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COHOMOTOPY INVARIANTS AND THE UNIVERSAL

COHOMOTOPY INVARIANT JUMP FORMULA

CHRISTIAN OKONEK, ANDREI TELEMAN

ABSTRACT. Starting from ideas of Furuta, we develop a general formalism
for the construction of cohomotopy invariants associated with a certain class
of S'-equivariant non-linear maps between Hilbert bundles. Applied to the
Seiberg-Witten map, this formalism yields a new class of cohomotopy Seiberg-
Witten invariants which have clear functorial properties with respect to dif-
feomorphism of 4-manifolds. For 4-manifolds with by = 0 and b4 > 1 our
invariants are equivalent to the Bauer-Furuta invariants, but they are finer in
general. We study fundamental properties of the new invariants in a very gen-
eral framework. In particular we prove a universal cohomotopy invariant jump
formula and a multiplicative property. The formalism applies to other gauge
theoretical problems, e.g. to the theory of gauge theoretical (Hamiltonian)
Gromov-Witten invariants.
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1. INTRODUCTION

1.1. Motivation. The goal of this article is to develop a general formalism for the
construction of cohomotopy invariants associated with a certain class of non-linear
maps between Hilbert bundles. The main example we have in mind is the Seiberg-
Witten map, but the formalism applies to other interesting classes of maps related
to gauge theoretical problems as well.

The idea to define stable-homotopy Seiberg-Witten invariants is due to Furuta,
who first used “finite dimensional approximations” of the monopole map in his work
on the 11/8 conjecture [Ful], and then introduced a class of refined Seiberg-Witten
invariants (called “stable homotopy version of the Seiberg-Witten invariants”) in
a geometric, non-formalized way in [Fu2]. In this preprint Furuta acknowledges
independent work by Bauer [B3].

According to Furuta, the new invariants belong to a certain inductive limit of
sets of homotopy classes of maps associated with “finite dimensional approxima-
tions” of the Seiberg-Witten map. The structure and the functorial properties of
this inductive limit (with respect to diffeomorphisms between 4-manifolds) have
not been worked out in this article. A precise version of the new invariants has
been introduced later by Bauer-Furuta in [BF]: the Bauer-Furuta classes belong
to certain stable cohomotopy groups associated with a presentation (E, F') of the
K-theory element ind(})) defined by a fixed Spin®-structure. This element ind (/)
belongs to the K-theory group K (B), where B = H'(X;R)/H!(X;Z) is the Picard
group of the base manifold X.

In this article we propose a different construction of cohomotopy invariants which
has the following advantages: Our construction yields a larger class of invariants,
which in general are finer than the Bauer-Furuta classes, and have better functorial
properties with respect to diffeomorphisms. In order to explain the advantages of
the new formalism in a non-technical way, we consider again the Seiberg-Witten
case.

It is well known that the Seiberg-Witten map u can be regarded as an S'-
equivariant bundle map between Hilbert bundles over the torus B (see [BF] and
section 3.4 of this article). We first choose the perturbing form in the second
Seiberg-Witten equation in the “bad way”, i.e. such that the equations have re-
ducible solutions (solutions with trivial spinor component); we make this “bad
choice” even in the case by (X) > 1l In “classical” Seiberg-Witten theory one
perturbs the second Seiberg-Witten equation using a nontrivial self-dual harmonic
form k € iHT \ {0}, and gets a new map u,, which defines a moduli space which
does not contain reductions. Instead of a constant perturbation k, we consider a
map k : B — iH*\ {0}, and perturb the Seiberg-Witten map p (regarded as bundle
map over B) using this map. The associated invariant will depend on the homotopy
class [k] € [B, S(iH™)]. This leads to the following questions:

(1) Does one obtain new invariants in this way?

(2) If so, does one have a universal cohomotopy invariant jump formula, i.e. a
formula which describes the jump of the cohomotopy invariant when one
passes from one homotopy class to another?
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(3) Use again constant perturbation forms r, but let x vary in the sphere
S(iHT) and regard the obtained map fi as an S'-equivariant bundle map
over the larger basis B x S(iH™). Does this universal perturbation f yield
more differential topological information than the individual perturbations
1y? If not, express the cohomotopy invariant associated with & in terms of
the invariant associated with p, and topological invariants of X.

These questions are interesting as soon as by > by —1 (even for by > 1!) and they are
also interesting for the classical invariant, because for non-constant perturbations
k one gets new Seiberg-Witten type moduli spaces. The universal wall-crossing for-
mula for the full Seiberg- Witten invariant ' [OT] should be a formal consequence of
a universal cohomotopy invariant jump formula. These questions will be completely
answered in this article.

Another motivation for proposing a new formalism was the need to have well
defined invariants, with clear functorial properties with respect to diffeomorphisms
of 4-manifolds. The point here is that the definition of the stable cohomotopy group
used in [BF] depends on the choice of a presentation (E, B x C") of ind(l?) € K(B)
(see [BF] p. 8-9). Since in general such a presentation has homotopically non-
trivial automorphisms, the obtained cohomotopy groups cannot be regarded as
invariants of the K-theory element ind(l)) € K(B). This makes it difficult to
control the functorial properties of the Bauer-Furuta stable cohomotopy groups with
respect to homeomorphisms or diffeomorphisms of 4-manifolds, and to understand
in which sense the constructed class is well defined. Using Segal cocycles instead
of finite rank presentations ([BF] p. 7-8) does not remove the problem, because of
monodromy phenomena in the space of Segal cocycles®. A similar difficulty concerns
the concept “Thom spectrum of a virtual bundle”, used by Bauer-Furuta (see [BF]
p. 8) and other authors in order to give a geometric interpretation of the Bauer-
Furuta classes. One can indeed associate a Thom spectrum to a fized presentation
(E,B x C") of a K-theory element z € K (B), but unfortunately not to x itself.
For 4-manifolds with by = 0, the Bauer-Furuta class gives a well defined invariant,
which can easily be identified with the image of our invariant under a boundary
morphism of cohomotopy groups. The two invariants are equivalent when b; = 0,
by > 1.

Our new point of view has the following advantages:

(1) The new cohomotopy Seiberg-Witten invariants are finer than the full clas-
sical Seiberg-Witten invariants in all cases, including the case of manifolds
with b; > b4 — 1 and including the invariants associated with non-constant
perturbations x : B — iHZ \ {0}. In the case by > by — 1 we prove a
universal cohomotopy invariant jump formula; the universal wall-crossing
formula for the classical invariant is a formal consequence of this result.

IThe full Seiberg-Witten invariant is an element in A* (H*(X; Z)) [OT]. The numerical Seiberg-
Witten invariant (the original invariant introduced by Witten) is the degree 0 term of the full
invariant.

2Contrary to what is often stated in the literature, the space of possible Dirac operators
associated with a fixed equivalence class of Spin®-structures is not contractible (see section 3.4).
So even if one considers only Spin®-Dirac operators, one does not get a contractible space of Segal
cocycles.
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(2) Our invariant belongs to a cohomotopy group which is intrinsically associ-
ated with the base 4-manifold (and a set of topological data), and has clear
functorial properties with respect to homeomorphisms of 4-manifolds.

1.2. Summary of results. In the first section we construct a graded cohomotopy
group associated with a K-theory element x € K(B). To every representative
(E,F) € z we associate the graded group siaj(S(E)4p, Fg), where giaj(-,-)
stands for the S'-equivariant stable cohomotopy group functor on the category of
pointed S'-spaces over B; it is obtained by stabilizing with spaces of the form
(n®&o)5, where 7 is a a complex, and &, a real bundle. Note that we do not use all
characters of S! in the stabilizing process; for this reason we do not use the standard
notation 1w} found in the literature [CJ]. We define a*(x) to be the inductive
limit of the graded groups g1’y (S(E)+p, Fg) with respect to the category 7 (z)
of representatives (E,F') of z. Since 7 (z) is not a small filtering category (see
[AM], and section 5.1 below), this limit cannot be obtained using the classical
construction. It will be constructed in two steps: First we stabilize the graded
group s1az(S(E)4p, Fi) with respect to standard representative enlargements
(E,F)— (EaU,FaU), and we obtain a new graded group &*(F, F'), which still
depends on the fixed pair (F, F'). The groups &*(F, F), &*(E’, F') defined by two
representatives (F, F), (E',F') of x are non-canonically isomorphic. The group
a*(z) will be the quotient of &*(E,F) by the equivalence relation generated by
the inductive limit of the automorphism groups Aut(E © U) x Aut(F @ U). We
give an explicit description of a*(z) as a quotient of the group &*(F, F') associated
with any representative (E, F') by the action of the image of the J-homomorphism
s1J 1 K7YB) — 1a(B)* in the group of units s1a®(B)* of the ground ring
510%(B) := s1a%(Bip, B+p). In other words, we are able to control the effect
of bundle automorphisms in our inductive limit and we obtain a graded group
which is intrinsically associated with the K-theory element . We believe that this
construction is of independent interest from the point of view of homotopy theory.

A way to understand the role of the graded group o* () is the following: Because
of the presence of homotopically non-trivial bundle automorphisms, one cannot de-
fine the projectivization P(z) of a K-theory element x € K(B) (neither in the cate-
gory of topological spaces nor in the category of spectra). The graded group o*(x)
plays the role of what should be the cohomotopy group of a formal projectivization
of the K-theory element x.

In the second section we first introduce a distinguished class of non-linear maps
1 between Hilbert bundles over a compact base B. The C-linear part of the lin-
earization of such a map p at the zero section is a linear Fredholm operator, so it
defines a K-theory element z € K(B). The goal of the section is the construction
of an invariant {u} € o*(z). This invariant is constructed using finite dimensional
approzimations of the map u. In order to get these approximations we make use of
the retractions pa : AT\ S(AL) — AT associated with finite dimensional subspaces
A of a Hilbert space A, as in [BF]. This method to construct finite dimensional
approximations applies to a very large class of non-linear maps, whereas Furuta’s
original method based on L2-orthogonal projections on direct sums of eigenspaces
(see [Fu2]) is limited to maps whose linearizations are elliptic differential operators.

The main difference between our definition and the construction of the Bauer-
Furuta classes given in [BF], is that
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(1) our construction uses only spaces fibered over the base B. In particular we
avoid using Thom spaces,

(2) we treat the real and the complex summands in our finite dimensional
approximations separately.

Therefore, from this point of view, our construction is closer to the original ideas
of Furuta [Fu2]. Having the finite dimensional approximation, a representative of
the invariant is an element in a group of the form g1} (S(E)4p, Fg) obtained by
a simple geometric construction, which we call the cylinder construction®. The ob-
tained class carries more information than the one defined in [BF]. In 3.4 we show
that the Seiberg-Witten map associated with a Spin®-structure 7 on a Riemannian
4-manifold M with by (M) > 0 yields a non-linear Fredholm map sw,, (depending
on a twisting map x : B = H'(X;R)/H"(X;Z) — iH% \ {0}) which belongs to our
distinguished class of maps. Hence the general theory applies and a yields a coho-
motopy Seiberg-Witten invariant {sw,} € a®+™)~1(ind(]2)), which only depends
of the homotopy class of k. Our construction of the bundle map sw, is different
from (and more “economical” than) the one given in [BF]. In this section we also
explain why the space of Dirac operators associated with a fixed equivalence class of
Spint-structures is not contractible, so there is no way to distinguish a contractible
class of Segal cocycles defining the K-theory element ind (/). This makes clear why
the cohomotopy groups defined in [BF] (which depend essentially on the choice of
a Segal cocycle) cannot be regarded as intrinsic (functorial) invariants of the base
manifold.

In the third section we prove several fundamental properties of the invariant
{1} € a*(z) in our general, abstract framework:

(1) We study the image of our invariant under the Hurewicz morphism, and
we prove that the Poincaré dual of this image can be identified with the
virtual fundamental class of the vanishing locus. In other words, the full
homology invariant associated with the virtual fundamental class of the
“moduli space” (i.e. the S!-quotient of the vanishing locus of ) can be
identified with the Hurewicz image of the cohomotopy invariant. Moreover,
the Hurewicz morphism is an isomorphism when the “expected dimension”
vanishes.

(2) We prove a formal universal cohomotopy invariant jump formula for our
refined cohomotopy invariants.

(3) We prove a general product formula for the invariant {u; x s} associated
with a product of maps; in this formula we allow one of the factors to have
zeros on the S!-fixed point locus. When both factors are nowhere vanishing
on their fixed point loci, we prove a vanishing result for the Hurewicz image
of the invariant.

Specialized to the Seiberg-Witten map, these properties automatically yield im-
portant results for the new cohomotopy Seiberg-Witten invariants. The first result
shows that the cohomotopy Seiberg-Witten invariant is refinement of the classical
full Seiberg-Witten invariants in all cases. Combined with the second property, this
also yields a universal invariant jump formula for the full classical Seiberg-Witten

3 After completing the first version of this article we found out about the results [C] on Leray-
Schauder index theory. Under the assumption that the group-action is free on a neighborhood of
the zero-set of the vector field, one can define a refinement of the usual Poincaré-Hopf vector field
index, which is probably related to our refinement of the Bauer-Furuta class.
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invariant in the case b1(X) > b4 (X) — 1. The third result gives a formula for the
cohomotopy invariant of a connected sum of two 4-manifolds, even in the case when
one term of the sum has by = 0. The vanishing result in (2) reproves the classi-
cal vanishing theorem for the Seiberg-Witten invariant of a direct sum in the case
where both summands X; have by (X;) > 0. These applications in Seiberg-Witten
theory are not detailed in this article.

Acknowledgment: The first author would like to thank Tammo tom Dieck for
useful and interesting discussions at the beginning of this project. We also thank
Michael Crabb for pointing us to his paper [C] and for suggesting a relation between
our invariant and his refinement of the Poincaré-Hopf vector field index.

2. COHOMOTOPY GROUPS ASSOCIATED WITH ELEMENTS IN K (B)

2.1. Definition of gi1a(X,Y). Let B be a compact topological space endowed
with the trivial S*-action. Let Cp be the category defined in the following way: the
objects of Cp are vector bundles over B of the form

§=nd& ,
where 7 is a complex vector bundle endowed with the standard S'-action and &
is a real vector bundle endowed with the trivial S'-action; for two objects & =
n@® &, £ =1 @& a morphism v : £ — ¢ is a pair (i,¢) consisting of an S!-
equivariant bundle embedding i = ¢ ® i : £ — &’ and a complement { = v & (o
of i(§) in &'. Composition of morphisms is defined in a natural way. A morphism
u = (i,¢) : £ — & defines a push-forward morphism A(u) : A(§) — A(¢'), where
A(€) == A(n) x A(&) is the automorphism group of £. We obtain in this way
a functor A : Cg — Gr. In the terminology of section 5.1, the pair (Cp, A) is a
category with automorphism push-forward.
Let X — B, Y — B be two pointed S'-spaces over B. The assignment
§— simp(X Ap LY A &f)

(where 1% (X,Y) stands for the set of homotopy classes of S'-equivariant base
point preserving maps over B) is functorial with respect to morphisms in Cp: for
a morphism u = (i,{) : & — &', the push-forward class u.([f]) is defined using
iofoi~! oni(¢) and id¢ on its complement . Therefore this assignment defines a
functor Snr%,(X A+ Y Ap:):Cg — Sets. It is not clear at all that an inductive
limit of this functor exists, because Ob(Cp) is neither a filtering nor a small category
(see section 5.1).

Proposition 2.1. Let { = n® & € Ob(Cp), a = (a,a0) € A(§), and u = (i,()
the standard morphism n ® & =& — £:= (@ n) & (& ® &) defined by (y,x) —
((y,0), (x,0)). For every [f] € 1% (X AB €5, Y Ap &L) one has

s (ax ([f1) = ([ f]) -

Proof: Identifying £ with £ & & one can write u,(a.[f]) = [g] where g is the
composition

(idx Ap[a®@ide]§)o(f Apides)o(idx Apla™' ®ide]f) : XAp[€0E]E — Y Ap[€@¢€]E.
Let R; be the automorphism of £ & £ defined by the matrix

. < cos(tT) —sin(tZ) > |

sin(tf)  cos(tf)
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For an automorphism b of £ note that ;0 (b&®ide)or, ! defines a homotopy between
b @ ide and ide © b. This shows that g is homotopic to the map

g/ = (idx AB [idg D U.]JBF)) o (f AB idgg) o (idX AB [idg D Cl_l]JBg) = fAB idgg
which is a representative of the class u.([f]). [ |

We define the stable cohomotopy group sia%(X,Y) by

G0B(XY)=lim  grh(X A [C" SR Y Ag (C" ©R™)) .
(n,m)EN?
In this formula and in the rest of the paper we use the notation V for the trivial
bundle B x V over the base B. This inductive limit has a natural Abelian group
structure (see [CJ] p. 168 for the non-equivariant case).

Proposition 2.2. The functor sim%(X Ap -, Y Ap ) : Cg — Sets admits an
inductive limit, which can be identified with s1a%(X,Y).

Proof: Let N2 be the small category associated with the ordered set (N x N, <)
and consider the functor © : N2 — Cp which assigns to a pair (n,m) the trivial
bundle C" @ R™ over B, and to an inequality (n,m) < (n/,m') the standard
morphism between the corresponding trivial bundles. Using the terminology of
section 5.1, A/ is a small filtering category, and © is a cofinal functor from N
to the category (Cp, A), which is a category with automorphism push-forward. By
definition g1a%(X,Y) is just the limit of the composed functor s17% (X Ap-, Y Ap-)o
©. On the other hand, Proposition 2.1 shows that the functor s17%(X Ag-, Y Ap-)
satisfies the “trivial stable actions” axioms TSA, ©SA. The result follows therefore
from Proposition 5.11 in section 5.1. [ ]

Note that Proposition 2.2 implicitly yields a canonical map
ce t smBp(X A &L Y Ap &) — s1aB(X,Y)

for every £ € O(Cp), such that the system (ce¢)eco(cy) satisfies the universal prop-
erty of the inductive limit.

As in the non-equivariant case we put

s105(X,Y) == s105(X Ap RY)E,Y Ap RY)E) (N, N+p>0).
Each g1045(X,Y) is a bimodule over the ring
s10%(B) := 10°(B4, 8°) = 10 (B, B1p)

and g1ap(X,Y) = @pez s1045(X,Y) is a graded bimodule over the graded ring
sia*(B) = ®g1aP(B), where

Slap(B) = Slap(B+, SO) = SIOéO(B+, Sp) .
Right and left multiplication with elements in g:a"(B) coincide (see [CJ] p. 172).

Remark 2.3. In the special case when Y is of the form Y = (j; with ¢ € Cp, one
has a canonical identification

Sla%(Xa Cg) = Slao (X NB [C/]E/OO ’ V+) s
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where (O =V, and V has the form C* @R, In the terminology of [BF] the latter
group is a stable cohomotopy group formed with respect to the universum generated
by the S'-representations C and R.

2.2. The computation of gi1a*(B,,V*). Let S' — O(V) be an orthogonal rep-
resentation of S'. Our next goal is the computation of the group gia®(B,, V)
for k > 0. In particular, we obtain explicit descriptions of the positive summands
s10%(B) = g1a¥ (B, [R¥]1) of the graded ring g1a*(B).

Replacing V by V @ R*, we can reduce the problem to the case k = 0. One has

1
§10%(By, V) =lim  [By A[C"@R™T, VT A[C"@R™H]) |
(n,m)EN?

where [-, -5 " stands for the set of homotopy classes of S'-equivariant maps between
two pointed S!-spaces.

According to Hauschild’s splitting theorem (Satz 3.4 in [H]) there is a natural
identification
1
[Bi A[C @ R™*,[VaC@R™*]S = (1)
+ s!
[B+ AR™, VST A [Rmﬁ]ox {B+ A {[C S R™] e+ | VEAICT @R
0
where the projection on the first factor is given by restriction to the fixed point set.
There exists a homeomorphism of S'-spaces

n mi1+
Indeed, one has

c" & Rm]+/[Rm]+ ~S(C® Rm+l>/5(Rm+l) ~

~ S(C") x DR™)uD(C") x S(Rm+1)/D(Cn) « S(R™HL) ~ S(C™) AS™HL

Using the natural identification
n m-+1
By A[S(CM)LAS™ Y & S(CP) A[ByAS™ Y o S(C") x [B AS ]/S(Cn) « (%)

and denoting by V;, the associated bundle S(C") x g1 V over P(C") we find
+ st
|:B+ A |:[(C ® R ] /[Rm]+:| 7‘/'-i- A [(Cn@Rm]-i- =~
0
Sl

1%

~ [S((C") x B4 A Sm“]/s(cn) VAL ® Rm]+]
0
& s1mgcny (S(C) x [By A ST, S(C™) x [V & C" @ R™]F)

= 1d(eny (P(C™) X [By A S™ 1], [Va ® Openy (1)°" @ R™Ji )

1%

IR

= TRy ([P(Cn) x [B4 A SY] Apicny 8™, [Ve @ Op(cny (D) g(eny ABcn) ﬁm) :
The limit over m of this set is

wBiem (PC) % [By 78], [V © Opemy (D)) -



COHOMOTOPY INVARIANTS 9

Now note that

V, ® C @ Tp(cny = Vi @ Openy (1)87 .
Therefore, applying the duality isomorphism given in Proposition 12.41 [CJ] to the
map 7 : P(C") — {x}, one gets

Wh(eny (IP’((C") X [By ASY, [V @ Op(m(l)@"]g@n)) = WO(BiAS, m([Va®Cl o))

~ (B ASHLT(V, Q) 2w’ By ASHLTV,) ASH =W (B, T(V,) ASY)
where T'(+) stands for the Thom space functor. This shows that
Sl

n mi+
limg {B+A {[C & R™] e ,v+A[<c"eaRm]+] ~ (B, T(ES'x s V)ASY)
(n,m)6N2 0

where ES' xg1 V is the vector bundle associated with the universal S'-bundle
ES' — BS! = P> and the fiber V. Using formula (1) we obtain the following

Proposition 2.4. One has a natural group isomorphism
510°(By, V) 2By, [VS'H) x (B4, T(ES" x5 V) ASY) . (2)
where the projection on the first factor is given by restriction to the fived point set.

In particular
s10”(B) 2 w*(B) x w* (B4, P ASY) .

Remark 2.5. The second summand in the decomposition
s12°(B) =2 w(B) x w?(B4, P A SY)

is called “the free summand” in [CK]. The projection g1a’(B) — w°(B) is given
by restriction to the fized point set, hence it is a ring homomorphism. Therefore
the free summand w° (B4, PP A SY) is an ideal of g1a°(B), and one has a natural
ring isomorphism
0
0 ~ 1 (B)

wi(B) =~ [0(By, B A ST)
Corollary 2.6. Suppose that B is a finite CW complex. Restriction to the fized
point set defines an isomorphism

lim g104(Bs, [CV]1) = wH(B) .
NeN

Proof: Indeed, taking V = CY @ R*, the second summand in (2) is:

WO(By, T(ES" x g1 [CY @R*))) = lim 7°(By A[R]F, T(ES" x 51 [CN @ RFH]))
leN

Recall that the Thom space of a real vector bundle of rank r over a CW complex
X admits a CW decomposition consisting of a single 0-dimensional cell and cells
of dimension > r. Therefore, for N sufficiently large any map By A [R]t —
T(ES! xg [CN @ R*1+]) is homotopically trivial. [
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2.3. The groups o*(z) associated with an element z € K(B). Fix an element
x € K(B). We define a category 7 (x) in the following way: the objects of T (x)
are the presentations of z. For two such presentations (F, F'), (E’, F'), a morphism
7:(E,F)— (E',F') is asystem T = (i, j, E1, F1, k) consisting of bundle monomor-
phisms j : E — E’, i : F — F’, complements F; and F; of i(E) and j(F) in E’
and F” respectively, and an isomorphism k : E; — F}.

With every (E, F') € = we associate the graded group g1 (S(E)15, F5). We
claim that a morphism 7: (E, F) — (E’, F’) induces a morphism

Tt 5105(S(E) 15, Ff) — s1ap(S(E )5, [F]f) -

Note first that, for Euclidean or Hermitian vector spaces V, W, one has a con-

traction
SVaeW)—S(V) AWt
induced by the map
c:S(VoW)=[S(V)x DW)]Usw)xsw) [D(V) x S(W)] —

L SWY XD s SVIXWE S AW

It is useful to have explicit analytic formulae for the contraction map c¢. One can
define W in two equivalent ways: as the one-point compactification of W, and as
the quotient D(W)/S(W). Accordingly, the contraction maps ¢, ¢ : S(V @ W) —
S(V)4 AWT are given by the formulae:

ooy = (1o ) w0 ,c'<v,w>—{(ﬁf’“’) VA0

* v=>0 v =0,

X OOw

To save on notations we will still write ¢ instead of ¢ when the second definition of
W is used.

Therefore, in the presence of a morphism 7 = (i, j, F1, F1,k) : (E,F) — (E', F')
one gets a map

S(E')+p = S(i(E) ® Er)+5 > S(i(E))+p Ap (B1)f

which is well defined up to homotopy (the section + 5 on the left is mapped fiberwise
to the distinguished section on the right). We obtain morphisms

@ (S(B) 15, Ff) 05 6y (S((E))sp, (F)f) =
= 5@ (SG(E)) 15 As(F) 5, i(F)5A(F)E) = s105(SG(E) A5 (F) S, (F))5)

L 5105(S(E)) 15 A (B (F)5) <= s103(S(E)vp, (F)F) .

The composition of these maps will be denoted by 7,.. One checks that 7, is a
morphism of gi1a*(B)-modules and that, for any two composable morphisms 7, 7/,
one has

(T"oT)s =TLoTs .
In other words, the assignment (E,F) — siag(S(E)+p, Fyy) is functorial, so it
defines a functor af : 7 (z) — Ab*, where Ab* is the category of graded Abelian
groups.

Example: Suppose that the stable class ¢ € g1a%(S(E)1p, F5) is represented
by an Sl-equivariant map f : S(E) — Fj over B (or, equivalently, by an S'-
equivariant map S(E)4+p — Fj of pointed spaces over B). Let U be a complex
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vector bundle over B and let 7 be the obvious morphism (E, F) — (E® U, F@U).
Then f defines a map

S(E) xg UL Fr xgUt
[S(E) xp B]/S(E)xBooU_’ B XB B/FEXBOOU

which, composed from the right with the contraction

S(E)xgU
S(E@b)_’[ (E) x5 B]/S(E)xBooU
and from on left with the contraction

F'];,FXBUVEr HFEXBUE/

}Z(F@U)E

/FEXBOOU [F;XBOOUUOOFXBUE

gives an S'-equivariant map S(E & U) — (F @ U)% over B. This map represents
T*((p) S SlOéOB(S(E ) U)+B, (F D U)E)

Let a € Aut(E) be a unitary gauge transformation of the bundle E. Composing
with the induced automorphisms S(a) of the sphere bundles S(E),p defines a
morphism

x +y S(a@)” x T
s105(S(E)+B, Fg) —— s1ap(S(E)+s, Fg) -
On the other hand, a defines an element [a};] € s17%(E}, Ef), whose stable class
{ag} is a unit in the ground ring g1 a(B) and defines multiplication automorphisms

m(a)

s1a5(S(E) 4B, F) — s10p(S(E)1s, Fg) -
Clearly these automorphisms depend only on the homotopy class of a.

Proposition 2.7. Let ¢ € s1a*(S(E)+p,Fg) and a € Aut(E). Let T be the
obvious morphism 7 : (E,F) - (E® E,F ® E). In s1a*(S(E ® E)1p, |[F & E|})
is holds

7(5(a)"(¢)) = T (m(a)(p)) -

Proof: For simplicity we prove the statement only in degree 0. We may assume
that a is a unitary automorphism with respect to a Hermitian structure on F.
Suppose that ¢ is represented by

[f] € s1nB(S(E)+B AB &L, Fiy A ) -
We will prove that the natural representatives
P, ¢ € s1Mapg(S(E ® E)1p Ap &5 Ap EL, (F © E)§ Ap &5 A ER)
of 7. (S(a)*([f])), m«(m(a)([f])) are homotopic, so they define the same element in
s m5(S(E® E)yp A &5 Ap EL, (F ® E)g Ap & A Ef) .

We suppose for simplicity that £ is trivial, to save on notations. Consider the
contraction map ¢ : S(E @ E);p — S(E)yp Ap Ef; defined by the first formula in
(3), and introduce the maps

U, x:S(E)+p Ap Ef Ap Eff — Fi Ap Efy A B,
defined by

.= [foS(a)] AB idE;g AB idE;g , X :=fAB idEg AB aJBr, .
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Using our definitions it is easy to see that p = Wo (cApidg+), ¢ = x o (cApidg+).

B B
Use the same method as in the proof of Proposition 2.1 (conjugation with the
rotations of E @ E defined by the matrices r;) to construct a homotopy

x=fAB (idE@a)Eﬁf/\B (a@idE)JBC:f/\B GE /\BidEg = XI.
It suffices to construct a homotopy between Wo (¢ Ap idEg), and x' o (¢ Ap idEg)7

and for this it suffices to construct a homotopy between the maps ¥goc and xgoc,
where

Yo = [f o S(CL)] AB ldEg e (f AB ldEg) o (S(CL) AB ldEg) R
X6 = fAp CLJBF, = (f AB 1dE§) o (ldEg AB CLJBF,) .
Note that (S(a) Ap idEg)oc = coS(a®idg), and (idg(p) Apaj)oc = coS(idp @a).
In these formulae we use the fact that a is a unitary. On the other hand, using again

conjugation with the rotations defined be the matrices r;, we see that S(a @ id) ~
S(idg @ a). Therefore

Vpoc= (f/\BidEg)OCOS(a@id): (f/\BidEg)OCOS(idEEBa):

= (f AB idEg) o (idS(E) AB aJBr,) oc= X6 ,
which completes the proof. [ |

A similar statement holds for the action of an automorphism b € Aut(F'). Denote
by [b5]. the automorphism of g1a*(S(E)1p, F5) defined by composition with b.

Proposition 2.8. The automorphisms [b}]., m(b) coincide on g1a*(S(E)1p, Fpy).
The proof uses similar arguments as the proof of Proposition 2.7 but is substan-
tially easier. [ ]
An automorphism ¢ € Aut(U) defines a automorphism o(c) of the graded group
a*(S(E@ U)yp, [F @ U|L) defined by f + [idr @ cJ5 o fo S(idg @c)~?.
Corollary 2.9. Let7: (E@U,FoU) - (FEaeUoEaoU, FoU® E®U) be the
natural morphism. Then for any ¢ € o*(S(E® U)4p, [F ® U]}) one has

Te(o(0)(p)) = () -
Proof: Indeed, one has
o {[idrp @ c|f}e = e omle) , T o{S(idg ®c) '} =70 (m(c)) .
On the other hand the morphism 7, is g1a"(B)-linear. [ ]
Consider now the category Up of all finite rank complex vector bundles over B.
A morphism v : U — U’ in the category Up is a pair (i,U;) consisting of a bundle
embedding i : U — U’ and a complement Uy of ¢(U) is U’. This category can be
regarded in an obvious way as a category with automorphism push-forward (see
section 5.1). The assignment U — g1’y (S(E®U)4p, (F@U)}) is functorial with
respect to morphisms in Up, so it defines a functor app U — Ab*. Since Up is
not a small category, it is not clear whether this functor has an inductive limit (see
sections 2.1, 5.1). We put
&(B.F) = lim 1a3(S(E@C")p, (F&CE) - (4)
neN

Proposition 2.10. The functor af;  admits an inductive limit which can be iden-
tified with &*(E, F).
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Proof: Let NV be the category associated with the ordered set (N, <) and let
© : N — Up be the cofinal functor n — C" (see section 5.1). By Corollary 2.3, the
functor aj, ; satisfies the trivial stable action axiom ©SA. The result follows now
from Propdsition 5.11 in section 5.1. |

In particular one has canonical morphisms cy : sia(S(E @ U)yp, (FaU)E) —
&*(E, F) for any complex bundle U, and the system (cy)u is af p-compatible and
satisfies the universal property of the inductive limit. Note that &*(E, F') has a
natural structure of a graded g1a*(B) bimodule. By Propositions 2.7 and 2.8 we
get:

Remark 2.11. The action of the gauge groups Aut(E®U), Aut(FeU) on &*(E, F)
is induced by the canonical g1a®(B)* -action defined by its module structure via the
morphisms Aut(E®U) — 51a°(B)*, Aut(F&U) — s1a°(B)* defined by a — af.

A morphism 7 = (i, 5, F1, F1,k) : (E,F) — (E', F') between two presentations
(E,F), (E',F") of x induces a sequence a morphisms (E @ C", FoC") — (F' @
C", F' ®C"), so it induces a morphism 7, : &*(E,F) —=» &*(E', F'). It is easy to
see that 7, is an isomorphism: it suffices to note that the exists an isomorphism
0: (F,F)— (EaUFe@®&U) (with U := Ejp) such that 6 o 7 is the standard
morphism (E,F) — (E® U, F @ U), and to apply Proposition 2.10. Therefore we
obtain a functor a* : 7 (x) — Ab* whose associated morphisms a%(7) = 7, are all
isomorphisms. According to Proposition 5.8 an inductive limit of this functor exists
and can be identified with a quotient of &*(FE, F'), for any fixed presentation (E, F')
of . Therefore we can make

Definition 2.12. Define

a*(z) = lim
(E,F)ex

a*(E,F) .

Remark 2.13. This inductive limit is also an inductive limit of the functor a%
introduced at the beginning of this section. The existence of the inductive limit of
this functor is a non-trivial statement.

We introduce now the notations

A(E) :=lim Aut(E @ CY), A(F) :=limAut(F & C") .
Nek Nek

The two groups A(E), A(F) act on the graded group &*(E,F) via the group
morphisms [ : A(E) — ¢1a®(B)X, r : A(F) — g1a°(B)* (see Remark 2.11),
so the two actions commute. Let Z[A(F)], Z[A(F)] be the group rings of A(FE),
A(F), I[A(E)], I[A(F)] the augmentation ideals, and A\ : Z[A(E)] — ¢1a°(B),
p: Z|A(F)] — 51a°(B) the ring morphisms associated with the group morphisms
I, r. Using Proposition 5.8 we get

Remark 2.14. For every presentation (E, F') € x there is a canonical isomorphism

a(@) = CEED) i m)at (B, F) + pUIAF))a* (B, F) -

In the next section we will see that A(E), A(F) are both isomorphic to K ~1(B)
and we will identify the images A(I[A(E)]), p(I[A(F)]) of the two ideals in 51" (B)
with the image of the ideal I[K ~!(B)] under the ring morphism Z[K ~(B)] —
s1a%(B) induced by the J-map K~ !(B) — s1a?(B)*.



14 CHRISTIAN OKONEK, ANDREI TELEMAN

2.4. The S'-equivariant J-map and the description of a*(z). Let 7: E — B
be a Hermitian vector bundle over a compact basis, and let a, b € Aut(F) be two
unitary automorphisms. We define a map

Agp(a,b): S(E)1p ApS' — Ef
in the following way: We use the models
S(E)1p Ap 8t = SE) X0, 1]/S(E) « {0,1} » B = D(E)/BS(E)

for the two spaces, and define

[ (1 =2tale)] for 0<t< 2
Ag(a,b)(le,t]) == { [(2t — 1)b(e)] for 1<t §21 _

Consider the contraction map
(g : Eg — S(E)+B AB ﬁl
induced by e — [(”—ine, lel)]- One has
{Ap(a,0)} = {bf} — {ap} . (5)

Definition 2.15. The J-homomorphism associated with a Hermitian bundle E is
the morphism Jg : mo(Aut(E)) — s1a%(B)* defined by Jg(la]) == {af}.

We introduce the map
Op : mo(Aut(E)) — giap' (S(B)+p, Bf) , Op(ld]) = {Ap(idp, a)} -

Let O : s105" (S(E) 45, EL) — s1a%(E}, Ef) be the connecting morphism in the
long exact cohomotopy sequence:

_ d
= siap (S(B)yp, Bf) = s105(Ef, Ef) — s105(Byp, Ef) — ... (6)
associated with E‘g and the cofiber sequence
S(E)+p — D(E)+p — Ej .

Since 0 acts by composition with the contraction c¢g, we see that the diagram

©
mo(Aut(E)) 2 s105' (S(E) 45, Ef)
O
JE (7)
Slao(B)X Slao(B) = Sla%(Eg,Eg)

is commutative.

Remark 2.16. Let w’(B1,P A S') C 510°(B) be the free summand of the ring
s1a%(B) (see Proposition 2.4). For any [a] € mo(Aut(E)) it holds

Je(la]) — 1 € W%(B4, P ASY) .

Indeed, w®(B,PS° A S') is the kernel of the morphism p : g1a°(B) — w°(B)
given by restriction to the fixed point set. Therefore

p(Je(a))) = p({af}) = {(a})®'} = {idp,, } -

Proposition 2.17. One has
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(1)
lim mo(Aut(E & CY)) = K~ '(B)
N

(2) The system of morphisms (Opgcn )Nen defines an isomorphisms

9:lim graz' (S(E@&CY)yp, [EaCNE) — (By, PP ASY) .
N

Proof: Let ® be a complex bundle on B. For any automorphism a € Aut(®)
we construct a bundle ®, over B x S' in the following way: we consider the bundle
® x [0,1] over B x [0,1] and we identify ® x {0} with ® x {1} via a. This bundle
comes with an obvious identification ®4|py (0} =~ p*B(<I>)|BX{O}, so the difference
[@4] — [p5(®)] defines an element kg¢(a) € K(B x S*, B x {0}). It is easy to see
that the obtained map ke : Aut(®) — K(B x S, B x {0}) = K~!(B) is a group
morphism. Taking the limit over N of the system of morphisms kgqcnv we obtain
a morphism

kg lim mo(Aut(E oC") - K (B).
N
Let E' be a complement of E and fix an isomorphism E' & E = C". The

assignment a — idgs @ a defines an injective morphism

ig : lim mo(Aut(E @ CV)) — lim 7mo(Aut(C"Y)) .
N N

Similarly, we obtain an obvious injective morphism

je +lim mo(Aut(CY)) — lim mo(Aut(E @ CV)) .

N N
Hence we have morphisms
: N\\ JE 1. N\ PE/ 1. +N Kcn
lim mo(Aut(CY)) 22 lim mo(Aut(E & CV)) = lim mo(Aut(C"Y))
N N N
The composition ig o jg is clearly an isomorphism. Moreover, it is well-known
that kc» is an isomorphism, for every n € N. Since ¢gs is injective, we see that
kg = Kgr 0 i is injective. On the other hand, kcn 0 ipr 0 jg = kg o jg is an
isomorphism, so kg is also surjective.
For the second isomorphism, we take the direct limit over N in the cohomotopy

exact sequence (6) associated with £ @ C~. We have

lim 10 (B ® CVI5,[E ® CV]5) = s10%(B) .

N
On the other hand, the system of morphisms defined by restriction to the fixed
point set (see section 2.2) defines a morphism
b s lim g0k (Bag, [B 0 CVI5) — o (By, 5°) = wA(B) .

N

Using again a complement E’ of E as above, we obtain morphisms

h_r,n Slak(B-i-v [CN]Jr) = h_r,n Sla%(B-i-BvB X [(CN]JF) -

K '(B).

NeN NeN
én
0159 < ch0un ) e )
The morphism lim g % (Bip, B x [CN]T) — lim g of(Byp, [C"TN]E) is an iso-
NeN N

morphism, and lim g ok (Byg, [E®CN]}) — lim g1 o’ (By g, [C"TN]}) is injective.
N N
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Moreover, by Corollary 2.6, the map r(’En is an isomorphism. Now the same argu-
ments as above show that r% is an isomorphism. The limit of (6) becomes

sia”L(B) = wL(B) — lim g1 (S(EaCY) 1, [ECN]E) & s10%(B) 2 wO(B)
N
But the map

p g (B) =g1a’(By ASY — W(By ASY =wH(B)
is also induced by restriction to the fixed point set, so it is surjective by Remark

2.5 applied to the basis By A S'. Therefore 9 induces an isomorphism

i siap (S(E®CY)yp, [E@CV]E) — ker(p) = (B4, PP ASY) .
|
Taking the inductive limit with respect to N of the diagram (7) written for
E & CY, we obtain the commutative diagram

K~Y(B) hWn} siag' (S(EeC)ip, [E®CNL) =a Y (E,E)
~ 10
/ (8)
§10%(B)* -1 OBy, PP ASY) < 5109(B) .

Remark 2.18. The map 1090 © : K~1(B) — s1a%(B) satisfies the identity
[o00B|(a+b)=[t0d00|(a)ftodoB](d)+[todoB®](a)+[todoB|D) .
It is the “free J-map” in the terminology of Crabb-Knapp (|CK], p. 88, p.93).
Corollary 2.19. The map J : K~1(B) — 51a"(B)* is injective.
Proof: It suffices to note that d o © is injective by Corollary 2.5 in [CK]. ]

The group morphism .J extends to a ring morphism J : Z[K ~1(B)] — g1a°(B).

Question: Does the subgroup
JUKYB)) = () = 1] ue K (B)}) = (im(90 ©)) € (B4, PT A SY)

coincide with the free summand w°(By,P° A St)?

We come back to the description of a*(z): Using Remarks 2.11 and 2.14 one
gets the following descriptions of a*(z).

Proposition 2.20. For every presentation (E,F) € x there exist canonical iso-
morphisms

o () = OB F) - » '
~ @ [I(IIK (B))a (B, F)
Since J(I[K~Y(B)]) is contained in w° (B, PP ASY), which is an ideal of s1a°(B),
we get epimorphisms

o (z) — d*(E’F)/wo(B+,P°+° ASY-a*(E,F) -
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2.5. Stabilization. In this section we will show that the morphism
Tt 10"(S(E) 15, Fi) — 510" (S(E') 45, [F']}) (9)

associated with a morphism 7 : (E,F) — (E',F’) in the category 7 (x) is an
isomorphism as soon as the rank f of F' is sufficiently large. In other words, for
fixed k, the groups o () can be computed using only presentations (E, F) with a
priori bounded ranks.

Proposition 2.21. Suppose that B is a finite CW complex. The stabilization
morphism (9) is an isomorphism for 2f > dim(B) — k.

~

Proof: A morphism 7 defines a bundle U and isomorphisms E' = E & U,
F' >~ F @ U. The long exact sequence associated with the cofiber sequence over B

S(U)+p — SE. 5= S(E)4s A UE ,

and the target space [F']}; contains the segment

— 515 (SU) 45, [F1h) 5 s1ab(S(E)+ABUL, [F]h) <= s1ah(SE, 5, [F]h).

The morphism 7. is defined by ¢* via the identification g1a/y(S(E)1p, Fy) =
510k (S(E)+p Ap U, [F']5), so it is an isomorphism as soon as

1N (S(U) 45, [F'15) = s15(S(U) 45, [F']5) =0 .

Suppose for simplicity k& > 0. A class u € g1a/5(S(U) 45, [F']}) is represented by
an S'-equivariant pointed map over B

0: S(U)1pnp & =5U) ><B€+/B S(U) xp oce — [F' &R @E]f

where £ = n®& is the sum of a complex and a real vector bundle. We may suppose
that &y is an oriented bundle, so that all our bundles become oriented bundles. We
will prove that any such map is homotopic to the map o, which maps the left
hand space fiberwise onto the section cop/ggrge. Denote by ¢ : P(U) — B the
bundle projection and put
Frim g (F)(1), €= ¢ ()(1) &¢° (&)

A map ¢ as above induces a pointed bundle map ¢ : g;(U) — [F"aRF @é];w) over
P(U), and the assignment ¢ — ¢ is a bijection. But by Corollary 5.15 in section 5.2,
any such pointed bundle map is homotopic to the fiberwise constant bundle map as
soon as dimg (P(U)) 4 rk(€) < rkg(F’) + k + rk(€). This condition is equivalent to
2f > dim(B) — k — 2. Similarly, we will have g% (S(U)4p, [F']5;) = 0 as soon
as 2f > dim(B) — k — 1. ]

2.6. The cohomotopy Euler class of an element in K(B). Let 2 € K(B)
and consider a presentation (E,F) € . The map o ) : S(E)+p — Fj which
sends the section +p of S(E),p to the infinity section of F5 and maps any point
ep € S(Ep) to 0y is an S*-equivariant map of pointed spaces over B, hence it defines
an element {op r} € s1a%(S(E)+5, Ff ).

One has a canonical isomorphism (see [CJ] Proposition 12.40)

5105(S(E)15, F) = 51035y (S(E)15(8), 7 (F)§(my) -

where 7 : S(E) — B is the obvious projection. Under this isomorphism the class
{o(z,r)]} maps to the equivariant Euler class of the bundle 7*(F) over S(E). This
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class is the pull-back of the equivariant Euler class v(F) € g1a°(Byp, Fy) of the
bundle F' under the projection S(E) gg) — B1p-

For any morphism 7 = (4, j, E1, F1,k) : (E, F) — (E’, F') in the category T (x)
one has 7.({og,r)}) = {0z F)}. Therefore the assignment (E, F) — —{og r)}
defines a tautological element v(x) € a*(x). This element will be called the equi-
variant cohomotopy Euler class of x.

3. COHOMOTOPY INVARIANTS ASSOCIATED WITH CERTAIN NON-LINEAR MAPS
BETWEEN HILBERT BUNDLES

3.1. The cylinder construction. Let (F, F') be a pair of Hermitian vector bun-
dles over a compact basis B. Let V, W be Euclidean vector spaces, and let
p: ExV — [Fx W]} be an S'-equivariant map over B. We suppose that p
is fiberwise differentiable and its fiberwise differential is continuous on £ x V. The
equivariance property implies that

u(0F x V) c [0F x W] }. (10)
We assume that p has the following properties:

P1: (properness) There exist positive constants ¢, C such that ||u(e,v)|| > ¢
for all pairs (e,v) € E x V with ||(e,v)| > C.

P2: (restriction to the S'-fixed point set)
(1) There exists a direct sum decomposition W = H @ W, such that
(0, ,v) = h(y) +1(v) , Yy € B, Yo eV,

where | : V=5 Wy C W is a linear isomorphism, which does not
depend on y, and h : B — H is a continuous map.
(2) There exists €9 > 0 such that

1)l = P (05, v)| = €0 V(y,v) € BxV . (11)

We fix an orientation o of H, and set b := dim(H). Choose numbers R > C and
¢ < min(c,eg). The restriction pg of uto Dg(E) x Dr(V) satisfies

(e, v)| = € ¥(e,v) € [DR(E) x Dr(V))]U [0F x Dr(V)] .
Therefore, jup defines an S'-equivariant morphism of pairs over B

tire : (Dr(E) x Dg(V),d[Dr(E) x Dr(V)]U[0¥ x Dg(V)]) —

— ([F X WG, [F x W5\ Do(F x W)) .

The first space Dr(E) x Dr(V') of the pair on which ug . is defined can be regarded
as a “cylinder bundle” over B, whose base is the complex disk bundle D(F); the
second space of this pair is the union of the boundary of this cylinder bundle
with the core 0¥ x Dg(V). Using polar coordinates in Dr(FE) we obtain a map
S(F) x [0, R] — Dgr(E), hence a map

p: S(E) x [0, R] x Dr(V) = S(E) x Dp(R@ V) — Dp(E) x Da(V) ,
which maps

[S(E) x{0,R} x Dr(V)]U[S(E) x [0,R] x Sr(V)] =S(E) x SRR V)
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onto the the second component of the pair on which pyg . is defined. Here we used
suitable models D(R& V), S(R& V) for the disc and the sphere in R& V. Therefore,
composing (g with p we get an Sl-equivariant map of pairs over B

(S(E) x [0,R] x Dr(V),S(E) x ({0, R} x Dr(V)U [0, R] x SR(V))) =

(S(E) x Dr(R® V), S(E) x Sp(R® V)) — ([F X WIE, [F x W5\ Do(F x W))
which we denote by the same symbol pr .. Collapsing fiberwise over B the second

terms of the two pairs, and composing with the natural isomorphism

N
[FxW]B/B[FXW];\bE(FXW):[FXW]JEQ,

one gets an S'-equivariant map of pointed spaces over B

ppe: S(E)x [Re V]+/B S(B) x {00} = S(E)4pAp[BxR&V)]E — [F x W4

Using the isomorphism [ : V' = W, and an orientation preserving isomorphism
R® ~ H, we obtain an element

{/1'} € SlabB_l(S(E)-i-Bv F]-Bi_) )
which is obviously independent of the choice of the pair (R,e). This element will
be called the cohomotopy invariant of p.
3.2. General properties of the invariant {u}.
3.2.1. A wvanishing property. Let p: E x V — F x W a map satisfying P1, P2.

Proposition 3.1. If i|p.(p)x Do (v) @ nowhere vanishing, then {u} = 0.

Proof: We take ¢ < inf{||u(e,v)| | |le]] < C, |lv|| < C}, and we note that the
{[FxW]E}/s{[F x W5\ De(F x W) }-valued pointed map induced by g, is
fiberwise constant. [ |

3.2.2. Homotopy invariance. Let p/, p’ : E x V. — [F x W]}, two maps satisfying
properties P1, P2 with constants C’, ¢, e, and C”, ¢, . We suppose that the
property P2 of the two maps holds for the same decomposition W = H & Wy of
W and for the same isomorphism [ : V' — Wjy. We introduce the notations

B:=Bx[0,1], E:=Ex[0,1]=pi(E), F:=Fx[0,1] = pi(E) .
Proposition 3.2. Suppose there ezists C > max(C",C") and a continuous St-
equivariant map fi : Do(E) x Do(V) — [F X W]E over B whose restriction to

9 [Do(B) x De(V)| U [0F x Da(V)
is nowhere vanishing. Then {i'}y = {u"} in g1 (S(E) 15, FY).
Proof: The stable classes {u'}, {¢”'} can be computed using the the cylinder

D¢(E) x De(V) and taking

e < min (<, <6, ¢ ", inf {[(9) ]| y € DD (E) x Do(V)] U[OF x Da(V)]})
Applying the cylinder construction with parameters C, € to the map i we obtain a
homotopy between the corresponding representatives of the classes {u'}, {¢}. ®
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3.2.3. A product formula. Let V;, W; be Euclidean spaces , E;, F; Hermitian bun-
dles over a compact base B (i =1, 2) and y; : E; X V; — [F; X Wl]JBC Sl-equivariant
maps over B satisfying the properties P1, P2 (1) of section 3.1 with constants
C, c. Let W; = H; & Wy; be the corresponding direct sum decompositions, and

LV, S Wo.i, hi : B — H; the maps given by P2 (1). Fix orientations on the H;,
and put

Vi=ViaVy, Wi=W1&Ws, H:=H,®Hy, Wo:=Wo1@&Woo,l:=11Dl,
and consider the bundles FE := Fy @ Ey, F := F; & F;. We have a product map
piExV=[E xWV]®[E x Vo] — [F x W5 = [F1 x W15 Ap [Fa x Walh
over B. This map satisfies properties P1, P2 (1) with the map
h=(hi,hs): B— H .

Note that p will also satisfy P2 (2) as soon as one of the two maps 1, o has
this property. Suppose that p; also satisfies property P2 (2) with constant g and
denote by

{m} € s1a3 H (S(B) 15, [F]})
the corresponding stable class. The map po defines a map [Ey® V|5 — [Fa@Wa|j
hence a class {;1f } € s10%2([Ea]}, [F2]}). One can then form the product

{m} As{u3} € s0l ! (S(Er)1p AB [E)S FR)

Consider now the contraction map 1¢: S(E1 @ E2)+p — S(E1)+5 AB [EQ]JBC intro-
duced in section 2.3 (see formula (3). Using the identifications

[Eo)} = DR(EQ)/B Sp(Es) = EQ/B Eo\ Dr(B)

we can use as model for the contraction 1c any map of the form ;c% given by

1
162(61,62) = [mel,%eg] 5 (ER Z R) .

Proposition 3.3. Under the above assumptions it holds {p} = 1¢* ({p1} A {13 }).
Proof: The class {u} is represented by the map of pairs
ur: (S(E) x [0,R] x Dr(V),S(E) x ([0, R] x Sr(V)U{0,R} x Dr(V))) —
— (P X W]h , [F x W5\ D.(F x W)
which is defined by

pr(el, ez, p,v1,v2) = [pa(per, v1), pa(pez, v2)] .

The class 1¢* ({¢11} Ap {13 }) is represented by the map v between the same pairs
defined by

1
V?(€17€2,P,U1,U2) = Nl(ﬂmelavl)aﬂz(m@,w)
Composing ug, V}? with the projection

p;[FxW]§—>[FXW]E/B [F x WIE\ D(F x W)
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we obtain two maps

mo , my : S(E)x[0, R|x Dp(V) — [F % W]E/B [ ~ [FxW];

Fx W5\ De(F x W)

which map S(E) x ([0, R] x Sg(V)U{0,R} x Dr(V)) onto the infinity section in
the right hand bundle. The natural homotopy between these maps is the map

m:(0,1] x S(B) x [0, B] x Dr(v) — [FxWla/ [F x W]\ Do(F x W)

given by
1
m(t,e1, ez, p,v1,v2) = [Ml (p [1 —t+ tm] 61,U1> 2 ([(1—1)p + tR]e, v2)
1

Claim: For any R > v/2C and sufficiently large % > R it holds
(1) the map m is well defined and continuous at the points (¢, e1, ea, p, v1, v2)
with e; = 0.
(2) the map m maps [0,1] x S(E) x ([0, R] x Sr(V)U {0, R} x Dr(V)) to the
infinity section in the right hand bundle.

In fact we show that for es € [E3],, one has

lim m(u) = ooy ,
By )
uﬁ(t,ob1 1€2,P,V1,02)

so m maps the locus e; = 0 to the infinity section. Let ng > 0 be sufficiently small,
such that ||p1(eq,v1)|| > eo for every (e1,v1) € Dy, (E1) x Dr(Vi). One has

lim
e1—0

=pt.

1
0 [1 —t+ t—] e1
lleall

When pt < ng, the first component of m(t, e1, ea, p, v1, v2) will already have a norm
larger that 9. When pt > ng, we obtain (using |le1]|? + |le2]|? = 1):

1
lim [|[(1 = )p + tR]ea| = (1= t)p + 1R > na(; = 1) + 1R > 2/ na% — g ,
e;—

which will be larger than R when R is sufficiently large. The second part of the claim
is obvious for the spaces [0,1] x S(E) x [0, R] x Sr(V), [0,1] x S(E) x {0} x Dr(V).
For p = R we obtain
2

1= t)p + tR]ea]|* = R¥([leal|* + [leal|*) = R* > 2C2

1
p [1 -1+ t—} el
l[ex]l

so at least one of the two norms is > C.

Using the claim, it follows that m descend to an homotopy between two repre-
sentatives of the classes {u} and 1¢* ({1} Ap {13 }). [ |

An interesting case is the one when also uo satisfies property P2 (2). In this case
the cylinder construction applies to po and one can write

{N;} = 02({p2}) ,

where {us} € s1a 2" (S(B2)+p, [F2]L) is the invariant associated with g, and 02
is the connecting morphism in the long exact sequence associated with the cofiber
sequence

S(Es)1p — D(E2)yp — [Ea]f -
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Let oc: S(E1 @ Es) 45 — [El]jg AB S(E2)+p be the standard contraction. In this
case, our multiplication formula becomes

Corollary 3.4. Suppose that both maps p1, pe satisfy properties P1, P2. Then
{u} =1¢" ({m} Ap 02({p2})) = 2¢” (O1({pa}) A {n2}) -

Another corollary is obtained when s is defined by a pair of linear isomorphisms
Ey — Fy, Vo — Ws. The corresponding formula will play an important role in the
proof of the coherence Lemma 3.10 comparing the invariants associated to two finite
dimensional approximations of an admissible bundle map between Hilbert bundles.

Proposition 3.5. Let u: ExV — F x W be a map satisfying the properties P1,
P2 with constants C, ¢, &g and maps | :V — Wy, h: B — H. Leta: E' — F'
be an isomorphism of complex vector bundles over B, and let b : V' — W' be an
isomorphism of real vector spaces. Pt E:= E®E', F:=F@QF,V:=VaV,
W =W & W', and define

fi(e,¢',v0,0") = tfu(e,v) Ap (ale’),b(v'))]
where  is the obvious identification
Li[Fx WA (F'xWE = [(FeF)x (Wae W)} .
Then
(1) @ satisfies P1 with constants C, ~y (for sufficiently small 0 < v < c), and

P2 with constant €y and maps [ :=1® b, h := h. o
(2) {a} = m({u}), where T denotes the obvious morphism (E,F) — (E, F).

The second statement follows directly from Proposition 3.3. The first statement
(which is specific to case when the second factor is a linear isomorphism) is proved
as follows: Since the closed set u=(D.(F x W)) is contained in the open disk
De(E x V), there exists r > 0 such that ||(e,v)| > ¢ as soon as ||(e,v)|| > C —r.
For a point (e, e’,v,v") with ||(e,e’,v,v")|| > C one has either ||(e,v)|| > C —r, or
[I(e’,v")|| > r. In the first case one obtains ||u(e, v)| > ¢, whereas in the second we
get ||(a(e"),b(v")]] > r for a constant ¢'. [ |

3.3. A class of non-linear maps between Hilbert bundles. Suppose now that
V, W are real Hilbert spaces, and that £, F are complex Hilbert bundles over the
compact basis B, and let p: £ x V — F x W be a continuous S!-equivariant map
over B which is fiberwise C*°, and whose fiberwise derivatives are continuous on
E x V. We assume that the fiberwise differentials

dy :=do, pty =Ey XV —F,xW, yeB

at the origins of the fibers £, x V are Fredholm. The linear operator d, has the

form d, = (0y,1,), where ¢, : & — F, and I, : V — W are defined by the

derivatives of the restrictions Hle,x {07 )+ F|{ofyx v Note that the continuous family
Y Y

§ := (8y)yep of complex Fredholm operators defines an element ind(d) € K(B).
Let d: & xV — F x W the fiberwise linear map defined by the family of Fredholm
operators (d,),ep. We suppose that p also has the properties
P1: (properness) There exist positive constants ¢, C' such that ||u(e,v)|| > ¢
for all pairs (e,v) € € x V with ||(e,v)|| > C.
P2: (behavior near the S!-fixed point set)
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(1) W splits orthogonally as W = H @W),, where H is a finite dimensional
subspace, and for every y € B one has

E
(0, ,v) =h(y) +1(v) Yye B, YweV,

where [ : V=5 Wy C W is a linear isometry.
In particular the operator I, coincides with [, so is independent of y.
(2) There exists €g > 0 such that for every y € B one has

IR = llpa (1#(05, v))]| > &0 -

P3: (linear+compactness) The difference k := p — d is globally compact, in
the sense that for every R > 0 the image k(Dg(€ x V)) of the disk bundle
Dr(€ x V) is relatively compact in the total space F x W.

Note that one has the identity
k(05,v) =h(y)eH, VyeB. (12)

In the next section we will see that the left hand of the Seiberg-Witten equations on
a 4-manifold M defines a map satisfying properties P; — P3. A different construction
of such a map can be found in [BF].

3.4. The Seiberg-Witten map in dimension 4. Let M be closed oriented 4-
manifold, and let L be a Hermitian line bundle on M. We fix the following data:
(1) A closed complement S of the closed subspace iBhg (M) = d(iA°(M)) of
iAY(M).
(2) A closed complement V of the finite dimensional space
iH' == S Nker(d:iA* (M) — iA*(M)) ~iH'(M,R)
inS
(3) A complement iH? of d(iA'(M)) in ker(d : iA?(M) — iA3(M)). This
complement will come with an isomorphism iH? ~ i H?(M,R).
(4) An affine subspace A of the space of connections A(L) modeled after S.
Therefore, A is a slice to the orbits of the right action of the gauge group G on
the space of connections:
a-g:=a+2g tdg
The quotient A := A/V is an affine space modeled after iH'(M,R). Consider
the finite dimensional Lie group

G:={ueC>®M,S") utduecS}.
One has an obvious short exact sequence
{1} — §' — G2 2miH (M Z) — {1},

where ) is defined by u — [u~!du|pr. The choice of a point zo € M defines a left
splitting ev,, : G — S* whose kernel is isomorphic to 2mi H'(M;Z) and which will
be denoted by Gy,. In the affine space A we have a natural iH'-invariant (hence
Gg,-invariant) subset Ay defined by

Ao :={a € Al F, € iH?} .

The curvature Fy, of a connection ag € Ay is independent of ag, because it coincides
with the representative in iH? of the de Rham class —2micPR(L); this 2-form will be
denoted by Fy. Note that Ay is a G,-invariant complete system of representatives
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for the quotient A = A/V. The space A/G,, can be regarded as an affine bundle
over the torus

(L) = A
PIC(L) = /GIO s
which is naturally a i H'(X;R)/4mi H'(X; Z)-torsor. The fibers of the affine bundle
7 A/Gyy — Pic(L)

are affine V-spaces. Since the quotient Ay/G,, is a section of this affine bundle,
we can regard it as a V-vector bundle over Pic(L) with Ag/Gy, as zero section.
This vector bundle is actually trivial: indeed, the map (ag,v) — ap +v € A is
Gg,-equivariant, and it descends to a trivialization Pic(L) x V — A/Gy,.

Remark 3.6. Choosing a Riemannian metric g on M gives canonical choices for
the three objects S, T, iH? above, namely
S =ker(d* : iA" (M) — iA°(M)) , V :=d*(iA*(M)) , {H* = iH, ,

where the subscript ; on the right denotes the respective g-harmonic space. With
these choices, Ao is just the the set of g-Yang-Mills connections in the slice A.

Let g be a Riemannian metric on M, ¢ € Spin(M) an equivalence class of
Spin-structures, and let 7 : Q — P, be a Spin®structure on M representing the
class ¢ . Denote by ¥, ¥ := X% @ X~ the spinor bundles of 7, L = det(X¥) the
determinant line bundle, and « : A! — Endg(3) the Clifford map [OT]. Note that
the gauge group Aut(Q) of @ acts on the space of Spin®-structures 7 : QQ — P,
representing ¢ (or, equivalently, on the space of Clifford maps v : A* — Endg(X)
which are compatible with ¢). Therefore, the space of Spin¢-Dirac operators which
are compatible with the pair (g, ¢) has a very complicated topology. Note that, for
the construction of a Dirac operator one needs a concrete Spin®-structure 7 (or,
equivalently, a concrete Clifford map ), not only an equivalence class .

The gauge group G and its subgroup G, act from the left on the vector spaces
of sections A°(XF) by the formula

(9,9)— g 'V .

~ Since Gy, acts freely on the affine quotient space A we get two flat vector bundles
Ax g, A°(X¥) over Pic(L) with standard fibers A?(X%). In order to use our general
formalism we make the following definitions:

B:=Pic(L) , £ :=Axg, AZT), Fi=Axgq, AYS7), W:=idA3(M).
Let k : B — i]HI;r be a smooth map. The k-twisted Seiberg-Witten map is the
map from A°(E) x A to A°(X7) x A2 given by
(T,a) = DoV, (Fu = Fo + k(m(a))) " =471 ((2D)o) -
Via the identification B x V = A/G,, this map descends to an S'-equivariant map
SWe : EXV — FxW.

The restriction of sw, to the fiber over y = [ag] € B is given by the formula

2

The linearization of this map at the zero section in the bundle £ x V over B is
a fiberwise linear bundle map given by

d(V,v) = (Pa,V,d" v) .

s, (U, 0) = (waow Ly dre ) ~r1<<w>o> .
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Hence swg decomposes as

sw, =d+ ¢
where ¢, is the sum of a quadratic map ¢ and the fiberwise constant map defined
by k. Denote by w, the expected dimension of the Seiberg-Witten moduli space
corresponding to 7:

wy = %(01 (L)? = 30(M) — 2e(M))

We define Sobolev LZ-completions of the spaces V, W in the usual way. The
construction of Sobolev norms on the bundles £, F is more delicate, because these
bundles are quotients with respect to group Gp, which does not operate by L2-
isometries?. For a point y = [ag] € B (with ag € Ap) one identifies the fiber &,,
F, with {ag} x A°(X*) and uses the covariant derivatives associated with V,, to
define the L?-norm on &,. A gauge transformation g € Gy defines an isometry
{ap} x A°(Z%) — {ap - g} x A°(X%), so in this way one obtains a well defined
Sobolev norm on the fiber &,.

Lemma 3.7. With respect to suitable Sobolev completions, the following holds:

(1) sw, is smooth.

(2) The fiberwise linear map d is fiberwise Fredholm of index w, — by + 1, and
cg 15 a compact map.

(3) There exists positive constants ¢, C such that

(¥, 0)[| =2 C = [lswe (T, v)[| > ¢ .

(4) The map ¢, = sw,, — d is compact.

Therefore the Seiberg-Witten map sw, satisfies always the properties P1, P2
(1) and P3 in section 3.3. Tt also satisfies P2 (2) for all maps « : B — iH} \ {0}.

The first and the third statements in the lemma are easy to see. The crucial
properness assertion (2) is stated in [Ful], [Fu2]. A proof of the analogue statement
for another version of the Seiberg-Witten map can be found in [BF]. A detailed
proof for our version, and an analogue properness property in a different gauge
theoretic context can be found in [B]. Similar methods can be also used to treat
the 3-dimensional Casson-Seiberg-Witten theory.

3.5. Finite dimensional approximation. We will need the following simple geo-
metric construction. Let A be a (real or complex) Hilbert space, and A C A a finite
dimensional subspace. Following [BF] we introduce, for every € > 0 the retraction

pen s AT\ S.(A%) - At

in the following way. For every a € A\ {0} put
Se,a = W y Ce,a = Se,al 5y Tea '= W
’ 2[|all? ’ ’ ’ 2||al

Let S..o C Ra + At be the hypersphere of Ra + A+ defined by the equation

16— ceall® + 1al* =72, -
The hypersphere S, , has the properties

a€Seq, Sc(AY) C Se

4We are grateful to Markus Bader for pointing out this subtility to us.
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Consider also the spherical calotte:
Ceo ={ta+ad € 8Scalt>0}CScq.

Denote by C: o, C [AL]T the exterior of the sphere S.(A+) C At (including o),
and by C; o its interior. Now note that

Feoa:i= {Cs)a| a € AJr}

is a foliation of A* \ Sc(A*) with closed leaves; the leaves are all diffeomorphic to
the standard disk of AL. The retraction p. 4 assigns the point a € A% to any point
of the leaf C. , C AT. Note that for any z € A one has the implication

(= € AT\ Se(AY), [l2] = €) = llpea()]l > 2] (13)

(equality is obtained when ||z|]| =€ or z € A). A second important property of the
retraction p. 4 is

z€ A\AT = (po,a(z) = Acopalz) with A, > 1) . (14)

Any R-linear isometry u of A which leaves the subspace A invariant will also
leave invariant the foliation F. 4. Therefore

Remark 3.8. p. 4 is equivariant with respect to any R-linear isometry of A which
leaves the subspace A invariant.

These retractions play a fundamental role in the following construction of finite
dimensional approximations. This construction is a refinement of the one developed
in [BF]. The main difference is that we have to work over a base B, and that we
treat the real and complex summands separately.

Consider again an S'-equivariant map p: € x V — F x W over B satisfying the
properties P1, P2, P3 of section 3.3. Recall from section 3.3 that we denoted by
d the linearization of u at the 0O-section and by ¢ and [ the complex and the real
components of d. We may suppose that the R-linear operator [ induces an isometry
Y — Wjy. A finite rank subbundle F' C F will be called admissible if it is mapped
surjectively onto the linear space defined by the family of cokernels (coker(dy))yen.
A finite dimensional subspace W C W will be called admissible if it contains H. A
pair (F, W) will be called admissible if F and W are both admissible; in this case,
for every y € B the product F, x W is mapped surjectively onto coker(d,).

For every admissible pair © = (F, W) the preimage d—!(F x W) is a finite rank
subbundle of £ x V which splits as

AN EFxW)=0"YF)x1I"*(W) .

We denote by Wy the orthogonal complement of H in W, and put V := [=}(W) =
I=*(Wy), E := 6 1(F) C €. The pair (E, F) represents ind(§) € K(B). We get
topological orthogonal direct sum decompositions

F=F@Ft, E=E®E* W=WeW'=HoWyaW"*, V=vVaoV":.

The product F' x W is a finite dimensional Hilbert subbundle of F x W whose
orthogonal complement is F+ x W+, The retraction

Perxw i [F X WIE\ Se(FH x Wh) — [F x W]E

is defined fiberwise. We will see that, for sufficiently small € > 0 and sufficiently
large admissible pairs 7 = (F, W), the image of the restriction p|gy does not
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intersect S.(F+ x W+). Therefore we can define a map

He,m = {pa,FxW OM}|E><V ExV — [Fx W]E ,

which belongs to the class studied in section 3.1. Such a map will be called a finite
dimensional approzimation of p. The result we need is very much similar to the
first part of Lemma 2.3 in [BF]. We know that the preimage u~1(D.(F x W)) is
contained in the disk bundle Do (€ x V) C Do(€) x Do (V). The image k(D¢ (E) x
D¢ (V)) is relatively compact in the total space F x W, because k is compact by
property P3. Now fix > 0 and let M, be a finite subset of F x W such that
kE(Dc(€) x De(V)) is contained in the union of the balls of radius 1 with centers
in M.

A pair 7 := (F,W) will be called n-admissible if it is admissible and F' x W
contains the finite set M,. The set of n-admissible pairs is non-empty and cofinal
in the set of pairs of finite dimensional subspaces (F, W).

Lemma 3.9. (Finite dimensional approximations) Let 0 <n < §. Then
(1) For any n-admissible pair 7 = (F, W) one has
im (pt)pyy) N S (Ftxwt)y=0,
so the finite dimensional approximation

He,m 2= {(pc,FxW) o /1'}|E><V tE XV — (Fx W)E
is defined.

(2) The restriction fic,x |pe(FyxDe(v) takes values in F'x W.

(3) For any n-admissible pair m = (F, W) the finite dimensional approzimation
ter Satisfies the conditions P1, P2 (see section 3.1) with the same con-
stants C, ¢, €9, isometry 1 : V — Wy C W and the same map h: B — H
as fi.

Proof: 1. If the intersection im (u|EXv) N S.(F+ @ W) was not empty, there
would exist a point (e,v) € E x V such that u(e,v) € S.(F*+ x W+). Since
S(FL x W) € Do(F x W), it follows (e,v) € Dc(E) x De(V). Therefore

ule,v) =d(e,v) + k(e,v) € F x Wy + k(D¢ () x De(V)) .
But any element in the second set k(D¢ (E) x Do (V)) is n-close to an element
in M,, C F x W, so pu(e,v) is n-close to F' x W. Since n < ¢, this contradicts
ple,v) € So(FHow).

2. The same argument shows that u(Dc(E) x Dc(V)) does not intersect the
complement of D.(F+ @ W) in F+ o W,

3. We have to check that, for an n-admissible pair 7 = (F,W), the finite di-
mensional approximation p. . has the two properties P1, P2 in section 3.1. For a
point (e,v) € E x V with ||(e,v)]] > C it holds ||u(e,v)|| > ¢ so, by (13), we have

[pe.pxw (nle, v)I| = [lu(e, v)|| > c . (15)

On the other hand, for any y € B, v € V one has (07, v) = h(y)+1(y) € {0)} x W,
hence

e (04, v) = pe,pxw (1(0y,0)) = u(0y,v) = h(y) +1(v) .
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3.6. Compatibility properties.

Lemma 3.10. (Coherence Lemma) Let 0 <n < §, let 7 = (F,W), 7 = (F, W) be
two n-admissible pairs with m C 7, and let F ", W' be the orthogonal complements
of F, W in F, W respectively. The map

pres = 10 { e © (0, 0V)] A (D, D) o (D] b B x V= B x T

satisfies properties P1, P2 with constants C, v (for a sufficiently small v with
0 <y <c), eo, and one has {7} = {fe,n,7}-

Proof: The first statement follows from Proposition 3.5. We use the same
method as in the proof of Lemma 2.3 in [BF] to construct a homotopy between
the restriction of the two maps to the product Do (E) x Do(V) and we will apply
the homotopy invariance property of our invariant (see Proposition 3.2). The main
difference compared to [BF] is that we have to control the restriction to the S!-fixed
point set, but we do not need an extension of the homotopy to the whole ExV.

For completeness we include detailed arguments adapted to our situation.

Proof: Denote by E’, V' the orthogonal complements of E, V in E, V. We define
the map

H :[0,4] x [De(E) x De(V)]— [F x W]\ |F x W\ DJ(F- x Wh)|  (16)
by the formula °

d+[(1—1t)idrxw +t prxw] ok for 0<t<1

d—l—ppwakO[(2—t)idEX‘~,+(t—1)pExv} for 1<¢t<2

pPrxw 0 kopexv +[d— (t—2) prxw o doprxy] for 2<t<3,
prixwr od~+[(4—1t) prxw + (t —3) pe,pxw]opoprexy for 3<t<4.

H, =

Claim: H is a well defined, continuous, S'-equivariant map over B.

This follows from:

a) For a point (¢,&,) € [0,4] x Do (E) x Do(V), the term pe pxw (11(pexv (€,7)))
is finite, so the convex combination in the fourth branch is defined and finite.
Indeed, recall that the retraction p. pxw is finite on the complement of the leaf
[F+ x W]\ De( F- x W), Therefore it suffices to note that k(D¢ (€) x De(V))
is n-close to F' x W and d(E x V) C F x W, so the point p(pexyv (€, 7)) is n-close

to F' x W for (é,9) € Do(F) x De(V'). Therefore
1(pexv(E D)) & [FH x W] \ D Ftxwh).

b) The formulae given for the four components of H agree on the intersections of
their domains.
c) H takes values in [F x W]\ {FL X W\ Do(F+ x VVJ-)}

Indeed, for (t,é,7) € [0,4] x Do(E) x chf/) we see as in the proof of a) that

the right hand term of H; must be n-close to ' x W, so H([0,4] X De(E) x Da(V))
avoids [F- x W]\ Do( F+ x WH).

5The third branch of the homotopy was omitted in [BF].
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The map H has the following properties:
(1) Ho coincides with the restriction 1|p(z)x pe, (7)-
(2) Hy coincides with the map p. 7 composed with the inclusion FxV e
[Fx W]\ Se(F+ x W),
(3) One has
Hy (08, %) = h(y) +1(8) , Vt € [0,4] Yy € B Vo€ Do(V) . (17)
Formula (17) follows from (12) and the fact that [ is an isometry, so it
commutes with orthogonal projections.
(4) H([0,4] x d(Dc(E) x De(V)) N[FL x W] = 4.
Indeed, for (¢,7) € d(Dc(E) x D (V) we get || Ho(E, )| = [|u(&, )| >
¢, whereas ||u(€,0)|| is n-close to F x W C F x W. Moreover, for ¢ € [0, 1]
it holds ||H:(é,9) — Ho(€,0)|| = t||(prrxw o k)(€,0)]] < n. Fort > 2 we
have
Prxw ©hy = prixwrod,
so H;(&,7) can belong to F- x W+ only when ppryw o d(€,7) = 0, i.e.
when (&,0) € E x V. For such a pair we find
Hi(é,0) = (d+prxw ok)(€,0) = u(é,0) — (pprLyxwr ok)(é,0) Vt € [1,3],
Ht(éa ﬁ) € [pFXW(,UJ(év ’D))v pC-,F(/L(év ’D))] AS [37 4] )
so H:(é,?) is a non-vanishing vector of F' x W (more precisely a positive
multiple of pryxw (11(€,0)) = (€, ) — (pprxw ok)(€,0)) for any ¢ € [1,4].
These properties have the following important consequence:

Remark: The composition p.z o H is nowhere vanishing on the space
[0, 4] x {a [DC(E) X Dc(f/)] U [OE X V]} .
This follows from the fact that the vanishing locus of the retraction p. 7 is the leaf
Do(F+ x W) c FL x WL. On the other hand we have
pez 0 Ho = He, 7 |De(BEyx Do (V) » Pei © Hy= He,m® | Do (B)x Do (V)
It suffices now to apply Proposition 3.2. [ |
Using Proposition 3.5 and Lemma 3.10 we obtain

Corollary 3.11. Let i : ExV — F x W be an S*-equivariant map over a compact
base B satisfying P1, P2, P3, and let 0 <n < §. Fiz an orientation o of the finite
dimensional summand H of W. The elements
{en} € Slo"’bBi1 (S(E)+B: F];’r)
associated with n-admissible pairs m = (F, W) define a unique class
{u} € " }(ind(6))
which depends only on the map p and the orientation o.

In particular, using finite dimensional approximations associated with constants
C'"> C and 0 < ¢’ < ¢ (and parameter 0 < 7 < ), one obtains the same class.

Proposition 3.12. Suppose that the restriction KD (€)x De(v) 18 nowhere vanish-
ing. Then {u} = 0.
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Proof: Since p|p.(g)xpe(v) 18 nowhere vanishing, it is easy to see that there
exists v > 0 such that |u(e, v)|| > « for every (e,v) € Dc(E)x D (V). Indeed, if not
there would exist a sequence (ep, vy,) € D (E) x Do (V') such that ||u(en, vy)|| — 0.
Let K C F x W be a compact subspace which contains k(D¢ () x De(V)). Since
d = (8,1) is a continuous family of Fredholm operators, it follows that d~1(K) N
[Do(€) x De(V)] is compact. Therefore (e, v,), admits a subsequence which
converges in this intersection. The limit will be a vanishing point of u, which
contradicts the assumption.

Use now the constant ¢’ := min(vy,¢) (instead of ¢) in the construction of the
finite dimensional approximations of x1. The obtained maps p./ » are nowhere van-
ishing on Do (E) x De(V), and our assertion follows from the vanishing property
Proposition 3.1 proved in the finite dimensional case. [ |

4. FUNDAMENTAL PROPERTIES OF THE COHOMOTOPY INVARIANTS

4.1. The Hurewicz image of the cohomotopy invariant.

4.1.1. The relative Hurewicz morphism. Let B be a compact space, and let F,
F be Hermitian bundles of ranks e, f over B. Let k be an integer and u €
5108 (S(E)+p, Fi) a stable class. Suppose for simplicity k > 0. Consider a repre-
sentative
¢ :S(E)yp A&l — Fif A RS AES

of this stable class, where £ = n& & is the direct sum of a complex vector bundle 7
and a real vector bundle ;. We may suppose that the real summand &, of £ is ori-
entable. We choose an orientation of &y; in this way all our bundles become oriented
bundles. The space S(E);+p Ap £ can be identified with the fiberwise quotient
{S(E) xp &5}/ B{S(E) x5 co¢}. Composing ¢ with the canonical projection one
obtains a map of pairs over B

¢ (S(E) xp &h,S(E) xp oog) = ([F @ R" @ &]f, 00 peprae) -
Consider now the projection 7 : P(E) — B and the following bundles over P(E):
Fi=a"(F)(1), &:=7"(n)(1) @7 (%) -
The map ¢ descends to a morphism of pointed sphere bundles over P(E)
@ {Djr(E) — [F@Rk 695];@) .
Denote by s the real rank of £. Let
S(¢ k+s (117 k I~
tg € H*(§5(5): 06 Z) » tigmrae € H T (F OR* O €l ), 0 pgnrasi 2)
be the Thom classes of the oriented bundles é, FoR'ae é The formula

—*

" (tpapras) = Por)(he) Ute
defines a cohomology class hgy € H?/T*(P(E); Z) which is independent of the chosen
orientation of & and of the representative ¢ of the stable class u. For k < 0 one
has a similar construction, but uses a [R™*]}, factor on the left side.
The assignment u = [p]| — hg defines a morphism
h:si0p(S(B)yp, Fy) — HHP(E)Z)

which we call the relative Hurewicz morphism over B.
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Denote by ¢ : € — P(E) the bundle projection, and by ¢ the section in the
pull-back [¢*(F @ R* @ é)]g over ¢ defined by @. Since the vanishing locus Z(¢)
of this section is compact, one can define its localized Euler class class [p] €
Hgyie 2 27 1(€;Z), which coincides with the fundamental class [Z(¢)] of the com-
pact oriented submanifold [Z(¢)] when ¢ is smooth and transversal to the zero
section [Br].

Remark 4.1. (The geometric interpretation of the Hurewicz morphism) Suppose
that B is an oriented n-dimensional compact manifold. Then

PDpgy(h(u)) =[] ([]) »
where
bet Hypoeo—op—x(P(E); Z) — Hpyoe—2—27—1(&7Z)

is the isomorphism induced by the zero section of 5 If ¢ is smooth and transversal
to the zero section, then

PDp(gy (h(w)) =[] ([Z(9)]) -

Proof: The localized Euler class [¢] € HnJrge,g,Qf,k(g; Z) is defined as the cap
product ¢*(t,. rerrae) N €], Where [¢] stands for the fundamental class of ¢ in
cohomology with compact supports [Br]. We get

[6] == ¢" (tyr (rarrad) N €] = & (tparras) N IE] = Phm (A(w) Utg N[E] =

= Pp() () N e ([P(E))) = tu(h(w) N [P(E)]) = t2(PDp(g) (h(w)) -
n

Let v = (i, E1) : E — E’ be a morphism in the category Up of complex vector
bundles over B (see section 2.3). Such a morphism induces an isomorphism E’ 2
E @ E;. The complement P(E’) \ P(E;) can be identified with the total space of
the complex vector bundle 7*(FE;)(1) — P(F). Multiplication with the Thom class
tre(E,)(1) defines a morphism

H*(P(E);Z) — H™ (% (E1)(1)3(gy» 00r-(2,)(1); Z) =

=~ {2 P(E'), P(Ey); Z) — H*P* (P(E');Z)
which will be denoted by a,,.
Now fix an element x € K(B). A morphism 7 = (4, j; E1, F1,1) : (E, F) — (E', F')
in the category 7 (z) defines morphisms
A,y HHHB(E): 2) — HYHH(P(E'); 2)
P(i)s : Hy(P(E); Z) — Hi(P(E');Z) .
For an integer k € Z we define

H*(2;2) :=lim H*H(P(E);Z) , Hi(w;Z) :=lim Hy(P(E);Z) .
(B, Fjex (E.F)ex
Using the same methods as in sections 2.1, 2.3 (stabilizing first with respect to
trivial bundle enlargements) we see that these inductive limits exist in .A4b.

Remark 4.2. (1) One has Hi(x;Z) = H.(B;Z) ® Z]t].



32 CHRISTIAN OKONEK, ANDREI TELEMAN

(2) For a compact n-dimensional CW complex B there exist isomorphisms
H*(2;7) ~ <5 H*(B;Z) ,

s—ke2Z
max(0,k—2¢(z)+2)<s<n

where 1(x) € Z is the index of x. In particular, putting n(x) := 2u(x)—2+n,
one has H"®) (z;7) = H"(B;Z).

The integer n(x) := 2u(z) — 2 + n will be called the dimension of the formal
projectivization of x.

Remark 4.3. Suppose that B is a compact connected oriented manifold of dimen-
sionn. The system of Poincaré duality isomorphisms P Dp (g defines isomorphisms
PD, : H*(2;Z) =5 Hyyp)—k(2;Z) .

Remark 4.4. The system of Hurewicz morphisms
b sialy(S(E) p, Ffy) — H2 5 (B(E); 2)

defines a morphisms of graded groups h,, : o (x) — H*(x;Z). If B is a compact con-
nected oriented manifold, one also gets a morphism PDy o x, : o*(z) — H.(z;Z),
which we call the homological Hurewicz morphism.

The result below has the following important consequence: for a moduli problem
with vanishing “expected dimension”, the cohomotopy invariant yields the same
information as the classical (co)homological invariant. Recall that our cohomo-
topy invariant {u} associated with a map satisfying properties P1 — P3 belongs to
a’~1(z), where x := ind(§), b := dim(H) (see section 3.3). The expected dimension
w(p) := 2u(x) + dim(B) — b — 1 of the moduli problem associated with p vanishes
if and only if b — 1 = n(x).

Proposition 4.5. Suppose that B is a finite CW complex of dimension n. Then
the Hurewicz morphism

h@) : qn@) (z) — H"®) (2;7) = H"(B; Z) .
is an isomorphism.

Proof: Suppose n(x) > 0 for simplicity. Fix a stabilizing bundle £. Using the
same method and the same notations as in section 4.1.1 we see that the set

517 (S(E) 5 Ap &, Fy Ap R A &h)
can be identified with the set of pointed bundle maps
over P(E). The latter set can be identified with HY=F(E)(P(E); Z) = H"(B;Z)
by Proposition 5.15 via the map ¢ +— hg. The obtained bijections
s (S(E)4p Ap EL, Fiy Ap [R"™]E AEh) ~ HY(B;Z)

are compatible with morphisms £ — ¢’ in the category Cp and with morphisms
(E,F) — (E',F') in the category 7 (z). Therefore we get a bijection a*)(z) —
H"™(B;Z), which coincides with the Hurewicz map by the definition. ]
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4.1.2. A comparison theorem. The main result of this section states: the virtual
fundamental class of the moduli space of solutions associated with a map p satis-
fying properties P1, P2, P3 can be identified with the image of the cohomotopy
invariant under the homological Hurewicz map. Applied to Seiberg-Witten theory,
this implies that the full Seiberg-Witten type invariant coincides with the Hurewicz
image of the cohomotopy Seiberg-Witten invariant.

We begin with the finite dimensional case. Let B be a compact oriented manifold,
p: E — B, q: F — B Hermitian bundles over B, let V', W be Euclidean spaces,
and let p: ExV — [Fx W]E be an S'-equivariant map over B satisfying properties
P1, P2 of section 3.1. The invariant {u} € g1a% ' (S(E)p, F}) is defined by a
map of pairs

(S(E) x DR(R& V), S(E) x SR & V) =([F x W§, [F x W5\ Do(F x W)

induced by the restriction pp . : Dr(E) x Dr(V) — (F x W)} of u to a sufficiently
large cylinder Dg(F) x Dr(V'). The vanishing locus of u (regarded as section in the
bundle (p*(F) x V) x W — E x V) is an S'-invariant compact space contained in
the open subspace Dg(E) x Dr(V)\[0Z x g Dr(V)] of the cylinder. Its S'-quotient
can be identified with the vanishing locus of the section fir . induced by pg. on
the S1-quotient P(E) x Dr(R @ V) of S(E) x Dr(R ® V). Using Remark 4.1 one
obtains

Corollary 4.6. Suppose that B is a compact oriented manifold. Via the isomor-
phism H,(P(E) x Dp(R®V); Z) ~ H,(P(E);Z) the Poincaré dual PDpgy(h({1}))
coincides with the virtual fundamental class associated with the section fire. If
this section is smooth and transversal to the zero section, then PDpgy(h({p}))
can be identified with the fundamental class of the wvanishing locus Z(fip.e) C
P(E) x Dr(R& V).

Note that p is nowhere vanishing outside the cylinder Dg(E) x Dg(V), so the
vanishing loci of 4 and pp . can be identified. The vanishing locus M := Z(figc) =
Z(n)/ St will be called the “moduli space” associated with the map pu.

Let p: & — B, g : F — B be complex Hilbert bundles over B, let V, W be
real Hilbert spaces, and let p : £ x V — F x W be an S'-equivariant map over
B satisfying properties P1, P2, P3 in section 3.3. Denote by 7 : P(§) — B the
natural projection. The map pr . descends to a smooth section fir . in the bundle

T (F)(1) x Dr(R®V) x W — P(E) x Dr(R® V) ,

and again one can identify the moduli space M := Z(u)/S' of p with the van-
ishing locus Z(figr,) of this section. Using the same argument as in the proof of
Proposition 3.12, we see that the moduli space M is compact. Suppose now that
P4: B is a compact, smooth, connected, oriented manifold, y is smooth and the
fiberwise differential of k := 1 — d at any point is a compact operator.
This condition is always satisfied in practical gauge theoretical situations; indeed,
the map k is usually given by the composition of a smooth map £ xV — F1 x W,
with a map F; x Wi — F x W over B defined by a smooth family of compact
operators. The condition P, implies that fir . is a smooth Fredholm section on
the Banach manifold P(€) x Dr(R & V). In order to give sense to the virtual
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fundamental class of the moduli space M we have to trivialize the determinant line
bundle det(index(Djir.)) over M. Equivalently, it suffices to trivialize the line
bundle det(index(Duy)) over Z (). In these formulae the symbol D stands for the
family of intrinsic derivatives of a section at its zero locus, and p is regarded as a
section of the bundle [p*(F) x V] x W — &£ x V. For a point (e,v) € Z(u) with
p(e) = y one has a natural identification

det(index(D(e,v)p)) = A" (T, (B)) @ det(index(d(e,0) |, xv)) 5

where n := dim(B) and 1|,y : €y XV — Fy x W is the restriction of 4 to the fiber
over y. By the condition P4, the differential of this restriction is congruent with
the operator d, = (d,,!) modulo a compact operator. Therefore (since the family
d = (0y)yen has a canonical complex orientation, and B is oriented) one obtains
a trivialization of det(index(Dy)) for every orientation o of coker(l) = H. This
is precisely the orientation parameter involved in the definition of the cohomotopy
invariant {u}. Fix such an orientation 0. Using the results in [Br], we obtain a
virtual fundamental class in Céch homology [M]V" € H,,(M;Z), where

w=w(p) :=n+2(ind(d)) —b—1=n(ind()) — (b —1)

is the expected dimension of our moduli problem (the index of the section fig ).

Put z := ind(d), and note that the group

@ Hw 21 B Z ®tz
0<2i<w

can be identified with H,,(P(€) x Dr(R & V);Z) = H,(P(€); Z).

Definition 4.7. The full homological invariant of p is the image {u}u of the class
[M]YI' in the group H,(ind(8);Z).

Theorem 4.8. Suppose that conditions P1 — P4 hold. Then
{W}n = PDa o ho({n}) -

Proof: As in section 3.5 choose a finite dimensional approximation p. . of m,
associated with an n-admissible pair (F,W). Define pic r 00 : Dc(E) X Do(V) —
F x W by

He,m,00 (€5 v) = e, (Pe(€),pv(v)) + Prixwe odopgriyyL .
This map takes finite values by Lemma 3.9. We claim that there exists a smooth
homotopy
H:[0,4] X Dc(E) X De(V) = F x W

between p|p.(gyx pe(vy and pe,r,0o in the space of S Lequivariant Fredholm maps
over B, such that for 0 < ¢ < 4 the map H; has no zeroes in 9[D¢c(€) x Dc(V)] U
0% x D¢(V). To obtain such a homotopy it suffices to replace E, V, F, W in the
definition of the homotopy H used in the proof of Lemma 3.10 by &, V, F, W,
and to compose the resulting map from the right with a smooth homeomorphisms
6 :[0,4] — [0, 4] having the properties

0(i)=1i, 0™ () =0forie{0,1,2,3,4}, k>1

(to assure differentiability). Using the homotopy invariance of the virtual class [Br],
we can identify {u}g with the image of the virtual class [fe r oo]''" in Hy, (P(E); Z).
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On the other hand, by the “associativity property” of the virtual class (see Proposi-
tion 14 (4) in [Br]) and Corollary 4.6, the latter is just the image of P Dp(gy(h({ttc,x})
via the embedding P(E) — P(E). But PDpgy(h({cx}) is a representative of

PDy o hy({p}).
|

4.2. Cohomotopy invariant jump formulae.

4.2.1. General results. Let
M—N-—P

be a cofiber sequence of pointed S'-spaces over a compact basis B. For every
pointed S'-space Y over B there is an associated long exact sequence of cohomotopy
groups

= 510 (PY) = giay(N,Y) = giay(M,Y) 2 qiaPH(PY) — ... . (18)
The connecting morphism

D: g (M,Y) = g1 Y (M Ap SLY) — gia*T(PY)

is given by composition with the contraction map ¢: P — M Ap S* induced by a
fixed homotopy equivalence between P and the mapping cone of the map M — N.
For the cofiber sequence

S+ — D(€)4+s — &

associated with a vector bundle £ over a compact basis B, the morphism 0 can be
described in the following way. The obvious isomorphisms

S np 8t = 5O X 05 g1y g = 5E DA

(where ~ is the equivalence relation generated by (v,0) ~ (¢v/,0), (v,1) ~ (v/,1))
allow us to use S(&) x [0,1]/S(&) x {0,1}, S(§) x [0,1]/~ as models for S(§)+p5 Ap
S' and {E. Using these models, the morphism 0 is given by composition with the
contraction map

¢ - S©Ox[01], 5 x[o, 1]/5(5)

induced by the identity of S(§) x [0, 1].
Consider now an oriented b-dimensional real vector space H and the cofiber
sequence over B associated with the trivial bundle H = B x H over B:

S(H)yp) — D(H)1p — Hy; .

x {0,1} (19)

Let E be a Hermitian vector bundle over B. Taking smash product with S(E),p
over B yields the following cofiber sequence over B

S(E)y+ A S(H)+p — S(E)4+p — S(E)4+5 A H}

Since S(E)+p A S(H)+p = [S(F) x S(H)]+B, the associated long exact cohomo-
topy sequence is

= giag (S(E) 1 Ap HE, [F @ HIE) — s105' (S(E)+s, [F @ Hf) —
— 5105 (IS(E) x S(H)]45,[F & H)}) %
— 51a%5(S(E) 45, [F1}) — s1a%5(S(E) 45, [FO H|L) — ... . (20)
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Note that one has canonical base change isomorphisms
s105([S(E) x S(H)]+5, [F @ HIf) ~ s105(S(E) g, [F O H]L) . (21)
associated with the projection
p:B=BxS(H)— B

(see [CJ] Proposition 5.37, Proposition 12.40 for the non-equivariant case).

A map k : B — S(H) defines a section jZ : S(E)yp — [S(E) x S(H)]+p over B
of the projection [S(FE) x S(H)]+p — S(E)+B, so it defines a splitting of the exact
sequence (4.2.1).

Lemma 4.9. Let m € giaz ([S(E) x S(H)|4+p, [F @ H|}f), and let ko, k1 : B —
S(H) be two maps. One has the identity

()" (m) = ()" (m) = d(0, K1) - D(m) ,

where where d(ko, k1) € siag' (B, HE) = siay {(Big, Byp) is the difference
class of the maps ko, k1 regarded as sections in the sphere bundle S(H).

Proof: The difference class d(ko, 1) is defined by the map
. 1_ Bx]|0,1 D.(H _ 7+
A:Bipnnst = PO b g 1y — P g gy = 1

induced by

(1= 2t)ko(b)] for 0<t<
(b, 1) — { [(2t — 1)/-@2(17)] for 3<t<

The connecting morphism OJy in the long exact sequence

1
2
1.

_ 1o)
siap (Byp, HE) & s10%(Byp, S(H)1+B) — s10%(Byp, Byp) — s10%(Byp, Hf)
is defined via the identifications
siag (Byp, HE) = s1a%(Byp A S', HE)

s10%(Byp, S(H)1p) = s1ay(Bip ApS', S(H)+p A S')
by left composition with the contraction cg : ﬂ‘g — S(H)+B B S'. The image
of d(ko, 1) under dg is just the difference {r1} — {ro} € s1a%(B1p, S(H)+B)-
One has obviously

(G,)"(m) = ()" (m) = m o ({1} = {Ko}) = m 0 g (d(ro, k1)) -
We know that dp(d(ko, /1)) is represented by ¢z o A and the connecting operator

0 in the exact sequence (4.2.1) acts by right composition with the same contraction
¢y . Therefore

(75" (m) = ()" (m) = mo(egoA) = d(m)od(ro, k1) = d(m)o(d(ro, k1)-{idp, 5 })

= (d(ko, k1) - O(m)) o {idp, , } = d(ko,K1) - O(m) .
Here we have used the fact that the composition multiplication o is gia*(B)-
bilinear. [ ]
This lemma has an important analogue for the groups a*(z) associated with a
K-theory element x. For a compact space P we put

a*(Pra) =lim g1ap(S(E)+p Ap Pyp, Fi) -
(E,F)ex
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where the inductive limit is taken with respect to the category 7 (x). Using the
methods used in section 2.3 for the definition of the groups a*(x), and the results in
section 5.1, we see that this inductive limit exists; it can be constructed by taking
first the limit of s1a(S(ESC") 45 AB P, g, [F®C"]}) over n, and factorizing the
result by the action of J(I[K~'(B)]) C g1a®(B). The graded group a*(P;z) comes
with an obvious homomorphism o*(P;x) — o*(p%(z)), where pg : B x P — B is
the projection on the first summand.

Taking the inductive limit of the connection morphisms 0 = dp g in (4.2.1) with
respect to the category 7 (x), one gets a morphism

Oy :=lim 0O P NS(H) 2)—al () . 22
- s (S(H); z) (z) (22)

which is intrinsically associated with x.

Let k: B — S(H) be a fixed map. The system of morphisms

()" s10p([S(E) x S(H)]45,F5) — s1ap(S(E)+p, Ff)
induces a morphism j : o*(S(H); z) — o*(z).

Corollary 4.10. Let m € o*~ ' (S(H);z), and let ko, k1 : B — S(H) be two maps.
One has the identity

(1 )" (m) = (o)™ (m) = d(ko, K1) - B (1) .

4.2.2. The universal perturbation and the invariant jump formulae. Let E, F be
Hermitian vector bundles over a compact basis B, let V, W be Euclidean vector
spaces, and let y1: E x V — [F x W]}, be an S'-equivariant map over B satisfying
the properties P1 and P2 (1) with & = 0. In other words,

E
w0, ,v) =1l(v), vy e BYv eV,

where [ : V=5 Wy C W is a linear emlbedding. The cylinder construction cannot
be applied to such a map, because p has vanishing points on the core 0¥ x DT (V)
of any cylinder Dr(F) x Dr(V). We orient the orthogonal complement H of W)
in W, and we denote by b its dimension. Let ¢ > 0. For every map x : B — S.(H)
we define the perturbation

te: ExV — [Fx W]}

by putting p.(e,v) := Ty (u(e,v)) for e € E,. Here T, (,) denotes the automor-
phism of [F x (H @& Wy)]5 which extends the translation

(f;w) = (f,w + 5(y)) -

Remark 4.11. If ¢ > 0 is sufficiently small, the map p, satisfies the properties
P1, P2 of section 3.1, so the cylinder construction applies and yields a stable class

{ix} € 105 (S(E) 15, F}).

Proof: Suppose that p satisfies the property P1 with constants C, ¢. Choose
€ < §. The map p, satisfies P1 with constants C, ¢’ := §, and P2 with constant
Ep — €. |

Another way to construct a map satisfying properties P1 , P2 is to let x vary
in the sphere S.(H) and consider the universal perturbation

fEXV —FxW
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over the basis B := B x S.(H) (where E := p}(E), F := pj(F)) which acts
as p; over B x {k}. This map also satisfies properties P1, P2 with the same
constants as any p., so that the cylinder construction applies and yields a class
{n} € Sla%_l(S(E)B,Fg). Our next goal is to understand this class {ji}. The
essential point is to identify the image of {ii} € s a%ﬁl(S(E)JrB, ﬁg)} under the
connecting morphism 0.

Recall from section 2.6 that {o(p r} € s10%(S(E)4+p, Fy) is the class of the
obvious pointed map S(E)yp — Fg over B which maps +p to the infinity section,
and S(F) to the trivial section.

Proposition 4.12. (The d-image of the invariant of the universal perturbation)
Via the identification

s103(S(E)yp Ap HE, [F © HIf) = s105(S(E) 15, Ff)
one has

o{a}) = ~{ow.n} -

Proof: As in section 3.1 fix R > C and ¢ < min(eg,c’) = min(e, §). Let
7o < R be sufficiently small such that p(e,v) remains finite for every (e,v) €
D, (E) x Dr(V).

Step 1. We replace /1|DR(E)><DR(V) by a map ji- which represents the same class

{p} and coincides with the k-independent map p outside the smaller cylinder
D.(E) x Dr(V).

Define fi, : Dr(E) x Dr(V) — [F x W];g by the formula

(1= Fllell) (5 + 1(0)) + Fellpe,v) for 0 < [lel| <=
e, for lel| >

T

The maps [i, and [i coincide on the core 0% x Dpr(V) of the cylinder DR(E) X

Dpr(V) and they differ by the translation T, outside D.(FE) x Dg(V). We define a
homotopy between i, and ﬂ|DR(E)xDR(V) by putting

(i) 4 i) for e <7
fir (e, £, v) 1= { Ty 0 e, v) for |le||>7.

Claim: If 7 is sufficiently small, then ||| > ¢ on {DR(EN’) X DR(V)} for every
t e 0,1].

The claim is not obvious only for points (e,v) € D,(E) x Sgr(V). One has the
identity

(e = (=00 { (1= 2l ) mot 160) + 2l (e, o) = 1] + (e )+ 00 =

~ i)+ 1-

The first two terms belong to orthogonal complements, so for e € D (E) one has

175 (e, 5, )| = [lE)]| = llpae, v) = L) -

el s [e+ E e ) - 100

T
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Since u(Of ,v) = l(v), and p is fiberwise differentiable with globally continuous
derivatives on F x V, it holds

tim { sup {(u(e,v) ~ 1)) | 0< el <7 o] < R}} =0

On the other hand, for ||v|| = R one has [|I(v)|| = [|(0),v)|| > ¢. This proves the
claim.

Using the Claim and ||k (e, 5, v)|| = [|s]| = € > 0 we see that (fil)ic[o,1) defines
a homotopy between fi, and la|DR(E‘)><DR(V) in the space of maps for which the
cylinder construction applies. Therefore

(i} = {ii;} € & a%_l([S(E) x S(H)|1+p, Fg) for all sufficiently small 7 > 0. (23)

Step 2. We compute the class —9({fi,}).

Regard {fi-} as an element in the group
siap ([S(E)x S(H)|4p, [FOH|}) = s105([S(E)+p A S(H)+5 s S [FOH]Y) .

As explained at the beginning of this section the morphism 9 is given by composition
with the contraction map

W:H+=&@”XWRV%r%ﬂHMAS“JﬂquQm@@Umeﬂ

induced by the identity of Sc(H) x [0, R]. The morphism —9 is defined by compo-
sition with ¢, where ¢’ is induced by the map (x,p) — (k, R — p).

The class {fi-} is represented by the map

4
i S(B) % S.(H) x 0.8 x Da(v) — EXWhb/ o b
given by

(e, 5, p, ) = [fir (pes ,0)]
As we have seen in section 3.1, this map induces a map

FxW]§
S(E)sn Ap S(H)5 A 8" Ao Vi — W) Ly b ey

because it has the following properties
(1) m,(e, k,0,v) and m, (e, k, R,v) belong always to the infinity section of the
right hand space,
(2) m(e, K, p,v) belongs to the infinity section of the right hand space when
[vll = R.
The class —9({fi+}) is defined by the map
I
i S(B) x S.(H) x 0, F] x Da(V) = FX Wb/ oy
given by
m. (e, Kk, p,v) = m, (e,rk, R — p,v) .

This map descends to a map

+ + _[Fx WL
S(E)y+p A Hp /\BKB_’[ ]B/B [F x W5\ Do(F x W)
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because it has the following properties:
(1) ml (e, k,0,v) and m. (e, k, R,v) are independent of .
(2) ml (e, k, R,v) belongs always to the infinity section of the right hand space.
(3) ml (e, k,p,v) belongs to the infinity section of the right hand space when
ol = R.
These three conditions characterize the maps of pointed spaces over B defined on
S(E) x Se(H) x [0, R] x Dp(V) which descend to S(E)+5 Ap Hf Ap VE.

Step 2 (a). We deform the map /m/ in the space of maps satisfying the three
properties above, by composing it with a 1-parameter family of contractions in the
p-direction.

For t € [0,1] define the map
)+ S(E) x S.(H) x [0, 8] x Da(V) = X Wls) i iy b o)
by

) e, 5, p,v) = 1y (e, (L= t+4 ) (R = p),v) -
The family ([7/]");e0,1) defines a homotopy in the space of maps satisfying prop-
erties (1), (2), (3) above. The main point in checking (1) is the fact that the map

., is constant with respect to & for p € [r, R]. Therefore it holds

—0({i-}) = {[m7]"} = {[m;]'} -

Putting m! := [m/ ]!, one has
R - R - R -
Th:((?? K, P, U) = mT(ea Ky %(R_p)u U) = |:1 - Tp] (K—*—l(v))—i_Tpu(T R pe7v)
= %/{ +lI(v) + R}_z p (M(TR]g pe,v) - l(v)> .

Step 2 (b). We remark that the family of maps m!’ has a uniform limit as 7 — 0
and we compute this limit explicitly .

Using arguments as in the proof of the claim above, we see that
. R—p R—p
;E%T (‘LL(T 7 €,v) —l(v)) =0
uniformly. Therefore m" := lim, .o m! operates by m" (e, s, p,v) = & +1(v). It
is now easy to see that the map

+
S(E)shsHnsVE — > Wls/ ) = FAAsHENs W, ]}

Fx WL\ De(F x W

induced by m” is homotopic to the smash product over B of the obvious map
S(E)+p — Fj (which represents o(E, F)) with I}, : V5 — [Wl5, and id : Hf —
HE. |

For a map x : B — S.(H) one has

{ue} = G2 (R} - (24)
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This formula shows that the individual invariant {u.} associated with a map
k: B — Sc(H) is determined by the invariant associated with the universal per-
turbation & and the homotopy class of k. Using Corollary 4.10 we obtain

Corollary 4.13. (Cohomotopy invariant jump formula) One has

{:u”io} - {:uﬁil} = O(E,F) " d(l{()v /{1) )

where d(ko, k1) € S1a]§1(B+B,ﬂJE§) is the difference class of the maps ko, k1 re-
garded as sections in the sphere bundle S.(H).

Suppose now that b = 1. In this case S.(H) has two elements kg, 1, and the
difference class d(ro, k1) is just the unit element of g1a% (B, B+p). Therefore,
in this case, our result gives

Corollary 4.14. (Cohomotopy wall crossing) Suppose b = 1. Then the two classes
{ttso }s {1, } associated with the two perturbations i, , fw, of i are related by the
formula

{pno} = {1y} = {o(E, F)}

We can now extend our results to the infinite dimensional case. Let B be an
oriented compact manifold, £, F complex Hilbert bundles over B, V, W real Hilbert
spaces, and p : € x V — F x W an S'-equivariant, fiberwise differentiable map
over B satisfying properties P1, P3 and P2 (1) with h = 0. Then we have an
orthogonal decomposition W = H & W, and M(Oiv v) = l(v) for every v € V, where
l:YV — Wy is a linear isometry. We fix an orientation of the finite dimensional
summand H. Defining in the same way as in the finite dimensional framework the
universal perturbation /i, one gets a stable class

{a} € a”(Sc(H); )

where z € K(B) is the index of the complex part of the fiberwise linearization of
p at the zero section. Recall that the Euler class v(z) € a®(x) is defined by the
system of stable classes —{o(p,r)} € 510%(S(E)4p, F;) defined by the obvious
maps S(E)+p — Fj (see section 2.6). Using the results obtained above and taking
inductive limit over 7 (x), we obtain

Corollary 4.15. (1) The image of {ii} under the morphism
Dy : " Y(S(H); ) — ()
is given by
d({}) = v(x) -
(2) Let ko, K1 : B — S(H) two maps. Then
{res b = o} = d(ko, 1) - () -

(3) Suppose b =1 and write S¢(H) = {ko,k1}. Then

{tr } = {btno } = 7(2) -
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4.3. A product formula and a vanishing theorem. In this section we give the
infinite dimensional analogue of the product formula proven in section 3.2.3.

Let V;, W; be real Hilbert spaces , £;, F; complex Hilbert bundles over a compact
base B (i =1, 2), and let y; : E; xV; — [F; X Wl]‘g be S'-equivariant maps over B,
satisfying the properties P1, P2 (1) and P3 of section 3.3 with constants C, c. Let
W, = H;®W); be the corresponding orthogonal sum decompositions, [; : V; 5 Wo.i
isometries, x; € K(B) the K-theory elements defined by the corresponding families
d; of Fredholm operators, and h; : B — H; the maps given by P2 (1). We introduce
the notations:

V=V ®Vo, Wi=W, ®&Ws, H:=H; ® Hy, Wo :=Wo1EWo2, l:=11®la,
and consider the Hilbert bundles £ := & ® &, F := F1 & Fo. The product map
piExV=1[E x V1| @ [E x Vo] — [F x W] = [Fi1 x Wil5 A [Fa x Wal},

also satisfies properties P1 P2 (1) (with associated map h = (hq, h2) : B — H) and
P3; it satisfies P2 (2) as soon as one of the two maps p1, us does.

Suppose that uq satisfies property P2 (2). In this case the construction of section
3.3 applies and yields an invariant

{m} € a”H(z) .

The finite dimensional approximations of the map us define classes

{(n2)dr,} € 510 ([B2] s, [Pl ) -

It can be shown that a compatibility result similar to Proposition 3.10 holds, so
that one obtains an invariant

{13} € a(23) 2; 11?)111) s1aB ([Ba]f, [Fa]f) -
2,F2)€x2

Here the inductive limit on the right is taken over the category 7 (x2) and is con-
structed using the same methods as in the definition of the groups a*(z) (see section
2.3). The direct limit of the obvious products

s1an TN (S(B1) 4, [F1]}) x s10% ([BaE, [F2)f) —

Slag+b271(S(El)+B/\B[E2]J]§2v [FoR]E) S s1ai " (S(B18E:) 15, [FiBF})
gives a well defined product
>)

i (2y) x a2 (2 bitba—1(

— g1 X1 +£L'2) .

Using finite dimensional approximations of u of the form

He,my xmg = (Nl)c,ﬂl X (N2)c,7r2
and applying Proposition 3.3 we obtain

Remark 4.16. Under the assumptions and with the notations above, the invariant
of the product map = 1 X po is given by the formula

{pn x po} =} - {p3} -

Note that in this formula the map p» is allowed to have S'-invariant zeroes. In
the case when both maps p; satisfy P2 (2) (so they are nowhere zero on their S*-
fixed point loci) one has the following important vanishing result for the Hurewicz
image of the invariant associated with a product map:
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Proposition 4.17. Put x := x1+x2 € K(B) and let hy : o*(x) — H*(x;Z) be the
Hurewicz morphism associated with x. Suppose that both maps p; satisfy properties
P1, P2 (1), P2 (2) and P3, and that B is a finite CW complex. Then

ha({p1 x p2}) = 0.

Proof: Let m; := (i4i)c,x, be finite dimensional approximations of y; and put
m :=my X mo. Applying the cylinder construction to this maps we get a represen-
tative

me : S(El @E2)+B /\B [E@ﬂ@ﬁ]g — [Fl @FQ @m@m]g

of the class {1 X p2}. Put B := E1@®Fy, F := F1®F,, V :=Vi®Va, W .= W1 BWa,
and b = by + by. Let

mpg : [K@K]HJ;(E) — [F @E]EE(E)
be the associated sphere bundle map, constructed as in section 4.1.1. We denote
by

p: [K@K]ﬂ;@) - ]P)(E) , 4 [F@m]ﬂ;(};) - P(E)
the two bundle projections, and by h := hy,, € H*/*t1+b2=1(P(E);Z) the corre-
sponding Hurewicz class, which is defined by the equality
(Mmr)" (tpgw) = p*(h) Utray (25)

in H*([R ¢ K]HJ,T(E), oorev;Z). Since both maps p; satisfy property P2, it follows
that, for a sufficiently small neighborhood P of P(E;) UP(E3) in P(E), the map

mp maps p~_ 1 (P) to the infinity section of the right hand bundle. We can suppose
that P is a standard compact neighborhood of this union, i.e. it has the form

P=P(E)\ {[61,62] eP(E)| e; #0, ln% €(-s s)}
2

for sufficiently large s > 0. The pull-back class (mr)*(tzey ) can be regarded
as an element in H*([R & K];(E),OOR@K U p~Y(P);Z), which can be identified
with H*~(dim(V)+1)(P(E),P; Z) via the relative Thom isomorphism over the pair
(P(E),P). Therefore, the equality

(MmR)* (tpew) =P (R) Utray (26)
in H*(([R @ V] ), o0rev U p ™" (P); Z) defines a class i/ € H*(P(E), P;Z), and
h is just the image of h’ via the morphism C* : H*(P(E),P;Z) — H*(P(E);Z)
associated with the map C : (P(E),0) — (P(F),P). Put now

Py := P(E) \ (P(El) U P(Eg)) , Po:=P \ (P(El) U ]P)(EQ)) ,

and denote by h{ the image of A’ via the morphism I* : H*(P(E),P;Z) —
H*(Po, Po; Z) defined by the map I : (Py,Py) — (P(E),P). The main point in
the proof of our proposition is that the restriction

Mmele, P (Po) = q ' (Po) -
is equivariant with respect to the free S'-action (¢, [e1,ez2]) — [Ce1,e2] on Py and
the obvious lift of this action in the bundle F |P0. This is just because p is the
product of two S'-equivariant maps i Therefore, mp|p, descends to a bundle
map

~1 ~1
[firlo : P (PO)/Sl —.a (PO)/Sl
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over Qp := Py/S*. The two sphere bundles above coincide with the fibrewise
compactifications [R@K]&O, [Fo @E]&O, where Fy is the S'-quotient of F', regarded
as a bundle over Qp. We denote by pg, qo the corresponding bundle projections on
Qo. Put Q :=P/S1, Qo := QNQyg. Using the relative Thom isomorphism over the
pair (Qo, Qo), it follows that the equality

[nRr]6(t 5, ew) = Po(ko) U trav

defines a class kg € H*(Qo, Qo;Z). Taking the pull-back of this equality via the
projection Iy : (Pg, Po) — (Qo, Qo), (and comparing the obtained formula with a
similar equality satisfied by h(), we see that IIf(ko) = h{,. Therefore

h=C*oI* ' olli(ko) = C* o II* o [J*] (ko) , (27)
where
1 (E),P) = (FF)/1,0) 7+ (@0, 20) = (FF)/g1. Q)

denote the obvious maps. In this formula we used the identity J oIl =1Ilo I, and
that the maps I, J induce isomorphisms in cohomology, by the excision theorem.
The result follows now directly from Lemma 4.18 below. [ ]

Lemma 4.18. The morphism
Ut H (]P’(E)/Sl, Q;Z) — H*(P(E); Z)
induced by the map U :=1o C : (P(E),0) — (P(E)/S1, Q), vanishes.
Proof: By the excision and homotopy invariance theorem one has
o (BB g, 0z) = (FE)0\ 8,0\ 02)
where Q is the interior of @. One has a natural homeomorphism

P(E)/Sl \ Q= [P(Er) x5 P(E)] x [=5,3] , [er, ea] = ([61]7 [62]=lnﬂ) ,

ez

and this homeomorphism identifies Q \ Q with [P(E1) x P(E,)] x {—s, s}. Multi-
plication with the Thom class of the trivial bundle

]P)(El) XB P(EQ) X (—S, S) — P(El) XB ]P)(EQ)
defines an isomorphism
Hi(P(E) x pP(E2): Z) = H+! (P(E)/Sl \ 0,0\ Q;Z) — gt (]P’(E)/Sl, o} Z) .

Step 1. When B is a point, the statement of the Lemma is obvious because in
this case both spaces P(E;) xp P(E3) and P(E) have trivial cohomology in odd
dimensions.

Step 2. For a general basis, note that U induces a morphism of the Leray spectral
sequences associated with the projections

P(E) — B, (]P’(E)/Sl, Q) . B.
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But the Leray spectral sequence for the relative cohomology of the pair (P(E )/ gl Q)
can be identified with the spectral sequence for the cohomology with compact sup-
ports of P(E) / g1 \ Q. Tt suffices to note that the induced spectral sequence morphism
vanishes at the E*?-level, by Step 1. [ |

5. APPENDIX
5.1. Inductive limits of functors. We recall the following important

Definition 5.1. ([AM] p. 148) A filtering category is category C with the properties
F1. For every pair (O,0") of objects, there exists an object O” and morphisms
0—-0",0 —-0".
F2. For every two morphisms u, v : O — O’ there exists an object O and a
morphism w : O' — O such that wou = wowv.

For small filtering categories one has the following basic fact:

Proposition 5.2. ([AM], p. 149-150) Let A be one of the categories Sets, Ab
or Gr, and let C be a filtering small category. Then any functor F : C — A has
an inductive limit, which can constructed in the classical way: one factorizes the
disjoint union [[ocop(c) F'(O) by the equivalence relation

(O,2) ~ (0", 2") if Fu:0 — 0", v : 0" — O" with F(u)(z) = F(u')(z") . (28)

When A = Ab or Gr, one endows the obtained set of equivalence classes with the
operation induced by the group operations on the summands F(O) of the disjoint
UNLON.

We will say that C is weakly filtering if it satisfies F1 and the following weak form
of the axiom F2.

F2. For every two morphisms u, v : O — O’ there exists an object O” and
morphisms w,z : O' — O” such that wou = zow.

Lemma 5.3. Suppose that C is weakly filtering and small. Then the relation ~
defined in (28) is still an equivalence relation, and the conclusion of Proposition
5.2 holds for A = Sets.

Proof: It suffices to check that ~ is transitive. Let x € F(O), 2/ € F(O'),
2" € F(O") with 2 ~ 2/, 2/ ~ z”. Therefore there exists morphisms u : O — O,
W0 — 0,0 :0 — 0,0 : 0" — O such that F(u)(z) = F(u/)(2') and
F@')(z') = F(v")(2"). By F1 there exists morphisms @ : O — Op, @ : O — O.
We apply F2 to the morphisms wu/, @wv' : O' — Op. We obtain morphisms 2,

Z : Og — Oq such that 2iwu’ = Zwv'. Therefore
F(zbu)(z) = F(20)(F(u)(z)) = F(20)(F(u')(2")) = F(2iu')(2") =
= F(zuv')(2") = F(20)(F(v')(2)) = F(E0)(F(v")(z")) = F(za0")(z")
hence z ~ z”. [ ]

For A = Ab or G one cannot endow the quotient of the disjoint union by this
equivalence relation with a coherent group structure using only the weakly filtering
condition.

Unfortunately, we will need inductive limits of functors defined on index cate-
gories which are not small. In this case the disjoint union considered in Remark
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5.2 might not be a set. However, there exists a simple situation when the existence
of an inductive limit is guaranteed:

Lemma 5.4. Let C be a weakly filtering category, @ € Ob(C) a fixzed object and
F :C — A a functor such that F(u) is surjective for every morphism u : Q — O.
(1) Suppose A = Sets.
(a) The relation on F(Q) defined by

y~y if Ju, v:Q — O such that F(u)(y) = F(v)(y') (29)

is an equivalence relation. Put L := F(Q)/ ~.

(b) For any O € Ob(C) there exists a unique map fo : F(O) — L defined
by fo(x) = [y] for any pair (z,y) € F(O) x F(Q) for which there exist
morphisms u : O — O, v : Q — O with F(u)(z) = F(v)(y). The
system (fo)oecow(c) is F-compatible (i.e. it holds for o F(w) = fo for
any morphism w : O — O’).

(c) The system (fo)ocow(c) satisfies the universal property of the inductive
limit, so the inductive limit of F' exists and can be identified with L.

(2) Suppose A= Ab or Gr.

(a) Let H be a smallest normal subgroup of F(Q) which contains the ele-
ments x'x~! with x ~ 2'. Put L := F(Q)/H.

(b) The system of morphism (fo : F(O) — L)ocos(c) defined in a similar
way as in (1) is F-compatible and satisfies the universal property of
the inductive limit. Therefore the inductive limit of F exists and can
be identified with L.

Proof: (1) (a) is clear. For (b) we have to prove that the map fo is well defined.
Let y € F(Q),y € F(Q),u:0—-0,v:Q—-0,u:0—0,and v : Q — O
such that F(u)(z) = F(v)(y) and F(u')(z) = F(v')(y). We can find an object O
and morphisms w : O — O, w' : O’ — O. Since C is weakly filtering, the exist
morphisms z : O — Oy, 2’ : O — Oy such that zwu = z'w'v’. This implies

F(zwo)(y) = F(2w)(F(u)(z)) = F('w')(F(u')(x)) = F(zwo’)(y') ,

!
soy =y
The F-compatibility of the system (fo)ocownc) and the fact that this system
satisfies the universal property of the inductive limit are easily verified.

(2) Follows easily from (1). [ |

Definition 5.5. ([AM] p. 149) Let N, C be categories. A functor © : N — C is
called
(1) cofinal, if
C1. For any O € Ob(C) there exists n € Ob(N) and u : O — O(n).
C2. For every n € Ob(N), O € Ob(C), and u : O(n) — O, there exists
m e ObN), vin—m andv: O — O(m) such that vu = O(v).
(2) cofinal in the sense of Artin-Mazur ([AM] p. 149) , if
C1. holds,
C2. For every O € Ob(C), n € Ob(N) and u, v: O — O(n), there exists a
morphism p:n — m in N such that ©(u)u = O(p)v.

Lemma 5.6. (1) If N is filtering and © is cofinal in the sense of Artin-Mazur,
then © is cofinal and C is filtering.
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(2) If C is filtering and © is cofinal, then © is cofinal in the sense of Artin-
Mazur.
(3) Suppose © : N' — C is cofinal, and N, C are both small and filtering. For
any functor F' : C — A (with A = Sets, Ab or Gr) the canonical morphism
lim F(©(n)) — lim F(O)
n€Ob(N) 0e0b(C)

s an isomorphism.

Proof: 1. Let u : ©(n) — O be a morphism. Using C1, we can find a morphism
w: O — O(m); since N is filtering, we can find morphisms n: n — k, £ : m — k.
Therefore, we get two morphisms O(n), ©(k)wu : ©(n) — O(k). By C2, there exists
w2k — [ such that ©(p)0(n) = O(u)O(k)wu. This shows [O(uk)wlu = O(un), so
C2 holds with v = ©(ux)w and v = un. The fact that C is filtering is stated in
[AM] p. 149.

2. Let u, v : O — O(n) be two morphisms. Since C is filtering, there exists
w: O(n) — O with wu = wv. By C2, we can find m € Ob(N), v:n — m and v’ :
O’ — O(n), such that v'w = O(v). We will have O(v)u = v'wu = vwv = O(v)v,
which proves C2.

3. See Proposition 1.8 in [AM] p. 150. [ |

Example 1. Let B be a compact space and let Up be the category of complex
vector bundles over B. A morphism U — U’ is a pair v = (¢,U;) consisting of
a bundle embedding i : U — U’ and a complement U; of i(U) in U’ (see section
2.3). The category Up satisfies F1 but not F2, so it is not filtering. Let A be
category associated with the ordered set (N, <). Then the functor © : N' — Up
which associates to n the trivial bundle C" and to an inequality n < m the standard
morphism C" — C™ is cofinal. This follows from the fact that any vector bundle
on B possesses a complement. Note however that © is not cofinal in the sense of
Artin-Mazur.

Example 2. For a category C and an object Q € Ob(C) we will denote by Cq the
category whose objects are morphism u : Q — O and whose morphisms are

Hom(QlO,Q&O/) ::{w;0—>0/|wou:v}.

A morphism u : Q — Q' induces in an obvious way a pull-back functor u* : Cg —
Cq. If C is filtering then Cq is filtering and the target functor functor T': Cqg — C
is both cofinal and cofinal in the sense of Artin-Mazur.

Definition 5.7. A category with automorphism push-forward is a pair (U, A),
where U is a category and A : U — Gr a functor, such that

F1. holds in U.

S1. A(O) = Aut(O) for every O € Ob(C).

S2. For any u: O — O and a € Aut(O) one has A(u)(a) ou=uoa

S3. For every two morphisms u, v : O — O’ in U there exists an object O,
a morphism w : O — O” and an automorphism a € A(O") such that
aowou=wou.

Note that when (U, A) is a category with automorphism push-forward, then U
is weakly filtering (use S3).



48 CHRISTIAN OKONEK, ANDREI TELEMAN

Example 3. Defining the automorphism push-forward functors in the obvious
way, the categories Up, Cp, 7 (x) introduced in this article become categories with
automorphism push-forward.

Let (U, A) be a category with automorphism push-forward, @ € Ob(U) a fixed
object, and F : U — Ab a functor such that F(u) is a isomorphism for any morphism
u: @ — O. We know by Lemma 5.4 that the inductive limit of F exists and is a
quotient of F(Q). We need an explicit description of this quotient. For every object
u: @ — O in the category Ug the group A(T'(u)) acts on F(Q) via the isomorphism
F(u) : F(Q) — F(T(u)). A morphism w : T(u) — T(v) can be regarded as an
element in Homy,, (u,v) and defines a group morphism A(w) : A(T'(u)) — A(T'(v))
which intertwines the actions of these groups on G(Q).

Proposition 5.8. Let (U, A) be a category with automorphism push-forward, @ €
Ob(U) a fized object, and F : U — Ab a functor such that F(u) is a isomorphism
for any u:Q — O. Let N be a small filtering category and © : N'— Ug a functor
satisfying the cofinality axiom C1. Put

A:=lim A(T(©(n))) .

nEOb(N)
Then A acts on F(Q) in a natural way, the inductive limit lim  F(O) exists and

0€obU)
can be identified with the quotient F(Q)/I[A]F(Q).

Proof: By Lemma 5.4 the inductive limit of G exists and can be identified
with a quotient F(Q)/H. Here H is the group generated by the elements of the
form x — 2’ where z, 2’ € F(Q) are such that there exists u, v’ : Q@ — O with
F(u)(x) = F(u')(2"). We claim that the set of such pairs (z,2’) coincides with the
set of pairs of the form (az’,z’) with 2’ € F(Q), a € A.

Indeed, if F(u)(z) = F(u')(z'), choose v : O — O and a € A(O) such that
vy’ = avu. The morphism vu can be regarded as an object in the category Ugp.
Since O satisfies the axiom C1, there exists n € Ob(N') and a morphism vu — O(n)
in Up, i.e. a morphism w : O — T(O(n)) such that wvu = O(n). We obtain

F(©(n))(z) = F(wou)(z) = F(wou)(2') = F(wavu)(z') = F(A(w)(a)wvu)(x') =
= A(w )( )(F(wou)(z")) = A(w)(a)(F(O(n))()) ,
) € A(T(©(n)) in A.

which shows that z = az’, where a is the class of A(w)(a

Conversely let a = [a ] € A be represented by a € A(T(© (n)) nd sup pose that © =
az’. This means F(O(n))(x) = a(F(O(n))(z")) so, putting u := O(n), v’ := aB(n)
one has F(u)(z) = F(u')(a). [ |

Let (U, A) be a category with automorphism push-forward, and let G : C — A
be a functor, where A is one of the categories Sets, Gr or Ab.

Definition 5.9. We say that the stabilized automorphisms act trivially on G if
TSA. For every O € Ob(C), x € G(O) and a € A(O) there exists a morphism
u: O — O such that G(u)(G(a)(z)) = G(u)(z).
In the presence of functor © : N — U, we say that the ©-stabilized automorphisms
act trivially on G if
OSA. For every n € Ob(N), x € G(O(n)) and a € A(O(n)) there exists a mor-
phism v : n — m such that G(O(v))(G(a)(z)) = G(O(v))(x).
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Remark 5.10. If © is cofinal and G satisfies ©SA, then it also satisfies TSA. If
C is filtering, then any functor G : C — A satisfies TSA. If, moreover, © is cofinal,
then G also satisfies ©SA.

Let (U, A) be a category with automorphism push-forward, and let G : U — A
be a functor. Let A be a small filtering category and © : N'— U a cofinal functor
such that ©SA holds. Consider the classical inductive limit Lg :=lim G(0(n)).

n€Ob(N)
For every O € Ob(U) we define a morphism fo : G(O) — Lg by fo(x) := [G(v)(x)]
where v : O — ©(n) is a morphism (whose existence is guaranteed by C1).

Proposition 5.11. Under the assumptions and with the notations above it holds

(1) For any O € Ob(U) the map fo is well defined. The system of maps
(fo)oeowvw) is G-compatible i.e. for any u: O — O" one has for o G(u) =
fo. When A= Ab or Gr, the map fo is a group morphism.

(2) The system (fo)ocosw) satisfies the universal property of the inductive
limit, therefore the functor G admits an inductive limit in A which can be
identified with Leg.

We agree to write u(z), v(z) ..., instead of G(u)(z), G(v)(x) ..., to save on
notations.

Proof: 1. Let v : O — O(n), v : O — O(n’) be two morphisms. Since N
is filtering, there exists morphisms v : n — m, v/ : n/ — m. Applying axiom
S3 to the morphisms O(v)v, O(v)v’, we get a morphism w : ©(m) — O and an
automorphism a € A(O) such that wO (' )v' = awO(v)v. Now we apply the axiom
C2 to w and we get morphisms u : O — O(k), r : m — k such that uw = O ().
We have

O(u/" )W = uwO (Vv = uawO (v)v = A(u)(a)uvwO(v)v = A(u)(a)O(uv)v .
Using the axiom ©SA we obtain a morphism 7 : k — [ such that

O(n) [A(w)(a)O(u)v(z)] = ©(n) [O(pw)v(2)] -

Therefore ©(nuv')(v'(z)) = O(nuv)(v(z)), which shows that v(z) and v’(z’) define
the same element in Lg. The second and the third claim are obvious.

2. Let A € Ob(A) and (90)ocobw), go : G(O) — A a system of G-compatible
morphisms. Using the system (ge(n))neob) (Which is G' o ©-compatible) we get
a unique morphism g : Le — A such that g o ¢, = ggn) for every n € Ob(N),
where ¢, : G(©(n)) — Le is the canonical morphism. It remains to prove that
go fo = go for every O € Ob(U). Let x € G(O) and choose v : G(O) — O(n). One
has

go fo(x) = g(en(v(2))) = gom) (v(z)) = go(x) .
|

5.2. Bundle maps between pointed sphere bundles. Let X be a CW com-
plex and Y C X a subcomplex. For two sections s’, s” in a an oriented r-sphere
bundle over X which coincide over Y, we denote by oy (s',s”) € H"(X,Y;Z) the
primary obstruction to the existence of a homotopy between s’ and s” in the space
of sections which coincide with §'|y = s”|y on Y [S].
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Let m¢ : ¢ — B be an oriented real bundle of rank r over a CW complex B.
Denote by wé‘ : Cg =: B — B the bundle projection of the associated sphere

bundle, and consider the pull-back bundle ¢ := [wé‘]*(g) on B. The sphere bundle

f;f = [wg]*(cg ) comes with a tautological section §; and an “infinite” section 52

These sections coincide on the subspace oo C B. We endow the space B with
a CW structure in the following way: First, on the subspace oo we copy the
CW structure from the base B via s°. Second, for every k-cell e C B we put
é = wgl(e). The attaching map corresponding to é is defined in the following
way: let u : D*¥ — & C B the attaching map of e. The pullback bundle u*(¢)
is trivial, so it can be identified with D¥ x R" = DF x Dr. The induced map
DF x D" — ﬂ'gl(é) C ¢ can be extended to map @ : D¥ x D" — [ﬂ'zr]_l(é) C(¢tin
an obvious way. Let t; be the Thom class of the bundle (. We claim

Lemma 5.12. With respect to such a cellular structure on B one has Oco, (sgo, 0c) =
t¢ in HT(B, o0¢; 7).

Proof: Let P: E — B := BSO(r) be the universal vector bundle with struc-
ture group SO(r) and a fixed CW structure on the classifying space B. Since
H"(B,ocog; Z) ~ HO(B;Z) ~ Z, there exists an integer N such that 0, (s27,0r) =
Ntg. Let f : B — B a cellular map which induces the bundle ¢. This map is
covered by a bundle map f : B — B, which is obviously cellular and maps the sub-
complex oo¢ of B into the subcomplex cog of B. Using the functorial properties of
the relative obstruction class and of the Thom class, we obtain 0., (sgo, 0:) = Nt..
The integer N can be computed using any bundle (, so we will choose the bundle
R" — {x}. The tautological section is just the identity of [R"]T. It’s easy to see
that both classes can be identified with the generator of H" ([R"]*, oo; Z). [ |

Corollary 5.13. Let ¢ be an oriented r-bundle over a CW complex B, and let
s be a section in Cg which coincides with sz on a subcomplex A C B. Then
0a(s,s) = s"(t¢) in H"(B, A;Z).

Proof: Note that, with respect to the cellular decomposition of B considered
above, the section s : B — B is a cellular map and maps to subcomplex A into
the subcomplex ocos. It suffices to apply the functorial property of the relative
obstruction classes with respect to cellular maps. [ |

Corollary 5.14. Let ¢ be an oriented r-bundle over a finite CW complex B of
dimension n < r, and let A C B be a subcomplex. Then the map o4 : s — s*(t¢)

defines a bijection between the set FA(CE) of homotopy classes of sections in Cg
which coincide with sz° on A, and H" (B, A; Z).

Proof: Injectivity: Since dim(B) < r, for a section s € ' 4(¢}t) the only obstruc-
tion to the existence of a homotopy between s and s is the primary obstruction
OA(SEO, s). To prove surjectivity, consider, for any r-cell e C B\ A, a section s, which
coincides with sg° on e \ e and has a single vanishing point, which is non-degenerate.
The pull-back s’ (t¢) is a generator of H" (B, B\ ¢;Z) = Z. [ |

Corollary 5.15. Let (y, (1 be two oriented bundles of ranks o, r1 over an n-
dimensional complex B.
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(1) Ifn+rg < r1, any pointed bundle map f : [Co)§ — [C1]5 over B is homotopic

(in the space of pointed bundle maps over B) to the fiberwise constant map
1°° which maps [Co]T into oo, .

(2) If n+ 719 = 11, then a pointed bundle map f : [Colf — [G]f over B is

homotopic to f* if and only if the class hy € H"(B;Z), defined by the
condition f*(t¢,) = [wg)]*(hf) U t¢,, vanishes. Moreover, the assignment
f +— hy defines a bijection between the set of homotopy classes of pointed
bundle maps [(o) 5 — [¢G1]f and H™(B; Z).

Proof: It suffices to apply Corollary 5.14 to the pull-back bundle {; := [ﬂ'zg]* (1)
over B := [Co]/5 and to identify the space of pointed bundle maps [(o]; — [¢1]} with
the space of those sections in [Cl]g which coincide with SZ’ on oco¢, C B. Then use

the Thom isomorphism - U t¢, : H"(B;Z) — H™ (B, 00¢,; Z). [ |
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