. Sheth & Tormen (1999, ST hereafter) proposed a more general formula
motivated by the assumption of an ellipsoidal collapse,
r h
 aν 2 
2a
1 p i
fST (σ) = A
1+
ν exp −
,
(5)
2
π
aν
2

where A = 0.322, a = 0.707 and p = 0.3 (see Desjacques
2008; Robertson et al. 2009, for a discussion of elliptical
collapse and collapse barriers). In the limit of A = 12 , a = 1
and p = 0 it reduces to the spherical collapse and to the PS
form. Recent work by Bhattacharya et al. (2010) suggests a
new fitting function, similar to the ST form, but with one
additional parameter. Using 67 high resolution simulations,
they found that ST deviates up to 40 per cent from their
simulated FoF mass functions at the high mass end (Fig. 4
in Bhattacharya et al. (2010)). At redshift z = 0 their MF
takes the form
r
 0.788δ 2 
2
ST
c
fmod (σ) = 0.333
exp −
×
(6)
π
2σ 2
h
 σ 2 0.807 i δ √0.788 1.795
c
1+
.
0.788δc2
σ
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Figure 4. Halo mass functions extracted at z = 0 form our two
simulation boxes, using the conventional FoF (b = 0.2) halo mass
definition (green triangles and squares corresponding to Run 1
and Run 2 resp.) and using the corrected total halo masses (red
stars and circles corresponding to Run 1 and Run 2 resp.). The
errorbars represent the Poissonian error. For comparison the PS,
ST and Bhattacharya et al. (2010) mass functions (black solid,
blue dashed and cyan dotted lines) are plotted. The purple, dotdashed line shows a fit (see Eq. 7) to our corrected mass function.
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Figure 5. Residuals between the measured FoF(b = 0.2) mass
function and the CMF (solid line) at z = 0. In addition also
the residuals between the measured mass functions analysed with
varying linking length parameter, b = 0.27, 0.30, 0.33 and 0.40
(dotted, dashed, long-dashed and dot-dashed), are shown. The
left and right data sets correspond to Run 1 and Run 2 respectively.

the CMF of the form:
d 
,
σ2
c = −0.883, d = 0.154.

fCM F (σ, z = 0) = a(σ b + c) exp
a = 2.825,
The FoF mass functions from our two simulations, with
a linking length b = 0.2, is plotted with green data points in
Fig. 4. Only haloes with more than 50 particles are considered, yielding a lower mass limit of 2.3 × 1010 M . At the
low mass end, the ST form of Eq. 5 provides a good fit, but
it significantly starts to deviate at high masses. The recently
proposed modified ST fitting formula of Eq. 6 fits our FoF
based mass function very well over the entire mass range
probed by our two simulations.
Bhattacharya et al. (2010) as well as other empirical fitting functions (e.g. Jenkins et al. 2001; Warren et al. 2006;
Tinker et al. 2008; Reed et al. 2007) are based on conventional mass definitions like Mvir , MFoF , M50,100,200,... , which
capture only a fraction of the total collapsed mass. They are
therefore not suited for comparisons with analytical models
of the PS and ST type. The corrected mass function (CMF
hereafter), using the total halo masses after our correction, is
plotted as red stars and circles in Fig. 4. Here the errorbars
represent the Poissonian error. Below M? there is a shift of
the mass function of about 15 per cent relative to the one
based on FoF halo masses. In the cluster regime this shift
seems to increase, but in order to get more reliable predictions a larger box simulation is needed.
Based on the minimal-parameter multiplicity function described in Warren et al. (2006) and by using the
Levenberg-Marquardt algorithm, we determine a best fit for
c ... RAS, MNRAS 000, 1–7

b = 0.138,



−

(7)

This fitting formula is represented by the purple line in Fig.
4.

3.2

Comparison with Higher Linking Lengths

As shown in Fig. 3 the total collapsed mass for individual
haloes lies approximately 20 to 25 per cent above the the
FoF(b = 0.2) mass. This is also reflected in the representation of the mass function in Fig. 4. A simple way to increase
the mass of a halo is to increase the linking length parameter
in the FoF algorithm (or similarly relax the virial overdensity criterion in an SO group finder). In this subsection we
show that the total collapsed mass and therefore the CMF
cannot be reconstructed by simply varying the only free parameter in the FoF group finder. Fig. 5 shows the effects of
increasing the FoF linking length and compares them with
our CMF. None of the FoF mass functions with increased
linking length are able to reproduce the CMF, even though
the deviations between the CMF and FoF(b = 0.27 − 0.33)
mass function tend to get smaller above M? .
For an even more unrealistic value of the linking length,
b = 0.40, the deviations get quite large. In this case, other
unphysical characteristics like interconnections of groups
through slightly overdense filaments start to dominate and
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In Fig. 6 the deviations from universality of the measured FoF and CMF mass functions at redshifts z = 1, 2 and
3 are shown. Whereas the FoF mass function is universal
approximately at the 15 per cent level up to redshift z = 3
(consistent with previous studies (e.g. Bhattacharya et al.
2010, and references therein)), we notice a significant shift
towards universality in the CMF case for redshifts z & 1.
This should not be surprising since the goal of the CMF
was to approach the halo mass definition in the sense of PS
as close as possible.
Courtin et al. (2011) investigated the behaviour of mass
functions in varying dark energy models. They found that
the virialization process contributes to shaping the mass
function in a cosmological and redshift dependent way and
therefore a clear break down of universality when dark energy starts to dominate (z . 1). In the case of the total
collapsed mass, the virialization process is made more independent of redshift and hence the CMF is expected to show
a higher degree of universality.

4
Figure 6. Deviations from universality of the measured FoF
(dashed lines) and CMF mass function (solid lines) at redshifts
z = 1 (blue), z = 2 (red) and z = 3 (green). The horizontal lines
represent the 20 per cent threshold often found in the literature.
Correcting the halo mass as described in Section 2.2 shifts the
mass function towards universality.

therefore changing the overall shape of the mass function
due a decrease of the the total number of galaxy-sized objects and the sudden occurrence of super-clusters of order
1016−17 M .

3.3

Universality of the Corrected Mass Function

The extended PS formalism is from its analytic arguments
expected to be universal, i.e. its predicted halo abundance
depends only on the variance of the density field σ(M ), but
not on redshift or cosmology (e.g. Zentner 2007). However,
it has been shown by various authors that universality only
holds at the 10 to 20 per cent level when using FoF mass
functions and slightly worse if haloes are identified with an
SO group finder (e.g. Lukic et al. 2007; Tinker et al. 2008;
Bhattacharya et al. 2010).
To check if the CMF follows the universal behaviour,
we ran two additional simulations with the same cosmology
as in Eq. 1, but with a significantly higher initial redshift,
and box sizes of 40h−1 Mpc and 80h−1 Mpc respectively. By
keeping the number of particles constant, these simulations
provide a sufficiently high resolution at redshifts z = 1, 2, 3
not only to recover the FoF mass function, but also to apply our correction algorithm (i.e. tracing back particles over
several time steps). For testing universality it is preferable
to represent the mass function in the f (σ) − ln σ −1 plane,
f (σ) =

dn
M
,
ρ0 d ln σ −1

(8)

since cosmology and redshift dependences are absorbed in
σ(M ).

SUMMARY AND DISCUSSION

In this letter we present a group finding algorithm which,
based on a conventional FoF group finder, identifies the total collapsed mass of every halo in the sense of the PS theory and its extensions. We found a considerable shift of the
mass function of order 15 per cent towards higher halo abundances, i.e. towards the PS form. The median mass increase
for individual dark matter haloes is of order 25 per cent for
galaxy-sized objects and of order 20 per cent for clusters.
However there is still a considerable gap between our corrected mass function (Eq. 7) and the PS mass function (Fig.
4). This can be partly understood by again tracing back all
particles, that form the total mass, to their initial positions.
Many of the disconnected FoF regions (see Section 2.2) are
now connected, but not all of them. The typical initial region
which will form part of the total mass of a z = 0 halo still
differs form a simple spherical or ellipsoidal overdensity, even
though the difference does decrease when the total mass is
used instead of the FoF or SO mass. Furthermore since the
total mass correction is more or less uniform over the entire mass range, we find a higher abundance of clusters and
superclusters than predicted by PS. This suggests that the
PS ansatz might be too simple to allow precise predictions
about abundance and properties of dark matter haloes.
The classical secondary infall model (Fillmore & Goldreich
1984; Bertschinger 1985) describes the median orbits of particles and subhalos in the outer regions of halos very accurately (Diemand & Kuhlen 2008). Extensions of this model
match the mass distributions in and around simulated halos
(Ascasibar, Hoffman & Gottlöber 2007). It could therefore
be feasible to calculate the expected halo mass fraction beyond the virial radius within this framework and it would
be useful to compare such results with our measured median
corrections (Fig. 3).
Robertson et al. (2009) used cosmological simulations
to test the excursion set ansatz by identifying the locations
in the linear overdensity field that later collapse to form dark
matter haloes. They found an inconsistency between the effective collapse barrier of simulated haloes and excursion
set formalism predictions for their abundance, and conclude
c ... RAS, MNRAS 000, 1–7
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that the excursion set ansatz fails, i.e. that the extended PS
formalism cannot predict halo abundances exactly. However
only the common mass definitions (FoF and SO) were considered and it would be worthwhile to reinvestigate these issues using the total collapsed mass instead. Using the total
mass will also allow to derive physically meaningful mass
accretion and merger rates from cosmological simulations,
and it will change halo formation times and their spatial
clustering.
Taking the total mass of a halo into account, instead
of adopting an artificial truncation at the virial radius, does
make a difference in the interpretation of the kinematics of
groups and clusters. For example, it increases escape velocities significantly. The fast neighbours AndXIV (Majewski et
al. 2007) and AndXII (Chapman et al. 2007) might well be
bound to Andromeda without requiring a much larger virial
mass. And even objects which are quite isolated today, e.g.
Tucana (Mateo 1998), might well have had a close interaction with their primary (in this case the Milky Way) at some
earlier time and might have another one in the future.
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PAPER II: C ORES IN WARM
D ARK M ATTER H ALOS : A
C ATCH 22 PROBLEM
In the second part of the thesis, consisting of the following three papers, we give
special attention to the formation and the internal structure of dark matter halos
in warm and mixed dark matter cosmologies.
The cosmological ΛCDM model successfully describes the formation and evolution of structures on scales larger than about 10 Mpc. However, on galactic and
subgalactic scales, the standard paradigm exhibits some issues. First of all, to this
day, all experiments designed to detect WIMP dark matter have been without success, what brings up the idea that the dark matter particle could be even weaker
interacting than assumed so far. Furthermore, CDM predicts not only too many
subhalos, but they also seem to be too concentrated when compared with observations.
Numerical simulations only start recently to resolve these small scales, therefore
it is yet unclear whether the mentioned problems mentioned above result from an
unknown numerical error, from a mis-interpretation of the model or indeed from
non-standard properties of the dark matter particle.
In the first and following paper, we use a set of high resolution simulations to
show that a realistic thermal warm dark matter particle with a mass of the order of
one keV does not produce a large enough density core to be align with observations.
This paper1 has been published in 2012 in the Monthly Notices of the Royal
Astronomical Society [26].
1

Even though the author of this thesis is not listed as a first author, he has contributed a
substantial part to this work.
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ABSTRACT

The free streaming of warm dark matter particles dampens the fluctuation spectrum, flattens the mass function of haloes and set a fine grained phase density limit
for dark matter structures. The phase space density limit is expected to imprint a
constant density core at the halo center on the contrary to what happens for cold
dark matter. We explore these effects using high resolution simulations of structure
formation in different warm dark matter scenarios. We find that the size of the core we
obtain in simulated haloes is in good agreement with theoretical expectations based
on Liouville’s theorem. However, our simulations show that in order to create a significant core, (rc ∼ 1 kpc), in a dwarf galaxy (M ∼ 1010 M ), a thermal candidate with a
mass as low as 0.1 keV is required. This would fully prevent the formation of the dwarf
galaxy in the first place. For candidates satisfying large scale structure constrains (mν
larger than ≈ 1 − 2 keV) the expected size of the core is of the order of 10 (20) pc for
a dark matter halo with a mass of 1010 (108 ) M We conclude that “standard” warm
dark matter is not viable solution for explaining the presence of cored density profiles
in low mass galaxies.
Key words:
Dark matter: N-body simulations – galaxies, haloes.

1

INTRODUCTION

The formation of structure in the universe is driven by the
mysterious dark matter component whose nature is still unknown. Over the last decades, the hierarchical cold dark
matter model (CDM) has become the standard description
for the formation of cosmic structures. It is in excellent
agreement with recent observations, such as measurements
of the cosmic microwave background and large scale surveys (Tegmark et al. 2006; Komatsu et al. 2011). However,
there are a number of inconsistencies on sub-galactic scales
that arise within the CDM scenario. Firstly, the amount of
substructure in Milky Way sized haloes is overpredicted by
roughly one order of magnitude (Klypin et al. 1999; Moore
et al. 1999). Secondly, the central densities of CDM haloes
in simulations show a cuspy behavior (Moore 1994; Flores
& Primack 1994; Diemand et al. 2005; Macciò et al. 2007;
Springel et al. 2008), whereas the density profiles inferred
from galaxy rotation curves point to a core like structure
(e.g. de Blok et al. 2001; Kuzio de Naray et al. 2009; Oh et al.

?
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2011). Furthermore, recent studies (Tikhonov et al. 2009;
Zavala et al. 2009; Peebles & Nusser 2010) re-emphasized
that also the population of dwarf galaxies within voids is in
strong contradiction with CDM predictions.
One possible solution to these issues is that the dark
matter particle is a thermal relic with a mass of order one
keV. The most prominent representatives of such warm dark
matter (WDM) candidates are the sterile neutrino and the
gravitino (Abazajian & Koushiappas 2006; Boyarsky et al.
2009a), whose presence is also motivated by particle theory (e.g. Dodelson & Widrow 1994; Buchmüller et al. 2007;
Takayama & Yamaguchi 2000).
Non-zero thermal velocities for WDM particles lead to
a strong suppression of the linear matter power spectrum
on galactic and sub-galactic scales (Bond et al. 1980; Pagels
& Primack 1982; Dodelson & Widrow 1994; Hogan & Dalcanton 2000; Zentner & Bullock 2003; Abazajian 2006; Viel
et al. 2005), and erase all primordial density perturbations
smaller than their free-streaming scale λf s . Below this scale
no structure is expected to form, at least not in the usual
bottom-up scenario. However, the effective suppression of
halo formation already happens well above λf s and is en-
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tirely described by the WDM particle mass (see Smith &
Markovic 2011, and references therein).
Recent observational constraints coming from X-ray
background measurements and Ly-α forest analysis set the
allowed mass interval roughly between 2 and 50 keV (e.g.
Viel et al. 2005; Seljak et al. 2006; Abazajian & Koushiappas 2006; Boyarsky et al. 2009b,c)1 As a complementary
study Macciò & Fontanot (2010, see also Polisensky & Ricotti 2011) compared the subhalo abundance of a Milky Way
like object in different numerical warm dark matter realizations with observed satellite galaxies reported by the SDSS
data and set a lower bound for a thermalized particle of
mWDM & 2 keV.
Another important characteristic of a WDM scenario
is the possibility to naturally obtain cored matter density
profiles. According to Liouville’s theorem for collisionless
systems, the fine grained phase space density of the cosmic fluid stays constant through cosmic history. In WDM
the dark matter fluid is described by a Fermi-Dirac distribution, whose absolute value is fixed at the time of decoupling when the fluid becomes collisionless. Structure formation then happens through a complex process of distortion
and folding of the phase space sheet. Since it is not possible
to measure this fine-grained phase space density in simulations, one usually defines a a coarse-grained or pseudo phase
space density (e.g. Taylor & Navarro 2001)
ρ
Q ≡ 3,
(1)
σ
where ρ is the mean density and σ is the one-dimensional
velocity dispersion within some small patch of the simulation2 . The quantity Q corresponds to an average density
of a small (but not microscopic) phase space volume and
is not constant anymore. However, because of the way the
phase space sheet is distorted, the value of Q in most of the
cases can only decrease during structure formation and will
not exceed its initial value set at decoupling (Dalcanton &
Hogan 2001, see however Boyarsky et al. 2009c for a thorough discussion of the meaning of Q and its evolution with
time).
This upper limit for Q also holds for the local pseudo
phase space density within virialised haloes at redshift zero
and has a direct consequence on the density profile in real
space. Since the velocity dispersion does not grow in the inner part of a halo, the real space density profile must become
constant with a core size depending on the specific WDM
model (Tremaine & Gunn 1979).
Due to this effect of core formation, the WDM scenario has been suggested as a solution to the long standing
1

In some of these analysis the warm dark matter particle is assumed to be a resonantly produced sterile neutrino (Shi & Fuller
1999). We have converted these mass limits into limits for a fully
thermalized particle, such as the gravitino, using the formula provided by Viel et al. (2005).
2 In the context of an non-singular isothermal sphere, the quantity Q is directly proportional to the maximum phase space density and can be described, as in Tremaine & Gunn (1979) as giving
the maximum coarse-grain phase space density. In a more general
context, applicable to simulations, the velocity distribution of the
particles is not Maxwellian and hence Q does not really trace the
coarse-grained phase space density and hence we will refer to is
as to a pseudo phase space density.

core-cusp problem of dwarf galaxies. In fact, observational
measurements favor cored dark matter profiles in low surface brightness galaxies within the local group (Salucci et al.
2011; Kuzio de Naray & Kaufmann 2011). However, previous theoretical/analytical studies (e.g. de Vega et al. 2010)
argue that the cores produced by warm dark matter might
be too small to explain the observations. For example Bode
et al. (2001) argued that the principal effect of the thermal
motion in the WDM scenario, is to give the particle angular momentum, producing a centrifugal barrier keeping the
particle away from r = 0; only for radii inside this barrier
is the structure of the halo significantly altered with respect
to a a pure CDM halo. Assuming a flat rotation curve for
the halo and spherical collapse they estimated that for warm
particles with masses larger than 1 keV, thermal velocities
are not able to modify the structure of halos on scales of a
kiloparsec or above.
More recently Villaescusa-Navarro & Dalal (2011) have
employed the spherical collapse model to study the formation of halos in warm dark matter cosmologies. They found
that the core sizes, for allowed WDM temperatures (∼ 1
keV), are typically very small, of the order to 10−3 of the
halo virial radius at the time of formation, and considerably
smaller following formation. They concluded that for realistic WDM models the core radii of halos observed at z = 0
are generically expected to be far smaller than the core sizes
measured in local Low Surface Brightness galaxies. One of
the aim of our work is to test these previous analytical results using self-consistent cosmological N-body simulations
of halo formation in a WDM universe.
Numerical N-body simulations have been used to better
understand the properties of virialized objects in the Warm
Dark Matter scenarios (e.g. Bode et al. 2001; Knebe et al.
2003; Wang & White 2007; Zavala et al. 2009; Tikhonov
et al. 2009; Schneider et al. 2011). High resolution simulations of single objects have studied the suppression of the
galactic satellite formation due to free streaming (e.g Colı́n
et al. 2000; Götz & Sommer-Larsen 2002; Knebe et al. 2008;
Macciò & Fontanot 2010), in order to reconcile the observed
dwarf galaxy abundance with the prediction from Dark Matter based theories. More recently Colı́n et al. (2008) used Nbody simulations to study the effects of primordial (thermal)
velocities on the inner structure of dark matter haloes, with
particular attention on the formation of a possible central
density core. They used thermal velocities of the order of 0.1
and 0.3 km/s, without linking them to any particular WDM
model, since the aim of their work was to explore the general
effect of relic velocities of the DM structure. Unfortunately
their combination of resolution and choice for relic velocities
was not sufficient to directly test simulation results against
core radii predicted by phase-space constraints.
In this work we want to extend and improve on these
previous studies. We will use high resolution N-body simulations to explore the sizes of density cores in WDM and their
dependence on the WDM candidate mass3 . We will explore
3

In the present work we only considered a very simple WDM
model; it is worth commenting that there are more complex
and physically motivated models discussed in the literature (e.g.
warm+cold dark matter, Boyarsky et al. (2009d); Macciò et al.
(2012) or composite dark matter Khlopov (2006); Khlopov &
Kouvaris (2008))
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several models for WDM ranging from 2 to 0.05 keV. We
will consider separately the effects of a warm dark matter
candidate on the power spectrum and on the relic velocities,
trying to disentangle the various consequences of these two
different components. Our higher numerical resolution will
allow us to directly see the formation of a density core, with
a size well above the numerical resolution for the warmer
candidates. We will then revise the theoretical arguments
for the formation of cored profiles in WDM and perform a
direct comparison between the core sizes in our simulations
and the ones predicted from phase space constraints.
The paper is structured as follows: In section 2 we discuss the setup of our simulations and the way we implement
thermal velocities. Section 3 is dedicated to the presentation of our results in terms of the phase space limit and its
influence on the density profile of dark matter haloes. A conclusion and a summary of our work is finally given in section
3.

2

Numerical simulations have been carried out using pkdgrav, a treecode written by Joachim Stadel and Thomas
Quinn (Stadel 2001). The initial conditions are generated
with the grafic2 package (Bertschinger 2001). All simulations start at redshift zi = 99 in order to ensure a proper
treatment of the non linear growth of cosmic structures.
The cosmological parameters are set as follows:
ΩΛ =0.727, Ωm =0.273, Ωb =0.044, h = 0.7 and σ8 = 0.8,
and are in good agreement with the recent WMAP mission
results (Komatsu et al. 2011).
We start by running large scale simulations of a cosmological cube of side 40 Mpc, using 2 × 2563 dark matter
particles. This was done for two different models, a standard LCDM and a Warm Dark Matter model with a warm
candidate of mass 2 keV produced in thermal equilibrium.
To compute the transfer function for WDM models we
used the fitting formula suggested by Bode et al. (2001):
T 2 (k) =

P WDM
= [1 + (αk)2ν ]−10/ν
P CDM

(2)

where α, the scale of the break, is a function of the WDM
parameters, while the index ν is fixed. Viel et al. (2005) (see
also Hansen et al. 2002), using a Boltzmann code simulation,
found that ν = 1.12 is the best fit for k < 5 h Mpc−1 , and
they obtained the following expression for α:
 m −1.11  Ω 0.11  h 1.22
x
ν
α = 0.049
h−1 Mpc.
1keV
0.25
0.7
(3)
We used the expression given in Eq. (3) for the damping of
the power-spectrum for simplicity and generality. More accurate expressions for the damping of sterile neutrinos exist
(e.g. Abazajian 2006) and show that the damping depends
on the detailed physics of the early universe in a rather nontrivial way. The initial conditions for the two simulations
have been created using the same random phases, in order
to facilitate the comparison between the different realizations.
We then select one candidate halo with a mass similar
to our Galaxy (M ∼ 1012 M ) and re-simulated it at higher
c 0000 RAS, MNRAS 000, 000–000

Table 1. Simulations parameters
Label
CDM
WDM1
WDM2
WDM3
WDM4
WDM5

mν
(keV)
∞
2.0
2.0
2.0
2.0
2.0

mν,vel
(keV)
–
2.0
0.5
0.2
0.1
0.05

v0 (z = 0)
(km/sec)
–
4.8 ×10−3
3.1 ×10−2
0.1
0.26
0.66

Nvir
(106 )
10.2
8.6
8.4
8.5
6.7
4.9

Mvir
(1012 M )
1.42
1.22
1.20
1.21
0.93
0.71

resolution. These high resolution runs are 83 times more resolved in mass than the initial ones: the dark matter particle
mass is mp = 1.38×105 M , where each dark matter particle
has a spline gravitation softening of 355 pc. This single halo
has been re-simulated in several different models, all simulations are summarized in Table 1 and three of the simulations
are shown in Figure 1.
2.1

SIMULATIONS

3

Streaming velocities

Particles that decouple whilst being relativistic are expected
to retain a thermal velocity component. This velocity can be
computed as a function of the WDM candidate mass (mν )
according to the following expression (Bode et al. 2001):
v0 (z)
= .012
1+z



Ων
0.3

1 
3

h
0.65

2 
3

1.5
gX

1 
3

keV
mν

4

3

km s−1

(4)
where z is the redshift. The distribution function is the given
by the Fermi-Dirac expression until the gravitational clustering begins (Bode et al. 2001).
This formalism is correct for the “real” dark matter elementary particles (e.g. a sterile neutrino). In the N-body
approach we use macro particles (with masses of the order
of 105 M ) to describe the density field. These macro particles effectively model a very large number of micro particles.
Given that the velocities described in Eq. (4) have a random
direction the total velocity of the macro (N-body) particles
should effectively be zero. Hence, it is not fully correct to
directly use Eq. (4) to assign “thermal” velocities to simulation particles.
On the other hand, the net effect of the thermal velocities is to create a finite upper limit in the phase-space
distribution (PSD) due to their initial velocity dispersion
(σ). What we are interested in is to recreate the same PSD
limit in our simulation, and then study its effects on the
dark matter halo density distribution. In order to achieve
this goal we proceed in the following way. From Eq. (4) we
compute the rms velocity: σ(z) = 3.571v0 (z), we then create a Gaussian distribution centered on zero and with the
same rms σ. Finally we randomly generate particle velocities
from this distribution and assign them to our macro particles. It is worth mentioning that the final results are almost
independent on the assumed distribution for the velocities
(Fermi-Dirac, Maxwellian etc.), while they strongly depend
on the strength of the velocity field (i.e. v0 ).
In principle adding random velocities introduces spurious momentum fluctuations into the initial conditions. For
very light particles (mν ∼ 1 eV) this effect could be important and it could be balanced by introducing particles
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Figure 1. Density map of the large scale (low resolution) simulations (L=40 Mpc) at redshift zero. From left to right: CDM, and two
WDM with a cut in the power spectrum for a mν mass of 0.2 and 0.05 keV respectively. These last two simulations have not been used
in this paper and are presented only for illustration purposes, see section 2.1 for more information.

with opposite momenta (e.g. Gardini, Bonometto & Murante 1999). On the other hand, for the choices of WDM
candidate masses in our paper, thermal velocities are quite
modest (<
∼ 0.5 km/sec) and lower than the Zeldovich ones.
So no artificial effects are expected.
As detailed in section 3.1, there is a direct connection
between mν and the expected size of the dark matter distribution core. This core is only due to the presence of thermal velocities and not, in first approximation, to the cut in
the power spectrum described by Eq. (2). Cutting the power
spectrum changes the merger history of the dark matter halo
but does not affect the density profile significantly (Moore
et al. 1999). This implies that in order to study the effect
of different values of mν (and hence v0 ) it is sufficient to
“play” with Eq. (4) leaving all other simulation parameters
unaltered. Following this approach we have generated several simulations using the same cut in the power spectrum
(mν ) but different initial thermal velocities (mν,vel ), as detailed in Table 1.

3

RESULTS

Density profiles for the cold dark matter run and the four
warm dark matter realizations (WDM1-WDM5) are shown
in Fig. 2. The profiles show a monotonic decrease of the central density as a function of the the temperature of the dark
matter candidate. Cold candidates show the usual cuspy behavior (e.g. Dubinski & Carlberg 1991), while warmer candidates present a lower central density that becomes a clear
core for mν,vel = 0.05 keV, with a size of several kpc.
Fig. 3 shows the time evolution of the density profile in
the WDM5 simulation. The profile is already cored at high
redshift z = 1.6, and the size of the core does not evolve
substantially until z = 0. The profile only changes at large
radii (r > 50) kpc, as a consequence of the assembly of the
external part of the halo. This smooth mass accretion is also
a consequence of the quiet merging history of the halo, that
does not undergo any merger with a mass ratio larger than

Figure 2. The spherically averaged density profiles for CDM,
WDM1-5 haloes.

10 after z=2. The assembly of the external part of the halo
is consistent with a typical CDM halo in the outer regions.
As already mentioned the theoretical explanation for
the formation of a core is related to the presence of a maximum in the phase space density distribution. This maximum is clearly visible in Fig. 4, where we plot the pseudo
phase space density Q ≡ ρ/σ 3 , for three different models,
namely CDM, WDM3 and WDM5. For this latter model
the Q shows a large core that extends about 10 kpc. The
WDM3 model also shows a strong flattening of the Q profile, consistent with a core distribution. On the other hand
c 0000 RAS, MNRAS 000, 000–000
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Figure 3. Time evolution of the density profiles for the WDM5
halo.

5

Figure 5. Time evolution of the pseudo PSD radial profile for the
WDM5 model. The black dotted line represents the theoretical
prediction for the maximum value of Q according to equation 7.

dial profile in the initial conditions (z = 99). This value has
been calculated using only high resolution particles that end
up within 1.5 times the virial radius of the halo at z = 0.
The other (red) lines represent the pseudo PSD profile at
different redshifts (from 1.6 to 0) and have been computed
using all particles within the virial radius of the halo. All
quantities in the plot are in physical units. The phase space
distribution shows very weak evolution with almost no evolution at all from z = 99 to z = 1.6. In the same plot we also
show the theoretical maximum phase-space density achievable by this model (see Eq. (7) for a rigorous definition of
Qmax ).
The dotted (black) lines show predictions for Qmax
for the local value of the matter density, which we measured directly from the simulation initial conditions using
DM particles in the high resolution region within a volume of ≈ 1 Mpc3 . The local density value turned out to
be hρilocal = 0.31 × ρcr 4 . The theoretical prediction is in
quite good agreement with the simulation results.
In order to quantify the flatness (and the core size) of
WDM profiles we have fitted all our density profiles with
the following parametric description, originally presented in
Stadel et al. (2009):
Figure 4. Phase space density profile for the CDM, WDM3 and
WDM5 models at z = 0.

the CDM pseudo phase-space distribution is well fitted by
a single power law profile on the whole range, in agreement
with previous results (Taylor & Navarro 2001; Schmidt et al
2008).
Figure 5 shows the time evolution of the pseudo PSD
for our warmest candidate (i.e. thermal velocities for a 0.05
keV mass particle). The solid (blue) line shows the Q rac 0000 RAS, MNRAS 000, 000–000

ρ(r) = ρ0 exp(−λ[ln(1 + r/Rλ )]2 ).

(5)

In this parameterization the density profile is linear
down to a scale Rλ beyond which it approaches the central maximum density ρ0 as r → 0. We also note that if one
4

This local value is slightly higher than the global one since
it is computed around an object that will collapse and be fully
virialized at z = 0
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Table 2. Size of density cores using different methods. See text
for a more detailed explanation
Label
CDM
WDM1
WDM2
WDM3
WDM4
WDM5

rcore,s
(kpc)
< 0.4
< 0.4
< 0.4
0.42
1.63
4.56

rcore,Q
(kpc)
< 0.4
< 0.4
< 0.4
< 1.1
1.80
4.85

rcore,t
(kpc)
∞
0.005
0.075
0.48
1.91
6.98

assuming to compute the density in some local volume L:
Qmax ≡

ρL
=
σ3

ρL
ρcr

× ρcr

σ3

(7)

where ρcr = 2.775 × 1011 h2 M Mpc−3 is the critical density
of the Universe and ρL /ρcr is the local density in our volume
L, expressed in units of the critical density.
The denominator of Eq.7 could be expressed as a function of the mass of the WDM candidate using Eq.4 and the
fact that for a Fermi-Dirac distribution the rms velocity is
σ = 3.571 ∗ v0 . Combining Eq.4 with Eq.7 we get the following expression for Qmax :
Figure 6. Density profiles for CDM and WDM5 and their fit
using Eq. (5).
.

makes a plot of dlnρ/dln(1 + r/Rλ ) versus ln(1 + r/Rλ ) then
this profile forms an exact straight line with slope 2λ.
This fitting function is extremely flexible and makes
possible to reproduce at the same time both cuspy profiles
like the one predicted by the CDM theory, as well as, highly
cored profiles, like in the WDM5 case (as shown in Fig. 6).
The values of the parameter are obtained via a χ2 minimization procedure using the Levenberg & Marquart method.
From now on we will use the value of the fitting parameter
Rλ as the fiducial value of the central density core in simulated profiles (rcore,s , hereafter). The rcore,s values for all
our haloes are reported in the first column of Table 2.
3.1

Comparison with theoretical predictions

In Tremaine & Gunn (1979, TG79 hereafter) limits on
the mass of a neutrino are derived from the maximum
phase space density of a homogeneous neutrino background,
with the further assumptions that neutrinos form bound
structures and that their central regions can be wellapproximated by an isothermal sphere.
Assuming a Maxwellian velocity distribution they obtained the maximum phase space density:
ρ
(6)
Qmax ≡ 3 ∝ m4ν
σ
where mν is the mass of the (warm) dark matter candidate.
This limit has been then used in several follow up papers
to estimate the size of density cores in warm dark matter
haloes (e.g. Dalcanton & Hogan 2001; Strigari et al. 2006).
Following TG79 we derive the theoretical expectation
for the maximum pseudo-phase space density and the size
of the DM core for our WDM models adopting a slightly
different approach. We can start from the definition of Q

Qmax = 1.64 × 10−3



ρL
ρcr



mν 4 M pc−3
.
keV
( km s−1 )3

(8)

Where the numerical factor in front of the expression takes
into account our choices for Ωm and h. This expression is
formally equivalent to the one derived by TG79.
Finally the maximum phase space density can be converted in a ’core’ size following Hogan & Dalcanton (2000):
√
3
1
2
rcore,t
=
.
(9)
1/2
4πGQmax < σ 2
halo >
where σhalo is the velocity dispersion (i.e. the mass) of the
simulated dark matter halo. Values of rcore,t for our simulated haloes are reported in the last column of Table 2.
In the following we will compare this theoretical value
of the core (rcore,t ) with two different core sizes than can
be estimated directly from the simulations. The first one is
given by the Rλ parameter obtained by fitting the numerical
density profile, as shown in Fig. 6 and we will refer to this
value as rcore,s . The second one is obtained by computing
Qmax from the simulated density profile (as shown in Fig.
4) and then inserting this value in Eq. (9), we named this
second parameter rcore,Q .
Results for the three definitions of the core size for all
our simulations are summarized in Table 2. Overall the three
different estimators for the core size are in fairly good agreement. rc,Qmax gives on average a larger value for the core,
for the WDM4 and WDM5 runs, while for the WDM3 simulation is only able to give an upper value, since there is not
a clear indication of convergence towards a maximum value
in the Qmax profile, as shown in Fig. 4.
Fig. 7 shows the comparison of the core found directly in
simulations (rcore,s , black symbols) with the core predicted
by the above simple theoretical argument (rcore,t ). The solid
line is obtained from Eqs. (9) and (8), where, as discussed
before, we used ρL /ρcr = 0.31 as value for the local density.
Overall numerical results for WDM3, WDM4 and
c 0000 RAS, MNRAS 000, 000–000
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Figure 7. Comparison between core size in simulations (open
symbols) and the theoretical expectation for a M = 1012 M
halo (solid line). The dashed line is the gravitational softening of
our simulations. All points below this line should be considered
as upper limits on the core size.

Figure 8. Expected core size for the typical dark matter mass
of Milky Way satellites as a function of the WDM mass mν . The
shaded area takes into account possible different values of the
local density parameter 0.15 < Ωm < 0.6. The vertical dashed
line shows the current limits on the WDM mass from large scale
structure observations.

4
WDM5 are in very good agreement with the theoretical expectations from Eqs. (9) and (8). The WDM1 and WDM2
simulations only put upper limits on the size of the core,
since the values of Rλ we obtain from fitting the density
profile fall below the simulation softening (the dashed black
line in the figure).
Using our determination of the core size as a function of
the warm dark matter mass we compute the expected value
of rcore for the typical halo mass (5 × 108 M , see Macciò
et al. (2010)) of dwarf galaxies orbiting the Milky-Way. Results are shown in Fig. 8: the grey shaded area takes into
account possible different values of the local matter density
in the range ρ/ρcr = 0.15 − 0.6.
From the figure it is clear that a core of ≈ 1 kpc would
require a wdm mass of the order of 0.1 keV, well below
current observational limits from large scales.
If we assume a warm dark matter particle mass of mν ∼
2 keV (represented by the dashed vertical line), in agreement
with several astrophysical constraints (e.g. Viel et al. 2008),
the maximum core size we can expect ranges from 10 pc for
a massive, MW-like halo (see also figure 7), to 10-40 pc for
a dwarf galaxy like halo. Finally, in predicting the core size
for satellite galaxies in the MW halo, it must be taken into
account that due to stripping and tidal forces satellites can
lose significant mass after accreting into larger haloes (e.g.
Penarrubia et al. 2008; Macciò et al. 2010). This implies that
the halo mass we may infer today for those galaxies is only
a lower limit on the mass they had before accretion, which
2
is the one to be used (as σhalo
) in Eq. 9.
c 0000 RAS, MNRAS 000, 000–000
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CONCLUSIONS

We have used high resolution N-body simulations to examine the effects of free streaming velocities on halo internal
structure in warm dark matter models. We find:
• The finite initial fine grained Phase Space Density
(PSD) is also a maximum of the pseudo PSD, resulting in
PSD profiles of WDM haloes that are similar to CDM haloes
in the outer regions, however they flatten towards a constant
value in the inner regions. This is in agreement with previous studies based on simulations (Colı́n et al. 2008) and
theoretical arguments Villaescusa-Navarro & Dalal (2011).
• The finite PSD limit results in a constant density core
with characteristic size that is in agreement with theoretical
expectations i.e. following Tremaine & Gunn 1979, especially
if value of the local matter density is taken into account.
• The core size we expect for thermal candidates allowed
by independent constraints on large scales (Lyman-α and
lensing, mν ≈ 1 − 2 keV), is of the order of 10-50 pc. This is
not sufficient to explain the observed cores in dwarf galaxies that are around kpc scale (Walker & Penarrubia 2011;
Amorisco & Evans 2012; Jardel & Gebhard 2012).
• Our results show that a core around kpc scale in dwarf
galaxies, would require a thermal candidate with a mass below 0.1 keV, ruled out by all large scale structure constraints
(Seljak et al. 2006; Miranda & Macciò 2007; Viel et al. 2008).
Moreover with such a warm candidate, the exponential cutoff of the Power Spectrum would make impossible to obtain these dwarf galaxies in the first place (e.g. Macciò &
Fontanot 2010).
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• All together these results lead to a nice “Catch 22”
problem for warm dark matter: If you want a large core you
won’t get the galaxy, if you get the galaxy it won’t have a
large core.
We conclude that the solution of the cusp/core problem in local group galaxies cannot completely reside in simple models (thermal candidates) of warm dark matter. If
cores are required then it seems that baryonic feedback (e.g.
Romano-Dı́az et al. 2008; Governato et al. 2010; Macciò
et al. 2012) is still the most likely way to alter the density profile of dark matter and hence reconcile observations
with cold/warm dark matter predictions.
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PAPER III: C OLD PLUS WARM
D ARK M ATTER
C OSMOLOGIES
In the second paper of part two, we switch from a pure warm to a mixed dark
matter cosmology, consisting of a cold and a warm component. We present N body simulations of a Milky Way sized halo using a set of CWDM models, each
time varying the mass and the fraction of the warm component. By merging two
individual boxes (a cold and warm one) in the initial conditions, we are able to trace
the evolution of both the cold and the warm dark matter component individually.
Such an approach further allows us to challenge the scaling ansatz, for which it is
assumed that the fraction of any component in a mixed dark model is the same
locally as on average in the Universe. A violation of the scaling ansatz, as we will
show, also impacts combined dark matter searches.
This paper has been published in 2012 in the Journal of Cosmology and Astroparticle Physics [27].
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Abstract. A possible solution to the small scale problems of the cold dark matter (CDM)
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each component is provided.

Keywords: cosmological simulations, dark matter theory

Contents
1 Introduction

1

2 Numerical Methods
2.1 Mixed Dark Matter Transfer Function
2.2 Simulations

3
4
7

3 The
3.1
3.2
3.3

Inner Halo Structure
Density Profiles
Pseudo Phase Space Density Profiles
Local Dark Matter Densities

9
9
10
11

4 Implications for Dark Matter detection experiments

12

5 Summary and Conclusion

15

1

Introduction

Structure formation in the Universe is dominated by a mysterious dark matter component,
whose energy density is about six times higher than the energy density made up of Standard
Model particles. The kinds of structures which may form and their internal properties depends strongly on the as yet unknown physical nature of the dark matter particle. A common
assumption is that dark matter is made of heavy, cold thermal relic particles that decoupled
from normal matter in the very early Universe, generically referred to as cold dark matter
(CDM) [1, 2].
Whilst there is a large body of indirect astrophysical evidence that supports CDM,
especially on large scales, there are significant indications of possible shortcomings on small
scales. First of all, CDM galaxy haloes contain a huge number of subhaloes [3–7], while
observations indicate that only relatively few satellite galaxies exist around the Milky Way
and M31 [8, 9]. One possible way out of this problem would be to have no or only very
inefficient star formation in smaller CDM haloes [10, 11]. However, such models populate all
the larger subhaloes with dwarf galaxies. Furthermore, the central densities of these largest
CDM subhaloes seem to be about two times higher than the densities inferred form the
observed stellar kinematics of the dwarf satellite galaxies [12–14].
Secondly, the inner density profiles inferred from galaxy rotation curves seem to be
flatter than the NFW profile [15] used to fit simulated CDM halos (eg. [23, 24]). At the
relevant scale of one percent of the virial radius the typical logarithmic density slopes are
significantly steeper than the NFW form and there is substantial halo to halo scatter γ =
1.26 ± 0.17 (e.g. [18]). Fitting functions which are steeper than NFW at that scale provide
better fits (e.g. [5–7, 17–19], which further increases the tension with the observations.
Thirdly the observed number of dwarf galaxies in voids is smaller than expected from
CDM [27].
One possible solution to these problems may be that dark matter is not cold, but
warm (WDM). In this scenario dark matter particles are created relativistic unlike its CDM
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counterpart and so ‘free-stream’ until relatively late times. Following [28], the free streaming
length in the non-relativistic regime can be approximated by
h
tEQ i
1
,
λF S ' rH (tN R ) 1 + log
2
tN R

(1.1)

where tEQ denotes the epoch of matter-radiation equality after which the Jeans length starts
to decrease. tN R is the time when the dark matter particles becomes non-relativistic. Due to
the large mass of a cold thermal relic and its very early freeze out, the comoving horizon, rH ,
is extremely small compared with its warm dark matter counterpart. tN R strongly depends
on the mass of the particle, that in turn therefore determines the characteristic mass scale
below which primordial fluctuations are erased (e.g. [29]).
There are several models motivated from particle physics that provide potential WDM
candidates. The dynamics of the dark matter particle is mainly determined by its production
history, i.e. if it once was in thermal equilibrium or not. The two most prominent candidates
for these scenarios are the thermally produced gravitino [30] and the non-thermally produced
sterile neutrino [31–33].
Refs. [34] and [35] recently reported a two sigma preference for an increased damping
tail of the CMB power spectrum. As a possible explanation, they claim strong evidence for
a fourth relativistic species. This is in line with measurements from atmospheric [36] and
nuclear reactor [37] experiments, which find some evidence in favour of a sterile neutrino.
Such light sterile neutrinos could be part of the cold + hot (rather than cold + warm) dark
matter models. [38] have listed approximate conversion formulas for the mass of the warm
particle for the most common production mechanisms, i.e. the thermal production of the
gravitino [39], the resonant [40] and non-resonant production [31] of the sterile neutrino via
oscillations with active neutrinos, and the sterile neutrino production via the decay of a scalar
field [41, 42]:
mDW
' 4.379 keV
νs
SF
mDW
νs /mνs '
scalar
mDW
νs /mνs

1.5

m

WDM

1keV

4/3

(1.2)

' 4.5.

The power spectrum suppression of the latter two models is different from the usual thermally
produced WDM and the above formulae give therefore only a rough estimate. These WDM
candidates might help alleviate the small-scale issues of CDM, while maintaining the same
large scale structure. However, the core created in such WDM models might not be large
enough to match the observed inner density profiles of dwarf galaxies (e.g. [43, 45], and
references therein).
Another viable solution would be to have a mixture of CDM plus WDM – the C+WDM
or mixed dark matter (MDM) model (e.g. [33, 46, 47]). Various theoretical motivations
exist for C+WDM. The sterile neutrino for instance can be created via different production
mechanism and appear in two disjunct, effective states, a cold and warm one (see [46] for
details). One could also think of, besides the ’usual’ cold neutralino candidate, to have a
second dark matter particle, e.g. a thermal gravitino.
Recently, a lot of effort has been dedicated to resolve the small-scale structure of CDM
haloes [5–7], however only a few simulations have been performed to study the WDM scenario
[13, 38, 48], and a single one for the C+WDM model [49]. The aim of this work is to determine
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the galactic dark matter halo properties in mixed dark matter cosmologies, especially the local
dark matter densities of each component. A detailed analysis of substructure abundance and
kinematics will be presented in a second paper (Anderhalden et al. 2012b, in prep.).
This paper is organised as follows. In Section 2 the computation of the mixed dark
matter transfer function is shown, as well as a summary of the numerical simulations. The
internal structure of the Milky Way halo, i.e. density and phase space density profiles as well
as the local dark matter abundance, is presented in Section 3. Implications of our results on
dark matter detection are described in Section 4.

2

Numerical Methods

The transfer function of any non-standard cosmology can be written as the square root of
the ratio of the power spectrum of cosmology i to that of CDM, i.e.
Ti (k) =

 P (k) 1/2
i
.
P (k)CDM

(2.1)

The transfer function in a pure, thermally produced warm dark matter scenario is well fitted
by [39, 50]

2ν −5/ν
TWDM (k) = 1 + αk
,
(2.2)

where ν = 1.12 and α is a function of the warm particles mass,
 m −1.11  Ω 0.11  h 1.22
x
x
h−1 Mpc.
α = 0.049
keV
0.25
0.7

(2.3)

The above form of the transfer function leads to a steep cutoff in the linear power spectrum,
resulting in a strong suppression of small structures below the free-streaming mass (for a
detailed discussion see e.g. [39, 46]).
The qualitative behavior of the mixed C+WDM power spectrum differs from the pure
warm dark matter case in one important aspect. Although the mass of the WDM particle
still determines the cutoff scale, the presence of a cold component stabilises the drop-off and
yields the transfer function to approach a constant plateau [46]. The size of this step is to
first order completely described by the fraction of warm dark matter, i.e.
f¯W =

ΩWDM
ΩWDM
=
.
ΩWDM + ΩCDM
ΩDM

(2.4)

Unlike Ref. [46], we compute the transfer function of the cold and the warm component
separately (even if they are not independent from one another, see Section 2.1). To illustrate
this, a set of C+WDM linear power spectra at redshift z = 99 are plotted in Fig. 1. By
keeping the mass of the warm particle constant (in this particular case mWDM = 0.1keV)
and varying the fraction f¯W from zero (CDM) to one (WDM), one can see that the plateau,
i.e. the step size, is dictated by the fraction, whereas the mass of the warm dark matter
particle is responsible for the cutoff, i.e. the scale where the transfer function starts to
differ from unity. Solid lines refer to the cold component of the mixed fluid, dashed lines
to warm one. The higher the amount of warm dark matter, the more the plateaus of the
two components approach each other, until finally a pure warm dark matter cosmology is
reproduced (f¯W = 1). In the following we shortly describe how the aforementioned transfer
functions are computed.
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Figure 1. Evolution of the linear mixed dark matter power spectrum when keeping the mass of the
warm particle fixed and varying the fraction f¯W . For reference the f¯W = 0 (pure CDM) and f¯W = 1
(pure WDM) cases are plotted too (black solid lines). In each case the colored solid lines refer to the
cold component, whereas the colored dashed lines refer to the corresponding warm component of the
mixed dark matter fluid.

2.1

Mixed Dark Matter Transfer Function

In order to run N-body simulations containing both cold and warm dark matter particles in a
distinguishable way, the transfer function of each component has to be specified individually.
On large scales, dark matter is very well described by a perfect fluid approximation. To study
the behaviour of small perturbations embedded in a homogeneous and isotropic background,
it is appropriate to linearize the complete set of equations (i.e. Continuity, Euler and Poisson
equation (e.g. [51])). Since relativistic effects are negligible on scales below the horizon, we
will restrict our computation to the Newtonian approximation at leading order, instead of
solving the fully relativistic Boltzmann equation.
The total dark matter density of the mixed (i.e. cold plus warm) fluid can be written
as
ρ(x) = ρC (x) + ρW (x),
(2.5)
where ρc (x) and ρw (x) refer to densities of the cold and warm component respectively. Using
¯
¯
the dimensionless density parameter, δ ≡ ρ−ρ̄
ρ̄ , and defining fC ≡ 1 − fW it follows
δMDM = f¯W δW + f¯C δC .

(2.6)

By taking the ensamble-average over all k-modes of δ, h|δk |2 i, the power spectrum of the
mixed dark matter fluid can be entirely expressed in terms of f¯W / f¯C and the CDM power
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spectrum1 ,
2
PMDM (k) = f¯W
PWDM (k) + f¯C2 PCDM (k)
+ 2f¯W f¯C PC,W (k)
h
i
2 2
2
= f¯W
rW + f¯C2 rC
+ 2f¯W f¯C rW rC PCDM (k)
2
= TMDM
(k)PCDM (k),

(2.7)

where we have introduced the ratios
rC (k) ≡

δW (k)
δC (k)
and rW (k) ≡
.
δCDM
δCDM

(2.8)

In order to set up initial conditions with a power spectrum for both the cold and the
warm component individually, we also have to account for the interference term in Eq. (2.7).
This can be achieved by solving the linearized Newtonian perturbation equations for a dark
matter fluid consisting of a cold and a warm dark matter particle2 (e.g. [51]):
i
ȧ
4πGρ0 h ¯
¯C δC
δ̈C + 2 δ̇C =
f
δ
+
f
W
W
a
a3
i
2 2
4πGρ0 h ¯
ȧ
¯C δC − k σ0 δW ,
f
δ
+
f
δ̈W + 2 δ̇W =
W
W
a
a3
a4

(2.9)

where the derivatives are with respect to cosmic time and σ0 is the rms velocity dispersion of
the warm component. Following [50], the velocity dispersion of the WDM particle at redshift
z can be expressed as
Ω
 1  h  2  1.5  1  keV  4
v0 (z)
3
3
3
WDM 3
km s−1 ,
= .012
1+z
0.3
0.65
gX
mWDM

(2.10)

and the rms velocity is σ0 = 3.571v0 . gX in Eq. (2.10) is the number of degrees of freedom
and can, for a generic thermal candidate, be set equal 1.5 [50]. Rewriting Eqs. (2.9) as a
function of the scale factor,
i
3 0
9πGρ0 h ¯
¯
δC =
f
δ
+
f
δ
W W
C C
2a
a2
h
i 9 k2 σ2
9πGρ0 ¯
3 0
00
0
¯
=
δw ,
δW
+ δW
f
δ
+
f
δ
W W
C C −
2a
a2
4 a3
00
δC
+

(2.11)

a direct way to solve the above set of coupled differential equations is provided. The derivatives are now with respect to the scale factor. In the Newtonian approximation, dark matter
perturbations do not have a significant growing solution before matter-radiation equality. We
therefore choose aeq as the initial epoch for solving Eqs. (2.11) numerically. For adiabatic
fluctuations, linear theory allows us to calculate the density contrast δk (aeq ) to some time a
(in our case the starting redshift of the simulation), via a transfer function T (k),
δ(k, aIC ) ∝ T (k)δ(k, aeq ).
1

(2.12)

We again want to emphasise that this is only true in linear perturbation theory, neglecting all higher order
interaction terms.
2
For simplification we assume that the baryonic density perturbations follow those of cold dark matter.
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Figure 2. Comparison between an empirical fitting function (solid black line, see Eq. (2.14)) for the
plateau of the mixed dark matter transfer function and the one based on our two fluid approach (red
squares).

It is straightforward now to calculate transfer functions for the cold and the warm component
individually in such a way, that the power the of CDM model can be transformed into any
mixed dark matter scenario:
C,W
2
2
(k) = PCDM (k) · TC,W
(k) ' PCDM (k) · rC,W
.
PMDM

(2.13)

The above equation now provides an easy method to setup initial conditions for cosmological
simulations. To test the validity of our simplistic approach, we make use of the fact that
the mixed dark matter transfer function reaches a constant plateau at high values of k, fully
determined by the fraction f¯W and compute Tplateau at k = 103 h/Mpc for a set of different
values of the warm dark matter fraction. Fig. 2 shows the comparison between our results
(red squares) and an empirical fitting function of [46] (black solid line), describing a full
Boltzmann code calculation for a mixed dark matter fluid. It is given by
Ω
−(3/4)f¯W
m
Tplateau = (1 − f¯W ) ·
,
(2.14)
g(a0 )
Ωr

where g(a0 ) is a function of the energy density content of the universe (see [46] for details). It
is evident that for small amounts of WDM the linearized approach slightly overestimates the
exact value of Tplateau , whereas it slightly underestimates Tplateau when the warm component
is dominant. However, this effect is extremely small, so it is sufficient to set up initial
conditions for numerical simulations based on the procedure described above.
Fig. 4 shows the effective initial power spectrum, calculated via Eq. (2.7), for all
different cosmologies used in this work (see Table 1 for details). It is important to note
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Figure 3. Density maps of the refined Milky Way haloes at redshift zero (R = r200 ). From left to
right: CDM, WDM 2keV and the most extreme mixed dark matter simulation f20 - 0.1keV.

that Fig. 4 shows the power spectra for the mixed, i.e. cold plus warm fluid. Our initial
conditions are set up by using the individual transfer function for each component separately
(illustrated in Fig. 1).
2.2

Simulations

All numerical simulations have been carried out using the treecode pkdgrav [52]. We perform six different mixed dark matter cosmologies as well as a pure CDM and a pure WDM
simulation with a particle mass of mwdm = 2keV. Our initial conditions are based on the
WMAP7 cosmological model [53]: σ8 = 0.8, h = 0.7, Ωdm = 0.227, Ωb = 0.046, ΩΛ = 0.727,
ns = 0.961 and are created with a parallel version of the GRAFIC package [54].
To begin with we run large scale simulations of two merged cosmological boxes with
Lbox = 40Mpc, all together using 2 × 2563 particles. The merging of two boxes represents
the mixture of the cold and warm component3 and is accomplished by offsetting one of the
boxes by half the mean interparticle separation in each direction, to ensure that particles
do not lie on top of each other. The initial conditions for all eight simulations have been
created using identical random seeds. We then select an isolated, Milky Way sized halo of
mass M ∼ 1012 M and re-run it at 83 higher mass resolution, leading to a dark matter
particle mass of mp = 1.38 × 105 M and a physical gravitational softening of 355 pc in the
refined region. The high resolution run was performed by a single level of spatial refinement,
so in order to avoid mixing of heavy particles in the final halo, the Lagrangian region was
chosen to be 3 × R200 of the original selected object. The total number of high resolution
particles within R200 of the refined halo depends on the cosmological model, but is of order
107 . Details of the simulations are listed in Table 1.
The amount of cold and warm particles in the simulation is the same (2×2563 ) and their
masses are set by the fraction f¯C,W , i.e. they differ for f¯C,W 6= 0.5. In order to avoid mass
segregation as much as possible, the two particle species have different softening lengths,
proportional to the fraction f¯C,W [55],
1/3
warm = 0 · f¯W ,
3

1/3
cold = 0 · f¯C ,

(2.15)

We also choose that approach for the pure CDM & WDM simulations in order to have a one to one
correspondence in the final halo.
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Figure 4. Effective initial linear power spectra of all mixed dark matter fluids.
Table 1. Details of the simulations. R200 and N200 are measured with respect to 200 times the
critical density.

Label
CDM
f05-0.05keV
f05-0.1keV
f20-0.1keV
f20-0.3keV
f50-0.3keV
f80-1keV
WDM

mWDM
[keV]
0.05
0.1
0.1
0.3
0.3
1.0
2.0

f¯W
[%]
0
5
10
20
20
50
80
100

z=99
σth
[km s−1 ]
0
82.1
32.6
51.7
11.9
16.2
3.8
1.6

R200
[kpc]
367
362
368
365
368
367
368
367

N200
[×106 ]
9.88
8.98
9.46
8.49
9.20
9.01
8.69
9.04

where 0 is chosen to be 1/50 of the mean inter-particle separation. Different gravitational
softening lengths can in principle lead to a non conservation of momentum. However, pkdgrav solves this problem by a symmetrization of forces at all times.
The internal structure of dark matter haloes is influenced by thermal motion of warm
dark matter particles [45]. We add a thermal velocity component to all warm particles,
computed as a function of the particle mass according to Eq. (2.10) [50]. We follow the
procedure described in Ref. [45], i.e. creating a three dimensional set of Gaussian randomly
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distributed velocities corresponding to the three velocity components of each particle and
adding them to the Zeldovich velocities at initial redshift, z = 99. The variance of the
distribution is dependent on the cosmology and is calculated via σ(z) = 3.571 × v(z).

3

The Inner Halo Structure

An important characteristic of any non-standard cosmology is the possibility to obtain cored
density profiles. In the following we present the measured densities as well as the pseudo
phase space densities of the different Milky Way halo realizations. To illustrate the effect
of cosmologies with non-zero free streaming, our refined Milky Way halo is shown in Fig. 3
for three different cosmologies: CDM, WDM 2keV and our most extreme mixed dark matter
model, i.e. f20 - 0.1 keV. The effect on the substructure number density is clearly visible.
3.1

Density Profiles

All density profiles of the simulations at redshift z = 0 listed in Table 1 are shown in Fig.
5. While the CDM halo shows the usual cuspy behavior in the central region4 , a flattening
becomes noticeable in all cosmologies containing a certain fraction of warm dark matter. The
central densities in the innermost regions are damped by at least 20 per cent, even if the
warm component is subdominant. In the f20 - 0.1 keV model a strong flattening is already
evident at r ∼ 10 kpc.
In principle all mixed dark matter models can be brought into a hierarchical structure,
ordered after its free streaming length. Considering a thermal relic with a Fermi-Dirac
distribution and from the requirement to provide a correct dark matter abundance, it can be
shown that the effective free streaming scale λ is proportional to the fraction of warm dark
matter times the average thermal velocity of the warm component [56]:
 f¯
4/3
W
λ∝
.
mWDM

(3.1)

The most extreme simulation according to Eq. (3.1), i.e. f20 - 0.1 keV, indeed shows the
largest flattening of the inner density profile. However, the density profiles of all other
cosmologies are not uniquely determined by Eq. (3.1), which should only be interpreted as a
proxy for an effective free streaming of the combined, i.e. cold plus warm, mixed dark matter
fluid.5
Fig. 6 shows the time evolution of the density profiles from redshift z = 1 until today. In
all cosmologies, the halo has already fully virialized at redshift z = 1 and also the flattening
of the inner density profile does not substantially evolve until z = 0. The profiles only show
little evolution in the outer parts between redshifts z = 1 and z = 0, mostly due to infall of
larger subhaloes. Fig. 7 shows the density profiles of each component. Fixing the amount
of warm dark matter (f¯W ), and at the same time varying its mass, creates large differences
in the warm component. It differs by almost a factor of two at r ≈ 1 kpc, while there are
almost no differences the cold component. The outer part (r & 40 kpc) of the halo on the
other hand is independent of the WDM mass and is mostly determined by the fraction f¯W .
4

For completeness, we fitted the CDM run with three different fitting functions, of which the Einasto profile
provides the highest accuracy. The best fit is skipped in Fig. 5 for the purpose of simplicity.
5
This hierarchy is more apparent in the mass function, since the number density of collapsed objects is
strongly dependent on the cutoff scale of the matter power spectrum, which in turn is a result of free streaming
effects in the early universe.

–9–

Figure 5. The spherically averaged density profiles of the Milky Way sized halo in all eight cosmologies at redshift z = 0. The data point represents the most recent value for the local dark matter
density [57], i.e. ρ = 0.008 ± 0.002 M pc−3 .

This is even true in the case for a warm dark matter dominated MDM model (see f80 - 1keV
in Fig.7). For comparison, Figs. 5 & 7 show a estimated local dark matter density [57]. The
total dark matter density profiles of all models lie in the same range as the measurements of
the local density.
3.2

Pseudo Phase Space Density Profiles

As pointed out by earlier works (e.g. [45, 58] and references therein), the formation of a core
is related to the presence of a maximum in the phase space density distribution. It is useful
to introduce the pseudo phase space density [59], Q ≡ ρ/σ 3 , where ρ is the dark matter
density and σ is the velocity dispersion. When Q is measured in CDM simulations, it usually
follows a power Q(r) ∝ r−α , with 1.8 . α . 1.95. Fig. 8 shows the pseudo phase space
densitiy Q for all the mixed models as well as the pure CDM and the pure WDM case. Some
of the models deviate from the power law behaviour (α ≈ 1.9) only in the very central region
of the halo. [45] showed that a core comparable with observations is only created in a pure
warm dark matter scenario with a mass particle candidate, which is in conflict with recent
Lyman-α forest data. Since we only ran a limited set of C+WDM simulations, we cannot
tackle the question of whether or not such mixed dark matter models can be used to solve
the cusp-core problem.
Fig. 9 shows the time evolution of the pseudo phase space density component-bycomponent for our most extreme model, i.e. f20 - 0.1 keV. The black solid line represents Q of
the cold component in the initial conditions (z = 99), the black dashed line the corresponding
warm component. The black triangles on the other hand refer to the total pseudo phase space
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Figure 6. Redshift evolution of the density profiles of all six mixed dark matter cosmologies. For
a better understanding, only the density profile on top (f05 - 0.05keV) is plotted in physical units
whereas the subsequent profiles are each shifted by an additional factor of ten.

density in the initial conditions. It is evident that the warm component shows little evolution,
whereas the cold component drops by almost five orders of magnitude.
3.3

Local Dark Matter Densities

Unlike the C+WDM simulations in [46, 49], where every simulation particle represents the
mixture of both species, our numerical approach allows us to investigate the composition of
the local dark matter in a general C+WDM scenario. Let us define the local density ratio of
either the cold or the warm component,
fi (r) ≡

ρi (r)
, i = C, W.
ρC (r) + ρW (r)

(3.2)

Fig. 10 shows the contribution of WDM to the local dark matter density as a function of
galactocentric distance, normalized to the universal fraction of warm dark matter, i.e. (fW
/ f¯W ). This quantity is found to be independent on f¯W , but to dependent strongly on the
warm dark matter mass. The dashed vertical line in Fig. 10 further shows the position of
the sun in the Milky Way and the black solid lines refer to an empirical fitting formula for
the normalized local WDM fraction, given by
h
 keV 2  kpc i−1
F(m, r) = 1 + ξ ·
.
mWDM
r

(3.3)

Using the Levenberg-Marquart method, we found that ξ = 0.008 fits all C+WDM models
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Figure 7. Density profiles of the mixed dark matter models, subdivided into the cold (solid) and the
warm (dashed) components. For comparison, the most recent value for the local total dark matter
density [57] is plotted.

simultaneously with high accuracy. The deviations at small radii are probably due to higher
order effects.
We want to emphasize that Eq. (3.3) is explicitly valid only for a Milky Way size dark
matter halo, since we expect the radial evolution of the warm/cold ratio to be dependent on
the halo mass. In a pure warm dark matter cosmology, assuming isothermal density profiles,
there is a dependence between halo mass and the expected core radius due to free streaming
−1/6
[44, 45], rc ∝ σ −1/2 ∝ Mhalo . We therefore expect the local density ratio at a fixed radius to
be closer to the universal value when moving from Milky Way to cluster sized dark matter
haloes. Additional simulations of dwarf (1010 M ) and cluster (1014 M ) haloes are planned
and will allow to quantify the halo mass dependence of these density ratios in detail.

4

Implications for Dark Matter detection experiments

Astroparticle searches for dark matter particles can be broadly divided into direct and indirect
searches (see [60–64] for recent reviews). In this section, we discuss the implications of our
results for both detection strategies.
Direct dark matter searches aim to detect the recoil energy of detector nuclei struck by
DM particles, assumed to be in the form of Weakly Interacting Massive Particles (WIMPs),
a prototypical example of CDM candidates. The expected rate of events R is proportional
to the product of the scattering cross section of WIMPs off baryons σcn times the flux of
CDM particles through the detector, which in turn is proportional to the local dark matter
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Figure 8. Pseudo phase space densities of all mixed dark matter cosmologies, as well as the pure
CDM and WDM simulations.

density, therefore
R ∝ σcn ρC, .

(4.1)

In the literature, it is often assumed that ρC, = ρDM, , i.e. that CDM completely saturates
the measured DM density ρDM, ≈ 0.3 GeV cm−3 (see [21, 57, 65, 66, 68, 69] or a discussion
of uncertainties on this quantity). This corresponds to the assumption that all the dark
matter in the solar neighborhood is in the form of CDM particles, fC, = 1. As we have
seen, however, dark matter could in principle be made of a mixture of particles, in which
case this assumption is explicitly violated.
This is particularly important at a time when the Large Hadron Collider (LHC) is
probing the parameter space of some of the most popular candidates for dark matter, such
as the supersymmetric neutralino. In case of discovery, the question of whether the newly
discovered particles compose all of the DM in the Universe can probably be answered only
through a combined analysis that also includes direct and/or indirect detection experiments
[63].
In order to combine LHC and direct detection data one can follow two strategies [70].
The first is to identify CDM with DM locally and on average in the Universe. Since the aim
of the analysis is to prove that the new particles compose all of the DM in the Universe, this
analysis is clearly not satisfactory and it can at best provide a consistency check for a DM
interpretation of LHC data.
To go beyond these simplistic assumptions, one can make the much less stringent ansatz
fC, = f¯C [70], which corresponds to assume that the fraction of CDM is the same locally as
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Figure 9. Redshift evolution of the phase space densities for each the cold and the warm component.
Shown is the example of our most extreme model, i.e. f20 - 0.1 keV Mixed Dark Matter.

on average in the Universe. The rate of events can therefore be written as
R ∝ σcn ρC, = σcn ρ fC, = σcn ρ f¯C

(4.2)

Since this assumption proves to be very effective in breaking the degeneracies in the parameter estimations of DM properties for combined LHC/direct detection searches, it is worth
understanding the limits of its applicability to the problem at hand in light of the results
discussed in the previous section.
In the limit where the two (or more) components of dark matter are perfectly cold, one
does not expect any deviations from the scaling ansatz above, since the two components are
perfectly mixed in galactic halos down to the smallest scales. The results of our simulations
allow us to precisely identify the regime where the fC (r)/f¯C starts to deviate from unity, i.e.
when the scaling ansatz fails. Fig. 10 accurately provides this information, since it shows
the behavior of this ratio as a function of the mass of the warm component and the distance
from the galactic center.
In Fig. 10 we observe deviations from perfect scaling at the solar radius by up to 30%
for our models, although even larger deviations are possible (see Eq. (3.3)). Therefore, using
the scaling ansatz introduces a significant systematic uncertainty and one should use Eq.
(3.3) for a better estimate of the local densities. We also stress that the presence of a WDM
component always leads to the inequality fC ≥ f¯C .
As for indirect detection, which is based on the observation of the annihilation or decay
products of DM particles, we find as expected opposite effects on strategies for WDM and
CDM searches. As we have seen, in fact, the joint evolution of these two components tends to
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Figure 10. Local warm dark matter contribution normalized to the universal WDM fraction. The
solid black lines show the fitting function of Eq. (3.3). The dashed line indicates the position of the
sun in the Milky Way (r ≈ 8 kpc).

increase the relative contribution of CDM over WDM inside virialized structures. The specific
enhancement (reduction) of gamma-ray (X-ray) fluxes expected from the annihilation (decay)
of CDM (WDM) particles depends on the specific observational target and on the properties
of the WDM component, and it is outside the aim of this paper. We limit ourselves here to
notice that since all annihilation fluxes scale with the square of the number density of CDM
particles, the predicted annihilation radiation depends strongly on the specific behaviour of
fC (r) in the virtualized halo under consideration.

5

Summary and Conclusion

We have performed a set of high resolution simulations of a Milky Way sized halo in different
C+WDM cosmologies, varying the fraction and the mass of the warm component. For each
run we therefore set up initial conditions, consisting of two distinct sets of dark matter
particles, each species initialised with the corresponding modified matter power spectrum.
This procedure enables us to track the density profiles of each component and to test the
scaling ansatz, i.e. how the density ratio of the cold and warm components changes as a
function of distance to the galactic center. We find:
• The transfer functions of the cold and the warm component in a general C+WDM
cosmology are strongly correlated. Unlike in pure WDM, where T (k) rapidly drops
to zero after the cutoff, the presence of a cold component also stabilises the warm
component and it approaches a constant plateau at high k. This leads to non negligible
power in the warm dark matter component even at the smallest scales.
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• Due to thermal velocities of the WDM particles, all mixed dark matter scenarios in
this work show significantly reduced total dark matter densities in the halo center. The
density profile of our warmest model, i.e. the f20 - 0.1 keV, shows a reduced density
already at large radii (8 kpc) and a possible hint of a flat core in the very inner region
(∼ 1 kpc).
• The assumption that the fraction of any component in a mixed dark matter model is
the same locally as on average in the Universe, is violated in some of the scenarios. The
presence of a warm dark matter component leads to the inequality fW ≤ f¯W (fC ≥ f¯C ).

• The normalised WDM fraction (fW (r) / f¯W ) is proportional to the squared mass of
the WDM particle and it is practically independent on f¯W . This is surprising, since
mWDM is responsible for the cutoff of the linear C+WDM power spectrum, whereas
the fraction determines the plateau at small scales.
• In absence of further information on the nature of any dark matter component, our
results on the local density introduce systematic uncertainties in the data analysis of a
combined, i.e. accelerator plus direct detection, dark matter search.
• For the interpretation of dark matter search data in generic mixed dark matter cosmologies one should use Eq. (3.3) instead of the scaling ansatz, i.e. fC/W, = f¯C/W .
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6
PAPER IV: H INTS ON THE
N ATURE OF D ARK M ATTER
In the third paper of the mid part, all cosmological models considered in this thesis (i.e. CDM, WDM & CWDM) are probed via a multi-dimensional substructure
analysis. The best small scale constraints so far on the nature of the dark matter
particle comes from observations of the Lyman-α forest. However, as we will show
in this work, a detailed comparison between observed Milky Way dwarf galaxies and
simulated subhalos allows to probe dark matter models on even smaller scales and
excludes a range of cosmologies which still pass current Ly-α constraints.
This paper has been published in 2013 in the Journal of Cosmology and Astroparticle Physics [28].
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Abstract. The nature of dark matter is still unknown and one of the most fundamental
scientific mysteries. Although successfully describing large scales, the standard cold dark
matter model (CDM) exhibits possible shortcomings on galactic and sub-galactic scales. It
is exactly at these highly non-linear scales where strong astrophysical constraints can be set
on the nature of the dark matter particle. While observations of the Lyman-α forest probe
the matter power spectrum in the mildly non-linear regime, satellite galaxies of the Milky
Way provide an excellent laboratory as a test of the underlying cosmology on much smaller
scales. Here we present results from a set of high resolution simulations of a Milky Way
sized dark matter halo in eight distinct cosmologies: CDM, warm dark matter (WDM) with
a particle mass of 2 keV and six different cold plus warm dark matter (C+WDM) models,
varying the fraction, fwdm , and the mass, mwdm , of the warm component. We used three
different observational tests based on Milky Way satellite observations: the total satellite
abundance, their radial distribution and their mass profile. We show that the requirement of
simultaneously satisfying all three constraints sets very strong limits on the nature of dark
matter. This shows the power of a multi-dimensional small scale approach in ruling out
models which would be still allowed by large scale observations.
Keywords: cosmological simulations, dark matter theory
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1

Introduction

On large scales cold dark matter (CDM) predictions agree very well with galaxy clustering
surveys such as the Sloan Digital Sky Survey (SDSS) [1] and 6dF1 [2]. On galactic and subgalactic scales some tension between observations and numerical CDM simulations appears
and hence there are a some small scale challenges for the CDM paradigm. In the following
we want to emphasize three issues discussed in the literature. The first one is the so called
core/cusp problem: the estimated mass profiles of dark matter haloes inferred from observations are mostly consistent with constant density cores [e.g. 3–7], whereas simulations of
CDM haloes tend to produce cuspy inner density profiles [e.g. 8–10]. The second concern is
the overabundance of small substructure in Milky Way sized dark matter halos when compared with observed ultra-faint satellite galaxies [11, 12, 15, 55–57]. A third issue is that
several of the most massive CDM subhalos seem to be too concentrated in order to host the
brightest observed satellite galaxies. The ΛCDM model predicts the existence of large, dark
galactic subhalos, which seem to be ”too big to fail” to form a dwarf galaxy [e.g. 13–16].
Even though several baryonic solutions have been proposed to solve at least some of
the inconsistencies mentioned above [e.g. 17, 72, 73], it is worth exploring alternative, nonstandard scenarios. If the dark matter particle is much lighter (with a mass in the keV region)
than its CDM counterpart, it decouples from the hot plasma in the early Universe when it
is still relativistic. Hence, dark matter particles are able to free-stream until relatively late
times, washing out small density perturbations and suppress the formation of structure below
a characteristic scale (which is denoted as the free streaming scale, λfs ). Such dark matter
models are named Warm Dark Matter (WDM) [e.g. 18, 19, and references therein]. Typical
candidates are gravitino [20–22] and sterile neutrino like particles [e.g. 23–25].
Another viable solution is to assume that the total dark matter density is made of a
mixture of cold plus warm dark matter (C+WDM) [26–29]. In addition to the mass of the
warm particle, these class of models are also characterised by the fraction of warm to cold
dark matter, i.e.
ΩWDM
ΩWDM
fW =
=
.
(1.1)
ΩWDM + ΩCDM
ΩDM
1

The SDSS and 6dFGS databases can be found on http://www-wfau.roe.ac.uk/6dFGS/ and
http://www.sdss.org/ respectively.
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Although afflicted with large uncertainties, currently, the best way to distinguish between
CDM and non-standard models is to analyse data from the Lyman-α forest [for a review see
30]. As we will show in this work, a dark matter model, even when not ruled out by Ly-α
physics, still has to pass a series of test on much smaller scales: in order to be hosts of the
brightest Milky Way satellites, subhalos in a galaxy-sized dark matter halo should be in line
with observations in terms of their abundance, radial distribution and mass profiles.
This paper is organised as follows. Section 2 provides a brief summary of the techniques
we used for computing the transfer function for mixed dark matter models as well as an
overview of our numerical simulations (see also [31] for more details). Section 3 shows the
results of our subhalo analysis: subhalo abundance, radial distribution and mass profiles are
compared with observed satellite galaxies. A discussion and conclusion is presented in section
4.

2

Cosmological Models and N-body Simulations

In this section we briefly introduce the cosmological models used in this work, as well as
the simulation details. Besides the conventional cold dark matter paradigm, we run a warm
dark matter cosmology with a particle mass of 2 keV as well as six different cold plus warm
dark matter (C+WDM) cosmologies. It should be emphasized that all non-standard models
except two (f20 - 0.1keV & f50 - 0.3keV) lie within the two sigma range of validity for Ly-α
forest constraints [see e.g. 27, for recent constraints].
A generic C+WDM model is described by the mass of the warm particle, mWDM , and
the fraction of warm to cold dark matter, fW (see eq. (1.1)). We have chosen a set of six
mixed dark matter models by scanning through the fW - mWDM parameter space. In order
to isolate effects coming from either the fraction or the mass, in some of the models only one
of the parameters is changed. Unlike the numerical C+WDM realisations in [27, 29], where
every particle in the simulation represents the mixture of both species, our two particle
species approach allows us to distinguish the cold and warm components (similar as for
example in SPH simulations containing baryons). The initial conditions are set up using two
cosmological boxes, one containing only cold particles, the other only warm particles, and
merging them with an offset of half a grid cell in each dimension. A detailed description
of the numerical methods is provided in section 2 of [31], hence in the following we just
briefly sketch the simulation procedure and the implementation of the corresponding transfer
functions. At first, we run large scale simulation boxes with length of 40 Mpc with a total
particle number of 2 × 2563 . The transfer functions of the non-CDM models, representing
small scale suppression, can be written as
T 2 (k) =

Pα (k)
,
PCDM (k)

α = {WDM, C+WDM}.

(2.1)

For the pure WDM run, we used the fitting formula suggested by [32],

2ν −10/ν
TWDM (k)2 = 1 + αk
,

(2.2)

where ν = 1.12 and α is a function of the warm dark matter particle mass. In the mixed
dark matter case, we made the simplistic assumption that the universe is filled with a dissipationless, coupled cold plus warm dark matter fluid and numerically solved the basic
hydrodynamical equations of Newtonian physics. Linear theory then allows us to connect
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Figure 1. Left panel: set of N-body simulations in the fW - mWDM parameter space. Green stars
denote mixed dark matter simulations whereas red stars are pure cold (fW = 0) and pure warm
(fW = 1) dark matter simulations respectively. Right panel: matter power spectrum of all simulated
models with increasing fW from top to bottom (at large k).

Table 1. Details of the simulations. R200 , N200 and M200 are measured with respect to 200 times
the mean matter density.

Label
CDM
f05 - 0.05keV
f05 - 0.1keV
f20 - 0.1keV
f20 - 0.3keV
f50 - 0.3keV
f80 - 1keV
WDM

mWDM
[keV]
0.05
0.1
0.1
0.3
0.3
1.0
2.0

f¯W
[%]
0
5
5
20
20
50
80
100

z=99
σth
[km s−1 ]
0
82.1
32.6
51.7
11.9
16.2
3.8
1.6

R200
[kpc]
367
362
368
365
368
367
368
367

N200
[×106 ]
9.88
8.98
9.46
8.49
9.20
9.01
8.69
9.04

M200
[1012 M ]
1.36
1.24
1.31
1.17
1.27
1.24
1.20
1.25

density contrasts between two epochs (i.e. matter-radiation equality and the starting redshift
of the simulations) via a mixed dark matter transfer function T (k) [see 31, for details]. The
right panel in figure 1 shows the linear power spectrum at the starting redshift of our simulations zIC = 99. Unlike the pure WDM case, where the linear power rapidly drops to zero, the
linear power spectrum in mixed dark matter models stabilizes due to the presence of a cold
component and approaches a constant plateau with a characteristic height only dependent on
the fraction fW . All simulations have been performed with the parallel treecode pkdgrav,
written by Joachim Stadel and Thomas Quinn [33]. Initial conditions are generated with a
parallel version of the GRAFIC package [34] and are based on the cosmological parameters
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Figure 2. Projected density maps of the refined Milky Way sized halo, varying the cosmology. Each
box shows a sphere with radius r200 . Top row from left to right: CDM, WDM 2keV, f05-0.1keV,
f20-0.3keV. Bottom row from left to right: f80-1keV, f05-0.05keV, f50-0.3keV, f20-0.1keV.

taken from WMAP7 [35]: σ8 = 0.8, h = 0.7, Ωdm = 0.227, Ωb = 0.046, ΩΛ = 0.727 and
ns = 0.961. For the sake of completeness, figure 1 shows the resulting grid of high resolution
N-body simulations.
In a second step we selected an isolated and Milky Way sized (∼ 1012 M ) halo at
redshift z = 0 and re-simulated a Lagrangian region of 3 × R200 of the original object at 83
times better mass resolution. This leads to a particle mass of mp = 1.38 × 105 M and a
gravitational softening of 355 pc in the refined region.
Finally, subhalos in all refinement runs are identified using 6dFoF [37], a phase-space
extension of the well known FoF method. The minimum number of particles in a subgroup
is set to Nmin = 64. The subhalo properties such as mass and maximum circular velocity are
computed with a profiling routine that takes the phase-space coordinates of 6dFoF as input.
Details can be found in [38]. An overview of all six mixed dark matter simulations and the
corresponding pure CDM and pure WDM runs can be found in table 1; the projected density
maps are shown in figure 2.
Thermal Velocities and Artificial Structure
Due to a decoupling when still relativistic, WDM particles are expected to retain a thermal
motion that is assumed to influence the internal structure of dark matter haloes [e.g 10, 36,
and references therein]. We therefore added a thermal velocity component to all WDM
particles on top of the Zeldovich velocities at the starting redshift zIC = 99, by following
the method presented in refs. [10, 31]. However, evidence suggests that large streaming
velocities give rise to artificial small scale power [39, 40]. In order to quantify the influence
of thermal velocities on our results, we rerun one of the most extreme simulations, i.e. f500.3keV, without additional thermal motion. The dashed lines in figures 3 and 5 indicate that
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additional streaming velocities corresponding to the cosmologies at hand only impact scales
below our resolution limit and do not change any of the results presented in this work.
Moreover, simulating cosmologies with a cutoff in the power spectrum leads to spurious
halo formation at small scales [41]. These artifacts usually form in filaments, but they may
fall into larger halos and artificially enhance the substructure abundance. For the WDM run
we can easily estimate the typical scale where spurious structure formation starts to occur.
An extrapolation from measurements of Schneider et al. (2012) [19] leads to approximate
mass constraint of M ∼ 108 M , above which no artificial halos are expected to form. Here
we have taken into account the fact that M ∝ L/N 1/3 , where L is the box size and N is
the particle number of the simulation. This estimated constraint roughly corresponds to our
resolution limit, we therefore do not expect a significant amount of spurious structures that
would change our results. For the MDM runs we do not expect spurious halos to form because
there is a step and no cutoff in the linear power spectrum (see figure 1). This means that
both dark matter fluids have physical power on all scales, which triggers physical collapse
and the formation of real structure.

3

Subhalos in C+WDM

Dark matter subhalos have implications for both dark matter detection and satellite galaxy
properties [see e.g. 42, 43, for recent reviews]. Here we present the abundance, spatial distribution and mass profiles of subhalos. Comparing all of these quantities with observations of
satellite galaxies provides a solid test of the underlying cosmology.
Some models of galaxy formation connect the most massive subhalos at redshift z = 0
with the most luminous dwarf galaxies observed in the Milky Way [e.g. 44, 45]. However,
since subhalos undergo tidal stripping that can lead to a substantial mass loss after infall,
more recent studies suggest that the most luminous Milky Way dwarfs should actually be
linked to the most massive subhalos at the time of accretion [e.g. 46–48].
Instead of halo and subhalos masses we use the maximum circular velocity, vmax 2 , which
is a well defined proxy for halo and subhalo size and easy to determine accurately from cosmological N-body simulations (both at z = 0 and at infall). Extracting the maximum circular
velocity at the time of accretion (vpeak ≡ vmax (zinfall )) for each halo is computationally more
expensive than just taking the corresponding value at redshift z = 0 (i.e. vmax (z = 0)), since
it requires the assembly of a merger tree.
In appendix A we present a simple method how to compute an estimate for vpeak =
vmax (zinfall ) of a subhalo, based on its present-day properties alone (vmax (z = 0) and binding
energy). Although afflicted with some scatter, it turns out to be a useful estimator for
the maximum circular velocity at infall and provides quick method for a comparison with
observational data. For the following analysis, we will make use of two selection criteria,
vmax and vpeak , whenever comparing with observational data.
3.1

Abundance

In the past years, the SDSS survey has lead to the discovery of more than 10 new very
faint satellites [e.g. 49, 50]. This has allowed the possibility to extend (or circular velocity)
the comparison between simulations and observations to lower masses (or circular velocity)
[54]. The left panel of figure 3 shows the subhalo mass function, the right panel shows the
2

The maximum circular velocity is defined at that radius rmax at which vc =
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p
GM (< r)/r gets maximised.

Figure 3. Subhalo abundances in all cosmologies, represented as a function of subhalo tidal mass
(left panel) and as a function of the maximum circular velocity vmax at redshift z = 0 (right panel).
Estimates for the vmax of the host subhalos of the Milky Way satellite galaxies are shown for comparison (open circles, right panel) [13, 52, 53]. Note that converting from the observed stellar kinematics
to the much larger scale of vmax introduces large uncertainties and relies on CDM subhalo scaling
relations [54]. In addition, the right panel also shows the subhalo velocity function in the f50-0.3keV
model without thermal velocities (green dashed line). No striking differences are evident.

cumulative velocity function for all subhalos with a value of vmax > 9 km s−1 (which is
approximately the resolution limit of the CDM reference simulation), as well as a sample of
observed Milky Way satellites (black open circles). When representing the subhalo abundance
as a function of tidal mass, most of the non-standard models closely follow the CDM case. On
the other hand, plotting the subhalo abundance as a function of vmax , the differences get larger
since vmax is sensitive to the concentration of the subhalo. The observation sample consists
of both classical and SDSS satellites, though for the latter, we included a completeness
correction since the SDSS only covers about 28 per cent of the sky. Whereas the CDM
cumulative velocity function is well approximated by a power law [e.g. 58, 59],
N (> vmax ) ∼ (vmax /vmax,host )−3 ,

(3.1)

all cosmologies containing some fraction of warm dark matter exhibit a reduced total abundance of substructure (and therefore a shallower velocity function) due to the lack of power
on small scales. As shown in [31], a generic mixed dark matter cosmology containing a thermal WDM candidate can be brought into a hierarchy according to its effective free-streaming
length, i.e.
 f
4/3
W
λeff
.
(3.2)
fs ∝
mWDM
Hence, the C+WDM models f20 - 0.1keV and f50 - 0.3keV are the most extreme in our
sample. This is not only apparent in the linear power spectrum (right panel of figure 1) but
also in the subhalo velocity functions and mass functions (orange and green solid lines): only
a few subhalos exist in galactic halos for these two models.
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For comparison, Figure 3 also shows the estimated vmax values for the observed Milky
Way satellite galaxies. Since the host subhalo rmax lies well beyond the satellites, these
estimates are very uncertain and it is more accurate to compare simulated subhalo mass
profiles with observations at much smaller radii [54], especially the half light radii [53], which
we will do in section 3.3. Using the approximate satellite galaxy vmax values for now, we
find that pure 2keV WDM scenario as well as the mixed dark matter models f80 - 1keV,
f20 - 0.3keV and f05 - 0.05keV reproduce the observed abundance quite well. In the pure
CDM and f05 - 0.1keV case, the classical problem of missing satellites is clearly visible and
some mechanism to suppress star formation in some fraction of these subhalos is required
to match the velocity function estimated from the observations. It is possible that with
increasing sensitivity of observational methods over the next several years, many more faint
and ultra-faints dwarfs will be detected, which might continuously close the gap between
the number of observed dwarf galaxies and simulated CDM subhalos [e.g. 60]. For a very
solid, conservative constraint on the underlying cosmology we therefore just demand that the
number of currently know satellites be comparable or larger than the number of subhalos in
the corresponding size range. This lower bound on the required subhalo abundance clearly
rules out the two extreme mixed models f20 - 0.1keV and f50 - 0.3keV.
3.2

Radial Distribution

The radial distribution of satellite galaxies provides another important observational constraint: it needs to be matched by any realistic set of subhalos selected from a cosmological
simulation in order to be possible hosts of the satellite galaxies. The free streaming effect in
warm dark matter models does not only suppress the subhalo abundance, but they are also
found to have later formation times and therefore lower concentrations when compared with
CDM [e.g. 14, 56]. Lower concentration subhalos are more affected by tidal mass loss and
less likely to survive in the inner halo, where some of the satellite galaxies are observed.
Figure 4 shows the normalised subhalo radial distribution of all six mixed dark matter
models as well as the two pure CDM and WDM runs. In the two panels on top, all subhalos
with maximum circular velocity vmax > 9 km/s (left) and vpeak > 13 km/s (right) are
used. The bottom panels only shows the 12 largest objects according to each of the two
selection criteria used above (vmax on the left and vpeak on the right) as well as the 12 most
luminous satellites observed. These consist of 11 classical dSphs (Sagittarius, LMC, SMC,
Ursa Minor, Draco, Sculptor, Sextans, Carina, Fornax, Leo II, Leo I) plus Canes Venatici I
with a luminosity comparable with Draco but only observed in the SDSS survey. The black
dashed line refers to the normalised mass distribution of the CDM halo.
As already mentioned, there is a theoretical motivation to believe that vpeak correlates
better with galaxy luminosity than vmax . We will therefore mainly focus on the bottom
right panel of figure 4. For small galactocentric distances (r . 100 kpc), the two models
containing only a small WDM fraction as well as the pure 2 keV WDM model match the
observed satellite distribution remarkably well. On the other hand, in mixed cosmologies
with larger free-streaming length, i.e. f20 - 0.1keV, f20 - 0.3keV and f50 - 0.3keV, none of
the 12 most massive subhalos reside on orbits close (r . 100 kpc) to the galactic center.
3.3

Mass Profiles

It was recently shown that internal structure and abundance of the bright Milky Way satellites
is not consistent with populating the largest CDM subhalos in main halos of Mvir & 1.7 −
2.0 × 1012 M [13, 15, 61]. To match the observations some of the largest, densest CDM
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Figure 4. Top: Normalised radial distribution of all subhaloes within R200 that have that have
vmax > 9 km/s (left) and vpeak >13 km/s (right) respectively. Bottom: Normalised radial distribution
of the 12 subhalos with the largest values of the maximum circular velocity, selected after vmax (left)
and vpeak (right). Moreover, the normalised mass distribution of the main CDM halo is shown in
both panels (black dashed line). The open circles refer the 12 most luminous satellites observed.
Horizontal error bars refer to observational uncertainties. Starting with the smallest distance those
are: Sagittarius, LMC, SMC, Ursa Minor, Draco, Sculptor, Sextans, Carina, Fornax, Leo II, Canes
Venatici I, Leo I (data taken from [13, 52, 53]).

subhalos would have to fail to form a luminous dwarf galaxy, which seems rather unlikely.
This issue has been quite accurately and very timely referred to as the ”too big to fail”
problem [13]. However, it turns out that most but not all of the halos in this mass range
do contain too many large subhalos [e.g. 62], which raises the question why the Milky Way
halo should be special. Since the discrepancy in the Via Lactea II simulation is only about a
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Figure 5. Circular velocity curves at redshift z = 0 for the 12 subhaloes that had the highest value
of vpeak . Measured vcirc (r1/2 ) values for the brightest dwarf galaxies of the Milky Way are plotted as
data points with error bars. In contrast to Fig. 4, LMC, SMC and Sagittarius are removed from the
sample. In all panels, the total mass distribution around the subhalo centers is plotted. The upturn
in some of the profiles is due to the transition into the mean halo background density. The additional
black dashed lines in the lower left panel show the f50-0.3 keV simulation without thermal velocities
(see Section 2).

factor of two in mass [15] rescaling this halo to a smaller virial mass of (M ∼ 0.8 × 1012 M )
would resolve the discrepancy (see also [e.g. 64–66]). However, even if the presence of two
massive objects as the Magellanic clouds [69] disfavour such a low halo mass for the Milky
Way, the exact virial mass of the galactic halo is still an ongoing debate and ranges from
M ∼ 0.6 × 1012 M up to M ∼ 1.9 × 1012 M [e.g. 63, 65, 67, 68].
Other ways to reconcile CDM with these constraints are discussed in the literature: For
example baryonic feedback processes or highly stochastic galaxy formation in the most dense
subhalos but it is currently unclear how plausible they really are [e.g. 61, and references
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therein].
Non-standard cosmologies like self-interacting, warm or mixed dark matter might provide a solution to this issue and they have recently attracted a lot of interest [e.g. 14, 31, 70].
Lovell et al. (2012) [14] have re-run the Aquarius A halo in a thermal 1.4 keV warm dark
matter cosmology. Indeed, they find that subhalos are not only less numerous but also less
concentrated (due to their later formation time) than their CDM counterparts. Therefore, a
WDM cosmology with a thermal dark matter candidate with a mass of roughly 2 keV does
not suffer from the ”too big to fail” problem.
Figure 5 shows the circular velocity profiles at redshift z = 0 for the 12 subhalos with
the largest value of vpeak for all cosmologies under consideration. As mentioned above, it is
evident that CDM predicts several subhalos which are too massive in order to be possible
hosts of the most luminous satellites. Due to the reduced power at small scales, structure
formation in all other cosmologies is delayed, leading to slightly smaller halo and subhalo
concentrations. When going towards models with increasing effective free streaming length
(from left to right and from top to bottom), the central masses of the subhalos are substantially lowered. While the pure 2 keV WDM, f05 - 0.05keV and f80 - 1keV models match the
observed satellite galaxies quite well, the remaining cosmologies, especially the two outlying
models f50 - 0.3keV and f20 - 0.1keV, fall into the other extreme: they do not produce enough
massive subhalos in order to host the observed satellite galaxies.

4

Discussion & Conclusions

So far, the best observational constraints on the non-linear matter power spectrum, and
therefore on the nature of dark matter are given by the Lyman alpha forest (Ly-α) [e.g. 32].
Assuming a pure warm dark matter cosmology, Ly-α analysis provide a lower bound on the
dark matter particle of roughly the order of one keV (strongly dependent on the production
mechanism). In this paper we have demonstrated how satellite galaxies of the Milky Way
with masses 10∼(7−9) M allow to test dark matter on even smaller scales than the Ly-α
constraints, i.e. we can probe (and rule out) free-streaming scales, which lie significantly
below the Ly-α constraints. Therefore, a detailed comparison between observations and
subhalos in a numerical simulation is a further powerful test to constrain the nature of dark
matter.
We have performed a set of of high resolution N-body simulations of a Milky Way sized
dark matter halo in a variety of cosmological models: CDM, WDM with a particle mass of 2
keV as well as six different mixed dark matter models (C+WDM) varying the fraction and
the mass of the warm component (see left panel of Fig. 1 for an overview). The most massive
subhalos in each simulation had then to pass three tests in order to be considered as a viable
cosmological model. They should simultaneously reproduce the abundance of satellites, their
radial distribution and their mass profile. Our findings can be summarised as follows:
• Comparing the subhalo abundance with observations only provides a lower bound on a
given cosmology in terms of its free streaming length. The number of subhalos in the
models f20 - 0.1keV and f50 - 0.3keV lies clearly below the observed satellite galaxy
abundance and therefore these models are ruled out. CDM and f05 - 0.1keV offer
more than enough subhalos and could match the observational counts if some strong
feedback mechanism suppresses galaxy formation in small halos, or in other words,
both these models may suffer from the well known ”missing satellites problem”. The
three remaining C+WDM models (f05 - 0.05keV, f20 - 0.3keV & f80 - 1keV) as well as
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the pure 2keV WDM model are in good agreement in the range vmax . 20 km/s, i.e.
they would produce a reasonable number of satellite galaxies, if each subhalo contains
a galaxy.
• Considering also the radial distribution of subhalos, two additional C+WDM cosmologies are at the borderline of being ruled out. The largest subhalos (selected at infall
time) of the models f20 - 0.3keV and f80 - 1keV reside almost entirely in the outer
regions of the main halo, while the satellite galaxies tend to follow the main halo mass
distribution. Also note that subhalo samples selected by their present (z=0) size are
ruled out in all cosmologies (including CDM), because such samples are far too extended
to match the observations.
• Incorporating also the mass profiles into the big picture, it seems that only the pure
WDM model with a 2keV particle is able to match the all observations. The CDM
halo and the f05 - 0.1keV halo contain several subhalos that are clearly too dense in
order to host the brightest satellite galaxies, i.e. they both suffer from the ’too big to
fail’ problem, but for the f05 - 0.1keV the discrepancy is much smaller. Model f80 1keV on the other hand, does quite well in the mass profile test, but it predicts a too
extended spatial distribution of satellite galaxies.
We can conclude that our detailed comparison between observations and subhalos rules out
a range of mixed C+WDM models (f20 - 0.3keV, f80 - 1keV and f05 - 0.05keV), which are
not excluded by the Ly-α constraints. The most stringent test comes from the subhalo mass
profiles (figure 5), which rules out four models because their subhalos are not dense enough;
and it challenges CDM, which has several subhalos which are too dense. One model (f80
- 1keV) gives an acceptable match in this test, but fails to match the radial distribution
of observed satellites. This illustrates that for the best, strongest constraints one has to
take into account both the densities and the radial distributions. The two tests are not
independent however: most models, which do not form dense enough subhalos (f20 - 0.3keV,
f05 - 0.05keV, f50 - 0.3keV and f20 - 0.1keV), also do not predict enough satellite galaxies in
the inner halo. That is not surprising, since high central densities are needed for subhalos
to resist tidal stripping in the inner halo [e.g. 71]. Furthermore, it is fair to mention that
halo-to-halo scatter could also somewhat relax our conclusions.
Whether or not baryonic physics will alter these conclusions is still an open question.
On the one hand, feedback processes might be able to reduce the dark matter densities near
the centres of halos and subhalos [e.g. 72], and on the other hand, non-standard physics is
presumably needed for regulating star formation in the smallest halos [e.g. 73]. However,
dwarf galaxies are known to be the most dark matter dominated objects in the Universe
and it is therefore reasonable to assume that spatial distribution and mass profiles of these
objects are mainly driven by the dark component and not by baryons.
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A

Correlation between orbital energy and subhalo mass loss

As pointed out in the Introduction, most recent models of galaxy formation connect the most
luminous satellites with the largest subhaloes at infall, i.e. the relevant subhalo size is the one
measured at their first infall into the main halo (zinfall ) and not the present (z = 0) size that is
left over after tidal mass loss, which can be very large for some subhalos (especially for those
near the host halo center). The size at infall can be quantified with vpeak = vmax (zinfall )3 . This
requires for each subhalo in a simulation a merger tree built from a large number of simulation
outputs. It has recently been shown that there is a strong correlation between the infall time
of a subhalo and its binding energy at redshift z = 0 [74, 75]. In the following, we present a
strong correlation between the z=0 subhalo orbital energy and the ratio vmax (z = 0)/vpeak .
This provides a new and simple method how the required information, i.e. vpeak , can be
extracted from only present day subhalo data, without building a computationally expensive
merger tree.
3

For simplicity, vmax (zinfall ) is denoted by vpeak . This notation is motivated by the observation that most
subhalos reach the peak vaule of their maximum circular velocity at infall [71].
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For this subhalo analysis, we use the Via Lactea II (VL2) simulation4 [58], a high
resolution ΛCDM realisation of a refined dark matter halo with a mass similar to the Milky
Way. We define the binding energy of a subhalo as the sum of kinetic plus potential energy,
divided by the mass of the subhalo [76],
eorbit ≡ K + U
1
GM
r
= v2 −
log(1 + ),
2
r
rs

(A.1)

where v is the velocity of the subhalo with respect to the halo center and the main halo is
fitted with an NFW mass distribution [77] with scale radius rs of 21.5 kpc. A subhalo is
considered to be bound to the main halo if eorbit < 0. Furthermore, only subhalos are listed
in the sample that (a) lie within the virial radius of the main halo and (b) have a maximum
circular velocity at infall of vmax (zinfall ) & 10km/s. This reduces the original set to a sample
of 953 objects.
Fig. 6 shows the median values of the ratio vmax (z = 0)/vpeak for these 953 subhalos
binned by their orbital energy (red solid dots). The ratio vmax (z = 0)/vmax (zinfall ) is a proxy
for the subhalo mass loss since the time of accretion due to tidal stripping. The green shaded
area shows the region between the 16th and 84th percentiles. A tight correlation is clearly
visible: the deeper a subhalo orbits within the potential well of the main halo, the more tidal
stripping it has undergone. This leads to a reduced value of the maximum circular velocity
at present time relative to the peak value at infall. The black solid line in Fig. 6 is a simple
regression with respect to the median, given by the following one parameter fitting form:

vmax
eorbit = 1.0 + ξ · eorbit .
(A.2)
vpeak

The value of the fitting parameter is obtained using the Levenberg & Marquart method,
yielding ξ = 2.89 · 10−6 [km/s]−2 . The boundary condition of the above fitting form was
chosen such that unbound subhalos (eorbit = 0) have no mass loss (vmax = vpeak ). Equation
(A.2) now provides a simple way to convert the present day value of the maximum circular
velocity to a quantity vpeak , corresponding to the maximum circular velocity at time of
accretion. However, we want to emphasize that this conversion has only been tested so far
for a Milky Way sized cold dark matter halo.
The impact of this correction scheme is illustrated in Fig. 7 for two of the simulations,
CDM and WDM respectively. The left panels show the circular velocity curves of the 12 most
massive subhalos at present time (vmax (z = 0)), whereas the right panels show the sample
when the selection is made by vpeak . Even if the selection methods do overlap to some extent,
the right panels of Fig. 7 unsheathe quite a few subhalos that have lost a lot of their mass
since the time of accretion. A more detailed comparison between different subhalo selection
methods is shown in [61].
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7
PAPER V: D ENSITY P ROFILES
OF M ICROHALOS
In this third and last part of the thesis, we are again using the standard ΛCDM
formalism with a particle dark matter mass of 1 TeV for high resolution refinement
simulations of microhalos.
Even though the free streaming length of a cold and thermal relic is extremely
small, it is not completely vanishing. The earliest and smallest objects that form in a
hierarchical picture of structure formation are directly related to the free streaming
scale, in the case under consideration these are halos with approximately the mass
of the earth. It was already shown in earlier works [e.g. 29, 30] that microhalos are
the most numerous collapsed structures in the Universe and, if still present, are
potentially interesting sources for dark matter detection.
In this manuscript, we are measuring the inner density profile of three representative microhalos and find them to be considerably steeper as the NFW like profiles
of their larger counterparts. Furthermore, we show how such an increase influences
the total dark matter annihilation luminosity boost factor. Finally, by a comparison
between predicted and measured concentrations of such small objects, we exclude
simplistic power law models for the mass dependence of concentrations and subhalo
annihilation.
This paper has been published in 2013 in the Journal of Cosmology and Astroparticle Physics [31].
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Abstract. In a standard cold dark matter (CDM) cosmology, microhalos at the CDM cutoff
scale are the first and smallest objects expected to form in the universe. Here we present
results of high resolution simulations of three representative roughly Earth-mass microhalos in
order to determine their inner density profile. We find that CDM microhalos in simulations
without a cutoff in the power spectrum roughly follow the NFW density profile, just like
the much larger CDM halos on galaxy and galaxy cluster scales. But having a cutoff in
the initial power spectrum at a typical neutralino free streaming scale of 10−7 M makes
their inner density profiles considerably steeper, i.e. ρ ∝ r−(1.3−1.4) , in good agreement
with the results from Ishiyama et al. (2010). An extrapolation of the halo and subhalo
mass functions down to the cutoff scale indicates that microhalos are extremely abundant
throughout the present day dark matter distribution and might contribute significantly to
indirect dark matter detection signals. Assuming a transition from a NFW to a steeper inner
profile (ρ ∝ r−1.4 ) two orders of magnitude above the cutoff scale, the total boost factor for a
Milky Way sized dark matter halo increases from about 3.5 to 4. We further find that CDM
microhalo concentrations are consistent with the Bullock et al. (2001) model and clearly
rule out simplistic power law models for the mass dependence of concentrations and subhalo
annihilation, which would erroneously lead to very large boost factors (a few hundred for
galaxy halos and over 1000 for clusters).

Keywords: dark matter simulations, cosmological simulations
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Introduction

The standard model of cosmology is characterised by a hierarchical bottom-up formation of
structure [1], in which the size of the smallest objects is set by the free streaming length of
the dark matter particle. For a standard supersymmetric cold dark matter (CDM) candidate
with a mass of 100 - 1000 GeV, free streaming leads to a cutoff in the matter power spectrum
at a scale in a range of about 10−12 to 10−3 M [e.g. 2–9]. Such microhalos, and especially
their inner regions, might be dense enough to survive tidal disruption up to present time and
they are therefore potential contributors to indirect dark matter detection signals [10–16].
The density profiles of CDM halos from dwarf galaxy to galaxy cluster scales have been
studied extensively with many high resolution cosmological simulations [e.g. 17–21]. All CDM
halos on theses scales roughly follow the universal NFW profile [22]. The NFW function has
only one free parameter, the scale radius rs or concentration c = rvirial /rs , which is directly
related to the initial mass fluctuation spectrum and the typical halo formation times [23–26].
Unlike these well studied massive CDM halos, the first, smallest microhalos do not form
through hierarchical merging and they do not contain any subhalos. Their internal structure
might be different from that of cluster- or galaxy-sized dark matter halos. The first numerical
simulations of microhalo formation [14] did not have the resolution to resolve the central
regions of microhalos, and in the well resolved radial range the microhalos showed similar
profiles as those found in large CDM halos. Recently, Ishiyama et al. simulated microhalo
formation with 20 times better mass resolution and surprisingly steep inner slopes were found
for halos near the cutoff scale [27]. Simulated without the cutoff in the initial power spectrum,
the same microhalos turned out to have shallower NFW-like inner profiles. In this work we
simulate the formation of microhalos with a mass resolutions as low as mp = 1.46 × 10−14
M , 64 times higher than Ishiyama et al. [27], and we are able to largely reproduce their
surprising results about the steeper density profiles near the cutoff scale. Substructure in
the form of microhalos contributes significantly to the dark matter annihilation signals from
all larger scale dark matter objects (halos, subhalos, galactic center). Here we show that the
steeper mircohalo density profiles might increase the substructure boost factor of a galaxy
sized CDM halo by about 5 to 12 per cent.
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2

N -body Simulations

Numerical simulations have been performed with the parallel treecode pkdgrav, written
by Joachim Stadel and Thomas Quinn [28]. Initial conditions are generated with a parallel
version of the GRAFIC package [29] and are based on the cosmological parameters taken
from WMAP7 [30]: σ8 = 0.8, h = 0.7, Ωdm = 0.227, Ωb = 0.046, ΩΛ = 0.727 and ns = 0.961.
Our simulations start at an initial redshift of zic = 500 and run until zf = 31, have a force
softening length  of 1/50 times the mean inter-particle separation and a fixed time-stepping
with Nsteps = 10‘000.
To begin with, we have run two cosmological boxes of 30 pc and a total particle number
of N = 5123 , both having identical random seeds. One of the simulations contains an
exponential cutoff in the matter power spectrum corresponding to a CDM particle mass of
∼ 1 TeV [5]. We use the friends-of-friends algorithm [31, 32] with a linking lenght of b = 0.2
to identify the halos at zf = 31. Then we select the three largest halos and rerun them at 8
times better mass resolution, again with and without cutoff. These refined simulations have
a mass resolution of mp = 9.3 × 10−13 M and a softening length of  ' 5 × 10−5 pc, which
is the same as in the Ishiyama et al. (2010) simulations [27].
In order to test the very inner structure of microhalos right at the cutoff scale, we
rerun one of the three halos once more with further increased resolution, this time only
for the case with the cutoff in the power spectrum. This ultrahigh resolution microhalo
contains approximately 33 × 106 particles within r200 with a simulated particle mass of
mp = 1.46 × 10−14 M (64 times better mass resolution than in [27]) and a softening length
of  ' 1.25 × 10−5 pc. For what follows, we will name the two levels of resolution Level
1 and Level 2 respectively. To check for numerical convergence we did rerun our Level 1
simulation with different starting redshift (zic = 1‘000), force resolution (/2) and timestepping (Nsteps = 5‘000), see Section 3 and the last panel in Figure 2.
Figure 1 shows the projected density (top-row) and phase-space (bottom-row) density
maps of the Level 2 halo at four different redshifts (z = 31, 33, 39, 43). At z = 31, there are
almost no subhalos, but there is abundant substructures in the form of caustics, similar to
those in the classical self-similar secondary infall model [33, 34]. Such caustics could increase
the dark matter annihilation rate by contributing to the total annihilation luminosity (see
Section 4). To estimate this contribution for the present Level 2 halo, P
we compare the signal
coming from each individual simulation particle within the halo (L1 ∼ i ρi mi ), with the one
comingR from when binning up the particles in spherical shells and integrating over the volume
(L2 ∼ ρ(r)2bin dV ). We find the ratio L1 /L2 to be 3.5 at z = 43, and decreasing to roughly
2.3 at z = 31. By smoothing out these caustics (i.e. increasing the number of considered
neighbours from 32 to 1‘000 when computing the local densities), L1 /L2 shrinks to 1.5 at
z = 31. This suggest that at z = 31 the microhalo annihilation luminosity is increased by a
factor of about 1.5 ' 2.3/1.5 due to caustics and by another factor of 1.5 because of other
departures from spherical symmetry. It is possible that the actual contribution from caustics
is significantly larger than that, as we only start to resolve caustics in our highest resolution
simulations and more detailed future simulations might resolve more and sharper caustics.
However, we do see that relative contribution of caustics to the microhalo annihilation signal
decreases with time and it is difficult to estimate how large it will be at z = 0. Therefore we
decided to ignore their potential contribution when calculating the boost factors at z=0 in
Section 4.
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Figure 1. Top: Projected density maps of the high resolution microhalo, at redshifts (from left to
right): z = 31, z = 33, z = 39, z = 43. Bottom: corresponding phase space density maps, calculated
with Enbid. In all panels, (phase space) densities are represented in a logarithmic color map: bright
regions refer to a high (phase space) density whereas dark regions refer to a low (phase space) density.

3

Microhalo density profiles

In order to quantify the detectability of microhalos (e.g. [27]) and the survival probability
as galactic subhalos [10–16], one needs to know the form of their density profiles and their
typical concentrations (we use the concentration definition c200 = r200 /rs , where r200 is the
radius enclosing 200 times the critical density of the Universe).
3.1

The inner density profiles

Figure 2 shows the spherically averaged density profiles of the three largest Level 1 microhalos
(see Table 1 for details) with (red triangles) and without (black squares) cutoff. It is evident
that the inner slope of the models with cutoff is substantially steeper than without the cutoff.
In order to quantify the central structure of the three halos in the cutoff model, we have fitted
the density profiles with the following conventional parametrisation [e.g. 22]:
ρ(r) =  α 
r
rs

ρs
1+

r
rs

3−α .

(3.1)

Using the Levenberg & Marquardt method, we obtained the following values for the slope of
the inner profile via a χ2 minimisation:
α[Halo 1] ' 1.4,

α[Halo 2] ' 1.3,

α[Halo 3] ' 1.4.

(3.2)

The fits are shown by the red solid lines in Fig. 2 (panels 1-3). On the other hand, a NFW
profile (α = 1) provides a reasonable fit for the microhalo densities in the model without a
cutoff (black solid lines).
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Figure 2. Panels 1-3: Spherically averaged density profiles of the three largest collapsed microhalos
at z = 31, with (red triangles) and without (black squares) cutoff. The red solid lines refer to the
best fit according to Eq. (3.1) with α = 1.4 (Halo 1 & Halo 3) and α = 1.3 (Halo 2), the black solid
lines refer to a NFW fit respectively. The radial distance is plotted in physical units, densities in
units of ρcrit at z = 0. Panel 4: Density residuals between the Level 1 run and three convergence test
simulations, each varying one simulation parameter.

In order to exclude a systematic computational error leading to such steep profiles, we
have rerun the Level 1 simulation in three variations to verify numerical convergence: (i)
with half as much time-steps (Nsteps = 5000), (ii) with a starting redshift of zic = 1‘000
and (iii) with a reduced gravitational softening length (/2). The resulting density profiles
are represented as residuals (ρi /ρ − 1) in the last panel of Figure 2. In all three halos, the
deviations are negligible for the Nsteps = 5‘000 (blue solid lines) and the /2 (green solid
lines) simulation. The run with increased starting redshift (red solid lines) shows the largest
fluctuations, most probably due to the fact that force errors become significant in the nearly
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Table 1. Halo parameters of the Level 1 simulation at redshift z = 31. M200 and r200 are measured
as 200 times the critical density, α is the inner density slope of the measured density profile (see Eq.
(3.1)), α = 1 corresponds to the NFW profile. Distances are given in physical units.

Cutoff

No Cutoff

Halo
Halo
Halo
Halo
Halo
Halo

1
2
3
1
2
3

M200
[10−7 M ]
1.22
2.26
2.60
1.94
2.93
3.81

r200
[10−3 pc]
5.63
6.56
7.03
5.78
6.63
7.22

rs
[10−3 pc]
1.84
2.25
3.38
1.94
2.22
3.47

c200 = r200 /rs

cNFW

α

3.03
2.91
2.10
2.97
2.98
2.09

5.06
4.13
3.51
2.97
2.98
2.09

1.4
1.3
1.4
1
1
1

uniform, very high redshift matter density field. However, even for the latter case, differences
are only of the order of 20 per cent. We conclude that our results are numerically robust, and
that the origin of such steep density cusps must indeed be physical. The different inner profiles
of microhalos near the cutoff scale is most likely related to their different, non-hierarchical
formation, but we are currently unable to explain this surprising result.
Halo 2 was resimulated at the Level 2 refinement, i.e. with 64 times better mass resolution. This allows us to resolve the very inner part of the density profile, down to a resolved
radius of ∼ 5 × 10−5 pc. Even at these very small scales we do not observe any flattening or
deviation from a α = 1.3 cusp, as indicated by the dashed black line in Figure 3. Further
the evolution of the density profile from z = 43 to z = 31 is shown. The inner slope of the
microhalo remains constant after about z = 39.
3.2

Microhalo concentrations

Dark matter halo concentrations are directly related to the halo formation times, which can
be calculated from the mass fluctuation spectrum σ(M ) (see e.g. [23–26]). On microhalo
scales, σ(M ) decreases only very slowly with mass, which leads to nearly constant typical
concentrations. The microhalo simulations in [14] used a box size of 3 comoving kpc which
contained a small, very high resolution region where microhalos (M ∼ 10−6 M ) were resolved. The surrounding region with lower resolution contained some larger halos (M ∼ M )
which indeed showed similar concentrations as the microhalos. The nearly constant σ(M )
also means that the scale of the small simulation boxes (or refinement regions) used to resolve
microhalos enter the non-linear regime soon after the typical microhalo formation time. This
is the reason why microhalo simulations usually end around z = 30 and usually resolve only
a small sample of objects. Finite box size simulations also exclude large scale fluctuations,
which are significant in this mass and redshift regime. A 30 pc box for example, as used in
this work and in Ishiyama et al. (2010) [27], could lower the typical formation redshift by
about a factor of two (see Figure 3 in [27]), which would lower the microhalo concentrations
by the same factor. On the other hand, the microhalos which exist in our final snapshot
(z = 31) represent an earlier forming, more concentrated subset of the full microhalo sample.
Besides the limitations mentioned above, we will still use our sample of microhalo concentrations for a rough comparison with CDM mass - concentration relations. At z = 31 and
M = 10−7 M , the Bullock et. al (2001) model ([23], in the normalisation of [24]) predicts a
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mean concentration cNFW,200 = 1.85 with a halo-to-halo one sigma scatter of ∆(log c) ' 0.18
at a given mass. A more recent, refined version of the Bullock et al. (2001) model [25]
predicts cNFW,200 = 2.43 and the same scatter. Both models are consitent with the cNFW,200
values found here (see Table 1) and also with the microhalo samples from earlier microhalo
simulations [14, 27].
In the simulations with a cutoff the profiles do not follow NFW and we used steeper
functions (α = 1.3, 1.4). This shifts the best fit scale radius rs further out and therefore
reduces the concentration parameter compared to the NFW case. Keeping the radius rvmax
of the maximum circular velocity fixed, one can convert the concentrations between an NFW
profile and variations of it [e.g. 53, 54]. For the case of α = 1.3 and α = 1.4 respectively, the
conversion is given by
c1.3 = cNFW /1.42, c1.4 = cNFW /1.67.
(3.3)
The cNFW values obtained from this conversion (see Table 1) are higher than those of the
halos in the no-cutoff model. Apparently the cutoff increases both the microhalo central
densities and their concentrations.
After halo formation the typical scale radii of halos of a given mass are roughly constant,
while r200 and c200 increase proportional to the expansion factor a = 1/(1 + z) [e.g. 23].
Assuming this average scaling relation applies also to our individual microhalos, the z=0
concentration estimates for Halo 1-3 in the cutoff model is c200 = 97.0, 93.1 and 67.2. These
are again in line with mean concentrations predicted by the models at z=0: cNFW,200 = 59.2
(Bullock et al. (2001)) and cNFW,200 = 77.8 (Macciò et al. (2008)).
A simple power law approximation to the Bullock et al. model is often used on galactic
halo scales, cNFW,200 ' 8.45 × (M/1012 M )−0.11 . Extrapolating this simple approximation
all the way down to microhalo scales (10−7 M ) give typical microhalo concentrations of
around 1040 at z=0. Even with our small sample of z=31 microhalos (or with any of the
earlier microhalo samples from [14, 27]) one can clearly rule out such a simple power law
concentration-mass relation.

4

Small scale structure contributions to the DM annihilation signal

Dark matter annihilation rates are proportional to the density squared, so any small scale
clumpines contributes to indirect dark matter detection signals. The total annihilation luminosity L from a dark matter halo consists of a main halo signal L̃ from the smooth spherically
averaged dark matter distribution and from a substructure contribution Lsub , often expressed
as a halo boost factor B(M ):
L(M ) = L̃(M ) + Lsub (M ) = L̃(M ) + B(M )L̃(M ) = L̃(M )(1 + B(M )),
Substructure boost factors play a significant role in the prediction of indirect detection
signal, for example when deciding if nearby small dwarf galaxies or local galaxy clusters are
the most promising targets [35]. Large N -body simulations have shown that the numerically
resolved subhalos in galactic halo have Lsub ' Lsub (M ), i.e. B(M ) ' 1, and that significant
contributions to B(M) from unresolved smaller subhalos gives boost factors of a few up
to about ten, depending on details of the extrapolations to microhalo scales [21, 36]. On
the other hand, simplistic models based on power laws for c(M ) or Lsub (> M ) give much
larger boost factors of a few hundred for galactic halos [37], see [38] for a recent review and
discussion. The different boost values are mostly caused by very different assumptions about
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Figure 3. Redshift evolution of the spherically averaged density profile in the Level 2 refinement of
Halo 2. The black dashed line indicates the inner slope of α = 1.3. Distance and density are plotted
in physical units.

microhalo concentrations. In the following we will show that only the lower estimates (e.g.
for galactic halos B(1012 M ) . 20) are consistent with simulated microhalo concentrations.
The boost factor of a dark matter halo of mass M is given by the integrated subhalo
contribution (form the CDM free streaming cutoff mass m0 up to the main halo mass M )
divided by the luminosity of the main halo L̃ [e.g. 38–43]:
1
B(M ) =
L̃(M )

Z

M

dN
L(m)
dm
m0
Z M
 m α

A
=
dm
1 + B(m) L̃(m),
M
L̃(M ) M m0
dm

(4.1)

where dN/dm is the subhalo mass function and α its slope. The normalisation of the subhalo
mass function, A, is set by requiring a fraction of the main halo mass to be in subhalos. For
α = −1.9 it is obtained to be A ≈ 0.03 [e.g. 44, 45]. The total annihilation luminosity coming
from a single halo of mass M is given by
L̃(M ) = 4πM

c3
,
f (c)2

(4.2)

where c is the concentration parameter and f (c) is fixed by the enclosed mass (and is therefore
dependent on the exact form of the density profile) [e.g. 46]. For a two parameter density
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profile as in Eq. (3.1), the general form of f (c) is given by
 c3−α 
f (c) =
× 2 F1 (3 − α; 3 − α; 4 − α; −c),
(4.3)
3−α
where 2 F1 is the hypergeometric function. In the case of a NFW profile (α = 1, γ = 3), Eq.
(4.3) reduces to f (c) = log(1 + c) − c/(1 + c). To evaluate B(M ) a one needs to know the
form of the subhalo density profiles and also thier concentrations.
4.1

Moderate microhalo concentrations rule out very large boosts from powerlaw extrapolations

For the subhalo mass function the extrapolation of a simple power law is consistent with
theoretical models (e.g. [47] and with microhalo simulations [14, 48]). The same is not
the case for the concentration–mass relation c(M ): models and microhalo simulations are
consistent with concentrations related to halo formation times and therefore to the mass
fluctuation spectrum σ(M ) and to the power spectrum P (k), which are not power laws (see
section 3.2). In realistic models one combines a power law subhalo abundance with a nonpower law concentration model and gets a total subhalo luminosity Lsub (m0 ), which is not a
simple power law of the minimum subhalo mass m0 . The very large boost factors (over 200
for galaxy halos [37] and over 700 for clusters [49]) obtained from power law extrapolations
are ruled out by these and earlier microhalo simulations [14, 27] and by the typical halo
formation times expected from the CDM mass fluctuation spectrum σ(M ).
We use the concentration - mass relation of Macciò et al. (2008) [25], which is consistent
with microhalo simulation results (see section 3.2). Assuming universal NFW profiles for all
subhalos down to m0 = 10−7 M (and up to M = 1012 M ) gives the moderate value of
B(M ) = 3.56, as indicated by the black solid line in Figure 4 (which is in agreement with
the results of other authors [e.g. 14, 39, 40]). This will be our reference value derived from
a simple, plausible subhalo model. Slightly different models are possible given our current
understanding of structure formation and could include the following variations which change
the boosts by small factors:
• Instead of NFW one could use the Einasto profile (with a fixed αE = 0.17) instead.
It fits density profiles of large CDM halos better than NFW [e.g. 19, 50], it is denser
than NFW in the inner halo (around 0.003 to 0.1 rs ) and normalised to the same outer
profile and concentration gives about 1.4 times larger annihilation fluxes[51, 52].
• We neglect halo-to-halo scatter in the concentration parameter [23, 25] and the profile
shape [19, 20] (i.e. in the second parameter αE , when the Einasto form is used), which
could lead to a small increase in the boost factors.
• The subhalo mass functions might be slightly steeper, even the critical value of α = −2.0
(i.e. constant mass in subhalos per mass decade) is consistent with some simulated
CDM halos [36, 49]. Changing α from -1.9 to -2.0 in our reference NFW based model
would increase the boost by about a factor of 6 (B(M ) = 21.7).
• We neglect caustics in microhalos (see Figure 1 and Section 2), since their moderate
contribution at z = 31 appears to decay quickly with time.
• Steeper inner density profiles for subhalos near the cutoff scale, as found in Ishiyama
et al. (2010) [27] and in the simulations presented here, increase the total annihilation
boost factor moderately, as described and quantified in the next section.

–8–

Figure 4. The annihilation luminosity boost factor extrapolated down to a cutoff mass of m0 =
10−7 M . The black solid line shows the boost factor results under the assumption of NFW density
profile (α = 1) in combination with a concentration-mass relation as suggested by [25]. The dashed
colored lines show the additional contribution to the boost factor when the inner density profile
of the smallest microhalos has slope of α = 1.3 (red), 1.4 (blue) and transition scales of 10−5 M
(short-dashed) and 10−6 M (long-dashed) respectively.

4.2

Steeper microhalo inner density profiles increase boost factors moderately

Microhalos near the cutoff scale have steep central density cusps with a slope of α = 1.3−1.4.
In order to quantify the contribution of such objects to the total annihilation boost, we solve
Eq. (4.1) numerically with the boundary condition B(m0 ) = 0. In addition, we introduce
a transition mass Mt = {10−6 , 10−5 } M as a sharp transition scale: above Mt the density
profiles are assumed to be NFW like, below Mt they are assumed to have the functional
form found in Section 3. Fixing the cutoff scale to be m0 = 10−7 M , the results are
shown in Figure 4. The dashed colored lines show the increase of B(M ) when the smallest
objects possess a slope of the inner density profile of α = 1.3 (red) and α = 1.4 (blue), with
transition scales of Mt = 10−5 M (short-dashed) and Mt = 10−6 M (long-dashed). We
have incorporated the concentration correction (see Eq. (3.3)) in the calculations of B(M ).
It is evident from Figure 4 that such steep microhalo cusps increase the total annihiliation
boost for a Milky Way sized halo between 5 to 12 per cent, strongly dependent on the inner
slope, the transition mass and the cutoff scale.
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5

Summary & Conclusion

We have used ultra high resolution N -body simulations to examine the slope of the inner
density profile of microhalos and the associated implications for the total annihilation luminosity boost factor of a galaxy sized dark matter halo. Our results can be summarised as
follows:
• When introducing an exponential cutoff in the matter power spectrum at a scale that
corresponds to the size of a typical microhalo, we found that the density profile of these
objects is accurately described by a NFW-like fitting function (see Eq. (3.1)) with an
inner slope of α = 1.3 − 1.4. Without the cutoff, the inner structure is found to be very
similar to the one of larger, i.e. galaxy- and cluster-sized, dark matter halos, and are
reasonably well fitted by the usual NFW form.
• Assuming that one (or two) order of magnitude above the cutoff scale the inner slope
of the density profile rapidly changes from α = 1 to α = 1.4, we find that the total
annihilation boost factor of a Milky Way sized halo is increased by 5.8 (11.9) per cent.
If the inner slope is α = 1.3, the increase is found to be 4.7 (9.6) per cent.
• The measured concentrations of microhalos agree with the concentration - mass relation
of Macciò et al. (2008) [25] (and therefore also with the Bullock et al. (2001) model
[23]). Power law models for the concentration - mass relation, which would boost the
total annihilation luminosity by two to three orders of magnitude, are therefore clearly
ruled out.
Larger microhalos simulations, like the recently presented trillion particle simulation [55],
will be needed to reduce some remaining uncertainties, especially about the transition mass
scale, at which the inner slope of the density profile significantly increases, the scatter in
microhalo profiles and the exact mean microhalo concentrations and scatter. More work is
also required to understand the relations between inner profiles, halo formation histories and
cutoff scales.

Acknowledgments
We would like to thank Mike Kuhlen, Miguel Sánchez-Conde and Neal Dalal for helpful discussions and comments in the final stages of this work. Numerical simulations were performed
on the SuperMUC at the LRZ in Garching, on the zBox3 at the Institute for Theoretical
Physics in Zurich and on the Rosa cluster at the CSCS in Lugano.This work was supported
by the SNF.

References
[1] P. J. E. Peebles, Large-scale background temperature and mass fluctuations due to
scale-invariant primeval perturbations, 1982, ApJ, 263, L1
[2] A. Loeb & M. Zaldarriaga, Small-scale power spectrum of cold dark matter, 2005, Phys. Rev.
D, 71, 103520
[3] E. Bertschinger, Effects of cold dark matter decoupling and pair annihilation on cosmological
perturbations, 2006, Phys. Rev. D, 74, 063509

– 10 –

[4] G. Bertone., D. Hooper, J. Silk, Particle dark matter: evidence, candidates and constraints,
2005, Physics Reports, 405, 279
[5] A. M. Green, S. Hofmann, D. J. Schwarz, The power spectrum of SUSY-CDM on subgalactic
scales, 2004, MNRAS, 353, L23
[6] S. Profumo, K. Sigurdson, M. Kamionkowski, What Mass Are the Smallest Protohalos?, 2006,
Phys. Rev. Lett., 97, 031301
[7] T. Bringmann, Particle models and the small-scale structure of dark matter, 2009, New Journal
of Physics, 11, 105027
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Chapter 7: Paper V: Density Profiles of Microhalos

8
P ROSPECTS
There are several possible research projects that could extend the work presented in
this PhD thesis. In the following, however, we will concentrate on just two subjects
that we think need to be investigated in order to further constrain ΛCDM and gain
deeper insight into the nature of the mysterious dark matter component.

8.1. Handling Thermal Velocities in WDM Simulations
As we have seen in Chapters 4-6, the non-negligible thermal motion of warm dark
matter particles can substantially alter the internal structure of halos. Therefore,
incorporating such thermal velocities in N -body simulations is indispensable for a
complete understanding of the underlying physics. However, at the same time, this
introduces further numerical inaccuracies.
Due to the lack of small scale power in warm dark matter simulations, power
coming from the finite grid is dominating the actual physical power. This leads to
artificial overdensities that become self-gravitating and form numerous small halos
yielding to an upturn in the mass function at small scales. Introducing thermal velocities in addition to the Zeldovich ones, the noise gets even worse. After the first
time step the grid is immediately destroyed because particles, on average, travel distances greater than the mean inter-particle separation what introduces additional
computational noise. The presence of such a high amount of background noise makes
the interpretation of the results very difficult. We are currently developing a new
technique which splits simulation particles in the initial conditions and gives them
opposite momenta. The first results seem to be promising as shown in Figure 8.1,
which shows the redshift evolution of the power spectrum at three different resolutions. It is evident, that the opposite velocity method (green solid lines) indeed
reduces artificial small scale power. However, further investigation is needed in order
to understand the full impact of this first results [32].
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Figure 8.1. Evolution of the non-linear matter power spectrum at redshifts z = 5,
z = 10, z = 16 and z = 24 (from top to bottom), for three different levels of resolution
(N = 2 × 10243 , N = 2 × 5123 , N = 2 × 2563 , from left to right). The blue solid lines refer
to the conventional case with no additional thermal velocities (just a transfer function
cutoff), whereas the red solid lines show the runs with thermal velocities. The measured
power spectrum in the simulations with opposite velocities is represented by green solid
lines. Moreover, the black arrow indicates the resolution dependent Nyquist frequency.
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8.2. Density Profiles of Dwarf Galaxies in Realistic CWDM
Models
As we have motivated in Chapter 6, a multi-dimensional analysis of substructure of
a galaxy-sized halo seems to be very promising to gain a deeper understanding about
the nature of particle dark matter. Therefore, a possible extension of our work on
CWDM models is to run very high resolution zoom-in simulations of dwarf galaxy
sized (M ∼ 108−10 M ) dark matter halos and resolve the very inner structure. This
would allow meaningful comparisons with observed satellite galaxies and to further
constrain such well motivated mixed dark matter models [e.g. 33, and references
therein].
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