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Abstract
Background: Stereotactic radiosurgery (SRS) is an established treatment for
patients with brain metastases (BMs). However, damage to the healthy brain
may limit the tumor dose for patients with multiple lesions.
Purpose: In this study, we investigate the potential of spatiotemporal fractiona-
tion schemes to reduce the biological dose received by the healthy brain in SRS
of multiple BMs, and also demonstrate a novel concept of spatiotemporal frac-
tionation for polymetastatic cancer patients that faces less hurdles for clinical
implementation.
Methods: Spatiotemporal fractionation (STF) schemes aim at partial hypofrac-
tionation in the metastases along with more uniform fractionation in the healthy
brain. This is achieved by delivering distinct dose distributions in different frac-
tions, which are designed based on their cumulative biologically effective dose
(BED��� ) such that each fraction contributes with high doses to complementary
parts of the target volume, while similar dose baths are delivered to the normal
tissue.For patients with multiple brain metastases,a novel constrained approach
to spatiotemporal fractionation (cSTF) is proposed,which is more robust against
setup and biological uncertainties. The approach aims at irradiating entire
metastases with possibly different doses, but spatially similar dose distributions
in every fraction, where the optimal dose contribution of every fraction to each
metastasis is determined using a new planning objective to be added to the
BED-based treatment plan optimization problem. The bene�ts of spatiotempo-
ral fractionation schemes are evaluated for three patients, each with >25 BMs.
Results: For the same tumor BED10 and the same brain volume exposed to
high doses in all plans, the mean brain BED2 can be reduced compared to uni-
formly fractionated plans by 9%–12% with the cSTF plans and by 13%–19%
with the STF plans. In contrast to the STF plans, the cSTF plans avoid partial
irradiation of the individual metastases and are less sensitive to misalignments
of the fractional dose distributions when setup errors occur.
Conclusion: Spatiotemporal fractionation schemes represent an approach to
lower the biological dose to the healthy brain in SRS-based treatments of mul-
tiple BMs. Although cSTF cannot achieve the full BED reduction of STF, it
improves on uniform fractionation and is more robust against both setup errors
and biological uncertainties related to partial tumor irradiation.

KEYWORDS
fractionation, multiple brain metastases, stereotactic radiosurgery, treatment plan optimization

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial License, which permits use, distribution and reproduction in any
medium, provided the original work is properly cited and is not used for commercial purposes.
© 2023 The Authors. Medical Physics published by Wiley Periodicals LLC on behalf of American Association of Physicists in Medicine.

Med Phys. 2023;1–20. wileyonlinelibrary.com/journal/mp 1



2 SPATIOTEMPORAL FRACTIONATION

1 INTRODUCTION

1.1 Stereotactic radiosurgery for the
treatment of multiple brain metastases

Stereotactic radiosurgery (SRS) has emerged as an
established treatment option for patients with a lim-
ited number of brain metastases.1,2 Compared to whole
brain radiotherapy (WBRT), which has been the main-
stay of treatment for brain metastases over the past
few decades, SRS leads to similar outcomes in terms
of local disease control and overall survival, but with
a reduced risk of neurocognitive impairment.3–7 Con-
sequently, the use of WBRT is being increasingly
replaced by SRS in patients with favorable prognostic
factors.8

The role of SRS in the management of patients
with multiple brain metastases is still controversial.9–11

Major concerns are the prolonged treatment duration
and the large integral dose delivered to the healthy
brain associated with the concurrent treatment of multi-
ple lesions.12,13 While recent advances in dose delivery
techniques have enabled the ef�cient treatment of mul-
tiple targets using SRS,14 it would be highly desirable
to limit the radiation-induced damage to the brain in
order to expand the indications for SRS to include
selected patients with multiple brain metastases. The
volume of brain exposed to high doses is widely con-
sidered the most relevant dosimetric parameter.15,16

However, because of the higher risk of distant brain fail-
ure when WBRT is omitted, brain metastases patients
must often undergo multiple courses of SRS.17 In this
clinical scenario, it may also be of fundamental impor-
tance to minimize the integral brain dose in order to
lower the risk of complications after repeated courses of
SRS.

1.2 Spatiotemporal fractionation
schemes

There is a lack of consensus regarding the optimal frac-
tionation scheme for the treatment of brain metastases,
with several recent clinical studies reporting similar
toxicity levels in the healthy brain between single-
and multi-fraction SRS.18–20 Increasing the number of
fractions is bene�cial to improve the brain tolerance
to high doses. However, the total physical dose must
be increased to maintain tumor control,21 and thereby
the integral biologically effective dose (BED) delivered
to the healthy brain is only slightly affected by the
fractionation regimen. In that regard, it would be ideal to
simultaneously achieve fractionation in the healthy brain
and deliver high single fraction doses to the metastases.

As it has recently been shown for other treatment
sites, such a goal can partly be achieved by deliver-

ing non-uniform dose distributions in distinct fractions, in
which each fraction contributes with a high dose to com-
plementary parts of the target volume while a similar
dose bath is delivered to the surrounding normal tissue.
This concept has been named spatiotemporal fraction-
ation and has been demonstrated in in-silico studies
to improve the therapeutic ratio compared to conven-
tional uniform fractionation using both proton22,23 and
rotational photon therapy.24–26

While spatiotemporal fractionation schemes may pro-
vide a valuable treatment approach for reducing the
integral brain BED in patients with multiple brain metas-
tases treated with SRS, biological and geometrical
uncertainties represent a substantial hurdle for clin-
ical implementation. Clinical experience is based on
treating an entire lesion in each fraction and the bio-
logical effect of irradiating different parts of a lesion
in different fractions is unknown. In addition, setup and
motion uncertainties represent more of a concern for
the accurate delivery of spatiotemporally fractionated
plans compared to treatments that deliver the same
uniform dose to the target volume in every fraction.
If different regions of each individual metastasis are
targeted with high doses in distinct fractions, setup
and motion errors may lead to misalignments of the
dose contributions of the different fractions, causing
target underdosage and compromising tumor control.
The target compartmentalization is automatically deter-
mined in a BED-based treatment plan optimization
and is not known a priori. Hence, geometrical uncer-
tainties cannot be accounted for by using margins
around the treated volume as in conventional clinical
practice.

In the context of polymetastatic diseases, we pro-
pose a constrained approach to spatiotemporal frac-
tionation that addresses these issues. The approach
forces each fraction to treat the entire volume of a
metastasis and avoids partial irradiation of a lesion.
However, the approach allows different metastases
to be treated to large doses in different fractions.
Thereby, the total physical dose needed to control
the metastases can be reduced while some degree
of fractionation is achieved in the normal tissue in
between the metastases, maintaining parts of the ben-
e�t of spatiotemporal fractionation. Such a constrained
approach to spatiotemporal fractionation is more robust
against setup and motion uncertainties than the origi-
nal approach to spatiotemporal fractionation, because
it avoids steep dose gradients within a metastasis in
the dose contributions of individual fractions. In addi-
tion,the approach yields dose distributions that are more
similar to current clinical practice and reduces the bio-
logical uncertainties related to partial tumor irradiation.
In summary, the constrained approach to spatiotem-
poral fractionation may face lower hurdles for clinical
implementation.
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SPATIOTEMPORAL FRACTIONATION 3

1.3 Main contributions of this paper

In this work, we make three main contributions to
research on spatiotemporal fractionation. First, we
demonstrate the potential of spatiotemporal fractiona-
tion schemes for reducing the integral brain BED in
SRS-based treatments of patients with multiple brain
metastases. This may expand the indications for SRS to
include selected patients with multiple brain metastases.
Second, we present a conceptual extension of spa-
tiotemporal fractionation and further methodology devel-
opment by introducing a novel constrained approach
to spatiotemporal fractionation, that is applicable to
polymetastatic cancer patients. Here, the compartmen-
talization of the target volume follows the anatomical
target compartmentalization de�ned by each individ-
ual metastasis, leading to spatiotemporally fractionated
treatments that are more robust against setup and bio-
logical uncertainties.Third,by simultaneously optimizing
multiple spatial dose distributions and allowing for non-
stationary fractionation scheme for individual lesions,
we extend on previous studies that aimed to determine
the optimal fractionation schedule given a single spatial
dose distribution.27–31

2 METHODS

2.1 Planning of spatiotemporally
fractionated treatments

Spatiotemporally fractionated treatments are obtained
by simultaneously optimizing multiple dose distribu-
tions to be delivered in different fractions. In this work,
we consider two different approaches to spatiotempo-
ral fractionation, which differ in the way the dose is
distributed within the target volume.

2.1.1 Original (unconstrained) approach
to spatiotemporal fractionation

The �rst approach mimics previous studies on spa-
tiotemporal fractionation.22–26 The target volume,as well
as each individual metastasis, can be arbitrarily com-
partmentalized into distinct regions to be irradiated in
different fractions. The optimal dose distributions for
each fraction are automatically generated by solving a
BED-based treatment plan optimization problem,aiming
for the best possible trade-off between hypofractiona-
tion in the target volume and more uniform fractionation
in the healthy tissue. Such an optimization problem,
which is further detailed in the work of Unkelbach
et al.,23 directly accounts for the fractionation effects by
evaluating the planning objectives and constraints for

the cumulative BED bi =
� n

t=1 dit (1 +
dit

(��� )i
) rather than

the physical dose. Here, (��� )i is the ��� -ratio of voxel
i, n is the total number of fractions, and dit =

�

j
Dijxjt is

the physical dose delivered to voxel i in fraction t (where
Dij is the dose-in�uence matrix term describing the dose
contribution of beamlet j to voxel i per unit intensity and
xjt is the intensity of beamlet j in fraction t).

2.1.2 Constrained approach to
spatiotemporal fractionation

The second approach is speci�c to patients present-
ing with polymetastatic diseases. Here, all fractions are
restricted to deliver similar (but not necessarily homoge-
neous) spatial dose distributions within each lesion, to
avoid that different parts of the same lesion are treated
in different fractions. However, the dose contribution of
each fraction to every metastasis can be freely decided
to best achieve the desired dosimetric goals. The opti-
mal fractionation scheme for this constrained approach
to spatiotemporal fractionation is determined by means
of a new planning objective, which is de�ned as

fcSTF (b, � ) =
M�

m=1

n�

t=1

�

i� PTVm

�
�
�
�

1
�PTVm�

�

bit � � mt

�
n�

t=1

bit

		 2

�
�
�

(1)

Here, PTVm is the set of voxels belonging to metas-
tasis m and M is the total number of metastases.
The variables � mt represent the partial BED contribu-
tion of fraction t to metastasis m, and are introduced
as additional optimization variables that are deter-
mined through the optimization algorithm along with the
incident beamlet intensities x .

The motivation and intuition behind this objective are
as follows. Let us consider the contribution of fraction
t and metastasis m to the value of fcSTF. For a given
value of � mt, this contribution is zero if the BED bit deliv-
ered in fraction t to voxel i is the same portion � mt of

the total BED bi =
n�

t = 1
bit for all voxels i � PTVm that

belong to metastasis m. Thus, a treatment plan corre-
sponding to a low value of fcSTF has the property that
each fraction delivers a spatial dose distribution to a
metastasis that is similar to the prescribed cumulative
BED distribution,except that it is downscaled by a factor
� mt. In the original unconstrained approach to spatiotem-
poral fractionation, per contra, a fraction could deliver a
large portion of the total cumulative BED in one voxel,
and a low portion of the total BED in another voxel
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4 SPATIOTEMPORAL FRACTIONATION

of the same metastasis, which corresponds to a large
value of fcSTF because the same � mt applies to all voxels
belonging to a given metastasis m.By encouraging such
an inter-fraction similarity, the constrained approach to
spatiotemporal fractionation is expected to be more
robust against setup uncertainties compared to the
original approach, because misalignments of dose con-
tributions from different fractions do not lead to cold
spots in the middle of a metastasis. Setup errors
only affect coverage of the PTV edge, which can be
accounted for by margins as in current clinical prac-
tice. In addition, by delivering spatially uniform dose
distributions within a lesion in all fractions, the con-
strained approach to spatiotemporal fractionation may
mitigate the biological uncertainties related to partial
tumor irradiation.

The formulation of the objective in Equation (1) has
two important advantages. First, by introducing � mt ’s as
additional optimization variables, it still allows for simul-
taneous optimization of the incident �uence and the
fractionation scheme. The partial BED contributions of
every fraction t to each metastasis m are directly opti-
mized together with the cumulative BED distribution and
it is therefore not required to manually de�ne a priori how
much dose should be delivered to each lesion by which
fraction. Second, the proposed planning objective does
not make any assumptions on the cumulative BED dis-
tribution. Compared, for example, to objective functions
which aim at minimizing the variance of the BED distri-
bution of fraction t in metastasis m and thereby force
the BED distribution in the PTV to be homogeneous,
the objective in Equation (1) allows to deliver inhomoge-
neous cumulative BED distributions within each lesion
(which is clinical practice in SRS of brain metastases).

2.2 Patient cases

Three patients, each with a large number of brain
metastases (>25),have been selected to retrospectively
investigate the potential bene�ts of spatiotemporal frac-
tionation schemes. All three cases were treated with
linac-based fractionated stereotactic radiosurgery at our
institution. Patient 1 has 29 lesions of varying size with
a total GTV volume of 14.7 cc and is used for illustra-
tion in the results section. Patients 2 and 3 have 27 and
30 metastases, respectively, with total GTV volumes of
22.6 and 20.3 cc. More detailed characteristics of the
three patients are reported in Appendix A.

2.3 Treatment planning study

For each of the three brain metastases patients, we
generate 3-fraction IMRT treatment plans using non-
coplanar 6 MV photon beams, which are designed to
approximate a full VMAT arc at a couch angle of 0	 and
three half -arcs from 0	 to 180	 at couch angles of 45	 ,

270	 , and 315	 . The treatment geometry is assumed
to be single-isocenter. The beamlet resolution is 5 × 5
mma and the resolution of the dose grid is 1.2 × 1.2 ×
0.6 mm in the x-, y-, and z-directions. Calculation of the
dose-in�uence matrix elements Dij is performed with the
open-source radiotherapy planning platform CERR32

using a quadrant in�nite beam (QIB) algorithm. 33b

We attempt to solve the treatment plan optimization
problem for the following choice of objective functions
and constraints.

Objectives:

1. A BED10 of 51.3 Gy is prescribed to the GTV. This
is implemented via a quadratic penalty function and
corresponds to 27 Gy physical dose delivered in three
fractions.

2. A BED10 of 43.2 Gy is prescribed to the PTV (which
is obtained from a isotropic 1.2 mm margin expan-
sion from the GTVc),corresponding to 24 Gy physical
dose delivered in three fractions. A BED10 exceeding
60 Gy (i.e. 30 Gy physical dose in three fractions)
is penalized quadratically.d These different dose pre-
scriptions between the GTV and the PTV re�ect the
clinical practice of prescribing to the 80% isodose
line and increasing the dose in the center of the
metastases.34

3. The volume V60 of healthy brain (i.e. brain-PTV)
receiving a BED2 larger than 60 Gy is minimized.This
corresponds to 10 Gy in a single fraction and is imple-
mented via a continuous relaxation of a dose–volume
objective, as further detailed in Appendix B.

4. The mean BED2 to the normal tissue excluding the
PTV and the brain is minimized.

5. The mean BED2 to the healthy brain is minimized.

Constraints:

1. The maximum BED2 at 5 mm distance from the PTV
is constrained to 36 Gy,corresponding to 12 Gy phys-
ical dose delivered in three fractions (i.e. half of the
prescribed PTV dose).This forces the plan to be con-
formal and prevents hot spots in the normal tissue
away from the metastases.

a Although the chosen beamlet size is similar to the diameter of some small
metastases, inhomogeneous doses within the lesions and an excellent dose
conformity can be achieved with 5 x 5 mm beamlets due to the large number
of �eld directions used. A beamlet size of 2.5 x 2.5 mm may, however, further
improve the results.
b CERR uses a pencil beam algorithm for calculation of the dose-in�uence
matrix. We performed a comparison of dose pro�les computed in CERR to the
convolution-superposition algorithm implemented in the commercial planning
system Eclipse (Varian Medical Systems). Although some discrepancies can be
noticed in the lateral dose pro�le, the depth dose curves obtained using the QIB
algorithm are reliable. In particular, as the brain tissue is quite homogeneous, we
expect the dose distributions used in this study to be realistic.
c The same PTV margin is applied to every lesion, independently of their dis-
tance from the isocenter. The adopted planning margins are intended to be
conservative and to hold true also for lesions which are further away from the
isocenter.
d This over-dose penalty function applies also to all GTV voxels, as GTV 
 PTV.
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SPATIOTEMPORAL FRACTIONATION 5

2. The maximum BED2 to the brainstem is constrained
to 120 Gy, corresponding to 24 Gy physical dose
delivered in three fractions.

We �rst optimize a uniformly fractionated (UF) 3-
fraction SRS treatment plan that delivers the same dose
in all fractions, based on a weighted sum of the �ve
objectives. This plan re�ects current clinical practice of
delivering a hypofractionated SRS treatment to patients
with multiple brain metastases and is used as bench-
mark. Subsequently, two spatiotemporally fractionated
plans are generated with both the original (STF plan)
and the constrained (cSTF plan) approaches to spa-
tiotemporal fractionation. The STF plan is obtained by
minimizing the mean cumulative brain BED2, subject
to the additional constraints that the values of objec-
tives 1–4 are no worse than in the UF plan. Hence, the
entire bene�t of spatiotemporal fractionation is directed
on reducing the mean BED2 to the healthy brain. The
STF plan is compared to the UF plan to evaluate the
maximum achievable bene�t of delivering different non-
uniform dose distributions in distinct fractions, when no
constraints are set on the spatial dose distribution of
each fraction. The cSTF plan is obtained by minimiz-
ing a weighted sum of the mean brain BED2 objective
and the new objective in Equation (1), subject to the
same constraints as for the STF plan, and is com-
pared to both the UF plan and the STF plan in terms
of mean brain BED2 reduction and robustness against
setup errors. The spatial dose distribution within the
individual metastases in each fraction and the optimal
fractionation scheme as a function of the size of the
lesions are also compared between the STF and cSTF
plans. The cSTF plan is hypothesized to maintain some
of the bene�t of spatiotemporal fractionation compared
to the UF plan, while at the same time being more
robust against setup errors and biological uncertain-
ties related to partial tumor irradiation than the STF
plan.

To �nd a local minimum of the optimization prob-
lem, we used our own implementation of the L-BFGS
quasi-Newton method,35 together with an augmented
Lagrangian method for handling constraints.36 Fluence
maps were initialized with small random intensities
(varying in between the different fractions of the spa-
tiotemporally fractionated plans), while the additional
optimization variables � mt used in Equation (1) are ini-
tially set to 1� n. As both the BED-based optimization
problem and the new planning objective in Equa-
tion (1) are not convex, two additional STF plans and
two additional cSTF plans have been generated for
patient 1 with different initializations of the �uence
maps and of the � mt parameters, in order to investi-
gate the sensitivity of the planning outcomes to different
initializations.

A more detailed description of the treatment plan
optimization problem can be found in Appendix B.

2.4 Variations of the constrained
approach to spatiotemporal fractionation

The BED contribution � mt of fraction t to metastasis m
in Equation (1) can, per de�nition, assume any value
in between 0 (i.e. no dose) and 1 (i.e. the full pre-
scribed dose). However, all clinical experience is based
on delivering the same dose in every fraction and the
effect of delivering very different doses in different
fractions is unknown. In that regard, we also consider
and investigate two further modi�cations of the con-
strained approach to spatiotemporal fractionation,which
aim at creating treatments that are even closer to clinical
practice.

2.4.1 Adding objectives or constraints on
� mt

Additional constraints or objectives can be de�ned
for the optimization variables � mt ’s to promote spe-
ci�c fractionation schemes. A special case of the
constrained approach to spatiotemporal fractionation
consists, for example, of assigning each metastasis to
be either treated to the full dose in a single fraction (e.g.
{� m1, � m2, � m3} = {1, 0, 0}), to be uniformly fractionated
over two out of three fractions (e.g. {� m1, � m2, � m3} =
{

1

2
,

1

2
, 0}), or uniformly irradiated over all three frac-

tions ({� m1, � m2, � m3} = {
1

3
,

1

3
,

1

3
}). Such a fractionation

scheme can be promoted by adding the following
penalty term to the BED-based optimization problem:

f bounds
cSTF (� ) =

M�

m=1

n�

t=1

� 2
mt


� mt �

1
3

� 2
� mt �

1
2

� 2

(� mt � 1)2 (2)

The penalty function f bounds
cSTF (� ) in Equation (2) is

handled as a constraint using augmented Langrangian
methods. It can be thought of as constraint function that

adds a term of the form � f bounds
cSTF (� ) + � (f bounds

cSTF (� ))
2

to
the augmented Lagrangian function, where � is the esti-
mate of a Lagrange multiplier that is iteratively updated
and � is a penalty factor that is iteratively increased as
long as the constraint f bounds

cSTF (� ) = 0 is violated. Thus,
initially the fractional dose distributions and the param-
eters � mt ’s are jointly optimized as continuous variables
using the planning objective in Equation (1). Eventually,
� mt are frozen to the values 0, 1/3, 1/2, and 1 while the
cumulative BED distribution is adjusted accordingly.

2.4.2 Not counting the contribution of very
small doses per fraction to local tumor control

One speci�c concern for the application of spatiotempo-
ral fractionation schemes to SRS of brain metastases is
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6 SPATIOTEMPORAL FRACTIONATION

that the contribution of very small doses per fraction to
local tumor control may be lower than predicted by the
standard BED model. To account for such a potential
issue, we implemented a method for generating cSTF
plans in which only doses per fraction larger than a given
threshold value contribute to local tumor control. Based
on the cSTF plan obtained by allowing any value for the
� mt ’s in the interval [0,1], a second optimization is per-
formed with the constraint that all the prescribed BED10
to each lesion is delivered in those fractions in which
the cSTF plan contributes with � mt > 0.1 (which corre-
sponds approximately to a physical dose larger than 3.5
Gy). This is achieved by evaluating the planning objec-
tives and constraints for the corresponding metastasis
only for the subset of fractions with � mt > 0.1.

Two additional cSTF plans are generated in this
study using both the described approaches, to investi-
gate whether alternative formulations of the constrained
approach to spatiotemporal fractionation which are even
closer to clinical practice might still have a bene�t com-
pared to uniform fractionation of all the metastases.
These plans are initialized with the results of the cSTF
plan obtained using the planning objective in Equa-
tion (1) and are optimized using the same planning
objectives and constraints.

3 RESULTS

Figures 1e and 1m show the dose distribution for two
different CT slices of patient 1 for the UF plan, in which
each metastasis is treated to the same dose in all three
fractions. This plan achieves a mean physical dose of
5.13 Gy in the healthy brain, while the brain volume V60
receiving a BED2 larger than 60 Gy is 38.4 cc.The three
fractional dose distributions for the STF and cSTF plans
are illustrated in Figures 1b–d, f–h and Figures 1j–l,n–p,
respectively. Both plans deliver high doses to comple-
mentary parts of the target volume in distinct fractions.
In some metastases, maximum single-fraction doses
exceed 15 Gy (note that 18.2 Gy delivered in a single
fraction corresponds to the prescribed BED10 of 51.3
Gy to the GTV).All together,however, the three fractional
dose distributions in both spatiotemporally fractionated
plans deliver the same prescribed cumulative BED10
in each metastasis as in the uniformly fractionated
plan (the equieffective dosee distributions in patient 1
achieved with the different fractionation schemes are
reported in Appendix C1).

Because of partial hypofractionation in the target vol-
ume, spatiotemporally fractionated plans achieve the
prescribed tumor BED10 with less physical dose. This is
shown in Figures 2a,b,which compare the three plans in

e The equieffective dose EQDX =
b

[1+X� (��� )]
can be interpreted as the total phys-

ical dose to be delivered in a uniformly fractionated treatment with a dose per
fraction X to achieve a BED b.37

terms of the dose–volume histograms (DVH) evaluated
for the cumulative physical dose and the equieffective
dose, respectively. The mean physical dose to the PTV
is 27.2 Gy for the uniformly fractionated plan, while it is
reduced to 26.6 Gy (� 2.2%) with the cSTF plan and to
25.8 Gy (� 5.1%) with the STF plan. As some degree of
fractionation is simultaneously achieved in the surround-
ing healthy brain, this reduction in physical dose leads to
a net reduction in the brain BED2 (Figure 2b). The mean
BED2 to the healthy brain is reduced compared to the
uniformly fractionated plan by 9.3% and by 13.2% with
the cSTF and STF plans, respectively.

Similar results have been obtained for the other
patients. Table 1 summarizes the dosimetric results
achieved with uniform and spatiotemporal fractionation
schemes for all three cases studied, while dose distribu-
tions for patients 2 and 3 can be found in Appendix C2.
For the same tumor BED10 and the same brain volume
exposed to high doses in all plans, the mean BED2 to the
healthy brain can be reduced by 9–12% with the cSTF
plan and by 13–19% with the STF plan compared to the
uniformly fractionated plan. Note that the reduction in
the mean brain BED2 achieved with the spatiotempo-
rally fractionated plans is lower than the corresponding
reduction in the mean physical dose. This is due to
a deviation from the ideal uniform fractionation in the
healthy brain.

Because of the non-convexity of the BED-based opti-
mization problem used in this study, different fractional
dose distributions are obtained for both the STF and
cSTF plans when the �uence maps are initialized dif-
ferently (this is shown in Figure C4 in Appendix C3).
However, as it has previously been observed by Gaddy
et al.38 on a different treatment site, such distinct local
minima of the optimization problem correspond to treat-
ments leading to very similar reductions in the mean
brain BED2 compared to the UF plan. These �ndings
have been con�rmed in this study for the STF plans,and
also demonstrated to hold true for the cSTF plans.

3.1 Plan sensitivity to random setup
errors

The dosimetric results in Table 1 are reported assum-
ing that all dose distributions for the different fractions
are delivered as planned and thereby add up to the pre-
scribed BED10 in all parts of the target volume. In order
to determine the impact of random setup errors on the
GTV dose coverage, we performed a robustness analy-
sis.For each of the three fractionation schemes,Figure 3
shows the DVHs evaluated for the EQD9 assuming that
random setup errors of ±1.2 mm in left–right, superior–
inferior, and anterior–posterior directions apply to the
GTV between the different fractions. The magnitude of
the setup errors is selected to agree with the GTV-
to-PTV margin expansion. Both the UF and the cSTF
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SPATIOTEMPORAL FRACTIONATION 7

F IGURE 1 Dose distributions for two CT slices of patient 1 achieved with the different fractionation schemes. In slice A (a), four metastases
are visible with PTV volumes of 3.2 cc (A1), 0.3 cc (A2), 2.3 cc (A3), and 0.1 cc (A4). In slice B (i), three metastases are visible with PTV
volumes of 0.1 cc (B1), 0.4 cc (B2), and 9.9 cc (B3). For each lesion, contours for the GTV (red) and PTV (orange) are shown. Also shown is the
contour of the brain (green).

plans maintain an excellent dose homogeneity within
most of the lesions comparable to the situation without
setup errors.Only for very small metastases (e.g.metas-
tasis A2) the GTV dose coverage is slightly affected
by setup errors, because a larger portion of the GTV
moves outside of the high dose region for a 1.2 mm
shift. This problem, however, is common to both the UF
and cSTF plans, which overall show a very similar sen-
sitivity to geometrical uncertainties. Instead, as a result
of the misalignments of the dose contributions of the
different fractions within the single metastases, the STF

plan presents an increased risk of cold and hot dose
spots within the GTV when setup errors are assumed,
especially for larger metastases. For instance, the STF
plan delivers a mean EQD9 of only 25.3 Gy to the GTV
of metastasis A3 in the worst case scenario, whereas
the corresponding mean EQD9 reads 29.5 Gy when no
setup error is assumed.For smaller lesions,the STF plan
is less sensitive to setup errors,because the ability of the
STF plan to hypofractionate different parts of the PTV
in distinct fractions is reduced for a �nite beamlet size
(as shown in Figure 5b).
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8 SPATIOTEMPORAL FRACTIONATION

F IGURE 2 Dose–volume histogram comparison for (a) the cumulative physical dose and (b) the equieffective dose EQDX. The DVHs are
evaluated for both the PTV (X = 9 Gy) and the healthy brain (X = 2 Gy).

TABLE 1 Summary of the dosimetric results achieved with uniform and spatiotemporal fractionation schemes for all three patients studied.

UF plan cSTF plan STF plan

Patient 1 PTV Mean dose (Gy) 27.2 26.6 ± 0.0 (� 2.2%) 25.8 ± 0.1 (� 5.1%)

Mean EQD9 (Gy) 27.3 27.3 ± 0.0 ( = ) 27.2 ± 0.1 (� 0.4%)

Healthy brain Mean dose (Gy) 5.13 4.57 ± 0.1 (� 10.9%) 4.29 ± 0.1 (� 16.4%)

Mean EQD2 (Gy) 5.82 5.29 ± 0.1 (� 9.1%) 5.06 ± 0.1 (� 13.1%)

V60 (cc) 38.4 38.3 ± 0.0 (� 0.3%) 38.3 ± 0.0 (� 0.3%)
Patient 2 PTV Mean dose (Gy) 27.2 26.7 (� 1.8%) 25.8 (� 5.1%)

Mean EQD9 (Gy) 27.4 27.3 (� 0.4%) 27.2 (� 0.7%)

Healthy brain Mean dose (Gy) 7.47 6.66 (� 10.8%) 6.02 (� 19.4%)

Mean EQD2 (Gy) 9.51 8.38 (� 11.9%) 7.72 (� 18.9%)

V60 (cc) 45.0 45.0 ( = ) 44.9 (� 0.2%)
Patient 3 PTV Mean dose (Gy) 27.1 26.4 (� 2.6%) 25.6 (� 5.5%)

Mean EQD9 (Gy) 27.3 27.2 (� 0.4%) 27.1 (� 0.7%)

Healthy brain Mean dose (Gy) 6.18 5.58 (� 9.7%) 5.14 (� 16.8%)

Mean EQD2 (Gy) 7.51 6.84 (� 8.9%) 6.39 (� 14.9%)

V60 (cc) 47.2 47.1 (� 0.2%) 47.2 ( = )

For patient 1, the mean values and standard deviations for the three optimizations with different initializations of the optimization variables are reported. As the mean
tumor EQD9 is not directly optimized, slightly lower values for the mean EQD9 may be achieved in the PTV in the spatiotemporally fractionated plans compared to the
UF plan. Under- and over-dose quadratic penalty functions for the PTV, however, are at least as good for the cSTF and STF plans as they are for the corresponding
UF plan.

3.2 Spatial dose distributions within
the individual metastases

In Figure 4, the spatial dose distributions within the
individual lesions are analyzed in more detail. For four
metastases in patient 1, Figures 4a–d separately dis-
play the relative number of voxels receiving a given BED
contribution from each of the three fractions in the spa-
tiotemporally fractionated plans. The cSTF plan delivers
spatially very homogeneous dose distributions to each
metastasis in all fractions, thereby avoiding partial irradi-
ation of the different lesions. Dosimetric improvements
over the UF plan are nevertheless obtained by varying
the partial dose contribution of each fraction to every

lesion. For example, metastasis A4 receives more than
90% of the BED10 in the �rst fraction of the cSTF plan,
whereas fractions 2 and 3 only contribute a minor part
to the prescribed tumor BED10.

In contrast, the STF plan is not constrained to irradiate
entire metastases with similar spatial dose distributions
and thereby more inhomogeneous doses are delivered
within each lesion in separate fractions.This results in an
improved trade-off between hypofractionation in the tar-
get volume and more uniform fractionation in the healthy
brain, and thereby also in a larger brain BED2 reduction
compared to the cSTF plan.However, this may also intro-
duce biological uncertainties related to partial tumor
irradiation.
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SPATIOTEMPORAL FRACTIONATION 9

F IGURE 3 Dose–volume histograms for the GTVs of four individual lesions in patient 1 evaluated for the EQD9, assuming a scenario with
no setup errors (black dashed line) and 73 � 1 = 342 error scenarios corresponding to all combinations of random setup errors of ±1.2 mm in
left–right, superior–inferior, and anterior–posterior directions (red solid lines).

3.3 Impact of the size of the
metastases on the optimal fractionation
scheme

In Figure 5, we analyze how the optimal fractiona-
tion scheme depends on the size of the metastases.

Figure 5a shows the maximum fractional BED con-
tribution maxt � mt to each of the 29 metastases in
patient 1 as a function of their size for the cSTF plan,
where � mt are the additional variables de�ned in Equa-
tion (1) for the cSTF plan optimization. Generally, small
lesions are treated to high doses in one of the fractions
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10 SPATIOTEMPORAL FRACTIONATION

F IGURE 4 Relative BED contribution of every fraction to four individual metastases in patient 1 for both the cSTF (dashed line) and the
STF (solid line) plans.

F IGURE 5 Dependence of the optimal fractionation scheme on the size of the metastases for patient 1. (a) Maximum fractional BED
contribution to each metastasis in the cSTF plan, showing that small lesions are treated to high doses in one of the fractions, whereas large
metastases receive similar doses in all fractions. (b) Standard deviation of the partial BED contributions of each fraction in the STF plan to the
voxels of each individual lesion, showing that the ability of the STF plan to hypofractionate distinct regions of the target volume in different
fractions is reduced for small metastases. The sizes of the metastases refer to the planning target volume.

(e.g. metastases A4 and B1 in Figure 1), whereas larger
metastases receive a similar dose in all the fractions.For
example, the fractionation scheme for the largest lesion
with a diameter of 2.7 cm (metastasis B3 in Figure 1)
approaches uniform fractionation. As seen in Figure 4b,
the partial BED contributions of all three fractions in the
cSTF plan to that metastasis range from 32% to 34%.

These �ndings are also well illustrated for patient 3 in
Appendix C2.

Figure 5b reports the standard deviation  mt =�
1

�PTVm�

�
i � PTVm

(bit �
1

�PTVm�
(
�

i � PTVm
bit))

2
of the

BED contributions of every fraction t in the STF plan to
all voxels in each of the metastases m in patient 1, as

 24734209, 0, D
ow

nloaded from
 https://aapm

.onlinelibrary.w
iley.com

/doi/10.1002/m
p.16457 by U

niversitätsbibliothek Z
uerich, W

iley O
nline Library on [18/07/2023]. S

ee the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline Library for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons License



SPATIOTEMPORAL FRACTIONATION 11

a function of the lesion size. Large values of  mt occur
when complementary parts of the same metastasis are
treated to high doses in distinct fractions. For example,
metastasis B3 is treated with highly inhomogeneous
doses in every fraction of the STF plan (as can be seen
in Figure 4b),and the corresponding values for the stan-
dard deviation read 10.2, 9.1, and 10.9 Gy for fractions
1, 2, and 3, respectively. Instead, small values for the
standard deviation correspond to a fraction delivering
more homogeneous spatial dose distributions within the
individual lesions (as it is the case for metastasis A4 in
Figure 4d, for which the corresponding values of  mt are
1.3, 4.9, and 0.4 Gy for the three contributing fractions).
The ability of the STF plan to hypofractionate dis-
tinct regions of the same lesion in different fractions is
greater for larger metastases,while it almost disappears
for lesions with a diameter smaller than 8 mm (note that
the beamlet size used in this study is limited to 5 mm).

3.4 Alternative cSTF plans with
fractional dose contributions which are
closer to clinical practice

As shown in Figures 4 and 5a, the optimal BED contri-
bution � mt of fraction t to metastasis m in the cSTF plan
can assume very different values depending on the size
of the lesions. In the following, we present the results for
two alternative cSTF plans whose fractional dose con-
tributions to the individual lesions are closer to what is
conventionally delivered in clinical practice.

3.4.1 cSTF plan obtained by constraining
the values of � mt

The fractional dose distributions for the cSTF plan
obtained using the penalty function in Equation (2) are
shown in Figure 6 for patient 1. This treatment irradi-
ates each metastasis with fractionation schemes that
are conventionally used in clinical practice (i.e. 1 × 16
Gy, 2 × 10 Gy, or 3 × 8 Gy), which has the advantage
that one does not expect changes in local tumor con-
trol. However, with these additional restrictions, such a
cSTF plan achieves a mean brain BED2 reduction of
only 1.4% compared to the UF plan (for a similar PTV
dose coverage), which is partly explained by the result
that 21 out of 29 are assigned to uniform fractionation
over all three fractions.

3.4.2 cSTF plan obtained by neglecting
the contribution of very small doses per
fraction to local tumor control

Figure 7 illustrates the result for two selected metas-
tases in patient 1 for the cSTF plan which is obtained
by neglecting the contribution to local tumor control
of fractions delivering a dose smaller than 3.5 Gy to a

metastasis.The method increases the dose contribution
of the largest fraction to deliver the entire tumor BED10.
While the same PTV dose coverage and volume of
brain receiving high doses could be achieved as for the
original cSTF plan, the mean brain EQD2 is increased to
5.53 Gy when the contribution of small doses per frac-
tion are neglected.This still represents a 5.0% reduction
in the mean brain BED2 compared to the benchmark
UF plan, demonstrating that the bene�t of cSTF plans
over UF plans is maintained also when it is assumed
that small doses per fraction do not contribute to local
tumor control. However, the bene�t is substantially lower
than the 9.1% for the initial cSTF plan, because the
method enforces that overall more dose is delivered to
the patient.

4 DISCUSSION

The treatment of multiple brain metastases with stereo-
tactic radiosurgery is often limited by the large integral
dose delivered to the healthy brain. While uniform
fractionation schemes have limited ability to reduce
radiation-induced brain toxicities, we demonstrated in
this study that by delivering non-uniform dose distri-
butions in distinct fractions, the mean brain BED2 can
be substantially reduced for a �xed prescribed tumor
BED10. For each fraction, the dose distributions are
designed to achieve partial hypofractionation in the tar-
get volume along with more uniform fractionation in the
healthy brain, and thereby optimally exploit fractionation
effects. Although it is dif�cult to quantify the clinical ben-
e�t of reducing the mean BED 2 in the healthy brain, a
lower brain BED2 may mitigate the risk for neurocogni-
tive decline and give more margin for repeated SRS in
brain metastases patients.

Despite the accurate patient positioning typical of
SRS treatments, residual setup errors remain a serious
concern for the delivery of spatiotemporal fractionation
schemes when different parts of the same metastasis
are treated to high doses in distinct fractions. Setup
errors may, in fact, lead to misalignments of the planned
dose distributions of the different fractions, thereby
causing non-negligible target underdosage and poten-
tially compromising tumor control. These uncertainties
cannot be accounted for by adding margins around
the treated volume as in conventional clinical prac-
tice, as the optimal dose compartmentalization for the
STF plans is automatically determined by solving the
BED-based optimization problem and is not known a
priori. Stochastic optimization methods to account for
geometrical uncertainties in spatiotemporal fractiona-
tion schemes have been previously investigated.39 In
this work, we presented a different approach to spa-
tiotemporal fractionation applicable to polymetastatic
cancer patients and demonstrated that most of the
bene�ts of STF can be maintained by treating entire
metastases with possibly different doses, but spatially
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12 SPATIOTEMPORAL FRACTIONATION

F IGURE 6 Dose distributions for two CT slices of patient 1 achieved with the cSTF plan obtained using the additional penalty term in
Equation (2). All metastases are either treated to the full dose in a single fraction (2/29 lesions; A4), uniformly irradiated over two of the three
fractions (6/29 lesions; C1, C2) or uniformly irradiated over all three fractions (21/29 lesions; A1, A2, A3, C3, C4).

F IGURE 7 Comparison between the initial cSTF plan and the cSTF plan which considers only fractional dose contributions of at least 3.5
Gy for (a) metastasis A4 and (b) metastasis B1 in patient 1. Round markers represent the physical dose per fraction, whereas the bars
represent the contribution to the cumulative target BED10 of all fractions with � mt > � threshold.

similar dose distributions in different fractions. Such
constrained approach to spatiotemporal fractionation
has two main advantages compared to using stochastic
optimization methods. First, by avoiding intra-metastatic
fractional dose gradients, robustness against setup
and motion uncertainties can be directly achieved by
adding margins around the treated volume as in con-
ventional clinical practice. As cSTF plans are obtained
by evaluating a single additional planning objective,
this method is thereby computationally more ef�cient

than stochastic optimization methods, as it does not
require to evaluate multiple error scenarios.Second, the
constrained approach to spatiotemporal fractionation
potentially mitigates biological uncertainties related to
the partial irradiation of a lesion,and thereby represents
a practical approach to spatiotemporal fractionation with
lower hurdles for clinical implementation.

In this study,we used a generalization of the standard
BED model to quantify the fractionation effects, assum-
ing � /� values of 10 Gy in the tumor and of 2 Gy in

 24734209, 0, D
ow

nloaded from
 https://aapm

.onlinelibrary.w
iley.com

/doi/10.1002/m
p.16457 by U

niversitätsbibliothek Z
uerich, W

iley O
nline Library on [18/07/2023]. S

ee the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline Library for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons License



SPATIOTEMPORAL FRACTIONATION 13

the normal brain. While the BED model has been widely
used to compare different fractionation schemes, clini-
cal experience is mostly limited to delivering the same
dose in each fraction and it is uncertain if the assumed
generalization of the BED model adequately describes
the effectiveness of treatments that deliver very different
doses in different fractions. In that regard, two alternative
cSTF approaches have been investigated, which either
neglect the contribution of very small doses per fraction
to local tumor control or aim at delivering more standard
fractionation schemes to each lesion. Both approaches
are demonstrated to still outperform the UF plan,but the
bene�t is lower compared to the cSTF plan obtained
by allowing arbitrary fractional dose contributions to the
different metastases.

Several prior publications have introduced the con-
cept of irradiating different subsets of metastases in
different fractions.40–42 In those studies,each lesion was
forced to receive the full prescribed dose in a single frac-
tion. Chen et al.42 considered gammaknife radiosurgery
for multiple brain metastases. In a �rst step, individual
treatment plans were created for each metastasis, and
in a second step, the optimal sorting of metastases
into the different fraction groups was determined by
solving an integer programming problem. In the context
of linac-based SRS, this approach has two main limita-
tions that the proposed cSTF approach improves upon.
First, in contrast to a sequential approach, it allows for
jointly optimizing the incident �uence and the fractional
dose contributions to each metastasis. Second, it allows
the fractionation scheme for the individual lesions to
be �exible. In this way, not all metastases are neces-
sarily treated to the full dose in a single fraction, but a
metastasis-speci�c fractionation scheme is optimized
depending on the lesion size and its location relative
to other metastases and organs at risk. The ability to
uniformly fractionate the dose delivered to some of the
lesions is particularly bene�cial for metastases which
are large or located close to critical structures, as this
allows ful�lling dose–volume constraints for the brain in
the high dose region. As a special case of cSTF, treat-
ments that irradiate each metastasis to the full dose in
one of the fractions can be obtained if Equation (2) is
modi�ed as f bounds

cSTF (� ) = � 2
mt (� mt � 1)2. This approach

was investigated. However, treatments obtained in this
way increased the mean brain BED2 compared to the
UF plan.

Future studies may investigate the potential bene�t
of the cSTF approach for other treatment sites. Multi-
ple lung or liver metastases might be particularly well
suited, as concerns regarding motion uncertainties are
even more pressing for the original STF approach. In
addition, other methods could be investigated for mak-
ing cSTF treatments closer to clinical practice without
considerably compromising their dosimetric bene�t.This
may include alternative formulations of Equation (2) and
approaches to address the nonconvexity of the opti-

mization problems, for example, smart initializations of
the optimization variables that yield local minima close
to the global optimum.

5 CONCLUSIONS

Spatiotemporal fractionation schemes lead to lower
biological doses in the healthy brain compared to uni-
form fractionation schemes for patients with multiple
brain metastases treated with SRS. The constrained
approach to spatiotemporal fractionation that treats
entire metastases with possibly different doses, but
spatially similar dose distributions in distinct fractions
maintains most of the bene�ts in terms of mean brain
BED reduction and presents lower hurdles for clinical
implementation.
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APPENDIX A : PAT IENTS
Table A1 reports the characteristics of the three metas-
tastic cancer patients used to investigate the bene�ts
of spatiotemporal fractionation schemes. The selection
criteria include patients with more than 25 brain metas-
tases (BMs) treated with hypofractionated SRS at our
institution in the year of 2020.

TABLE A1 Characteristics of the three clinical cases studied.

Volume per BM (cc)No. of
metas-
tases

Total
volume
(cc) Min Max Median

Patient 1 29 14.7 0.1 7.4 0.1

Patient 2 27 22.6 0.1 3.4 0.2

Patient 3 30 20.3 0.1 8.3 0.3

Volumetric data refer to the gross tumor volume.

APPENDIX B : TREATMENT PLAN
OPTIMIZAT ION
In this section, we detail the treatment plan optimiza-
tion methods and provide the mathematical formulation
of the planning objectives and constraints used in the
treatment plan optimization problem.

B1 Optimization of the uniformly fractionated
plan

For the uniformly fractionated plan,the BED-based treat-
ment plan optimization problem is solved for a single
�uence map x.

minimize f (b) =
M�

m = 1

1
�Gm�

�

i� Gm

(51.3 � bi)
2
+ (GTV, ��� = 10) (B1)

+
M�

m = 1

1
�Pm�

�

i� Pm

�
5
2

(43.2 � bi)
2
+ + (bi � 60)2

+

�
(PTV, ��� = 10) (B2)

+
� p

�B�

�

i� B

1

1 + e� (bi � 60)� 0.5
(volume V60 in the brain without PTV, ��� = 2) (B3)

+
10� p

�B�

�

i� B

bi (mean BED in the brain without PTV, ��� = 2) (B4)

+
� p

�Nrem�

�

i� Nrem

bi (mean BED in the remaining normal tissue, ��� = 2) (B5)

subject to bi � 36 � i � N5mm (maximum BED at � 5 mm distance from the PTV, ��� = 2) (B6)

bi � 120 � i � S (maximum BED in the brainstem, ��� = 2) (B7)

bi = ndi

�
1 +

di

(��� )i

�
� i (BED in voxel i) (B8)

di =
�

j

Dijxj � i (physical dose in voxel i) (B9)

xj � 0 � j (non � negative �uence ) (B10)

The objectives and constraints that have been used
are described in Equations (B1)–(B10), where � p is a
patient-speci�c weighting factor which is set to 1 for
patients 1 and 3, and to 1/5 for patient 2. The dose-
in�uence matrix elements Dij describe the physical dose
contributions of beamlets j to voxel i for unit �uence,
while xj is the �uence of beamlet j. Gm and Pm (where
Gm 
 Pm) denote the sets of voxels contained in the
GTV and the PTV of metastasis m, respectively; B
is the set of voxels in the healthy brain (de�ned as
the brain without the PTV); Nrem denotes all voxels
in the remaining normal tissue (i.e. the normal tissue
without the brain and the PTV); N5mm is the set of
voxels belonging to the normal tissue and at a dis-
tance equal or larger than 5 mm from the PTV; and S
denotes the set of voxels belonging to the brainstem.
The planning objective in Equation (B3) is used to con-
trol the brain volume exposed to BED2 values larger than
60 Gy. Differently than classical DVH objectives, which
are evaluated using the Heaviside step function � (x), the
objective function in Equation (B3) is evaluated using a
continuously differentiable logistic sigmoid function � � (x)
(Figure B1a),where � is called smoothness parameter.43

For � � 0, we can de�ne a smooth approximation of a
DVH objective with a non-vanishing gradient around b =
60 Gy (Figure B1b). This makes such planning objective
more suitable for gradient-based optimizations, particu-
larly when used as a constraint. In this work, we set the
smoothness parameter � to 0.5 (note that � � (x) � � (x)
for � � 0).
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16 SPATIOTEMPORAL FRACTIONATION

Note that Equations (B8) and (B9) de�ne the rela-
tion of the optimization variables x (i.e. the beamlet
intensities), the physical dose, and the cumulative BED
(which is used to evaluate the objectives and con-
straints). These relations are included here as equality
constraints only for presentation purposes,but the actual
optimization is done by expressing the cumulative BED
in terms of the beamlet intensities xj ’s, and solving for
the optimal �uence map x.

B2 Optimization of the spatiotemporally frac-
tionated plans

Spatiotemporally fractionated plans may deliver n possi-
bly different dose distributions in each of the n fractions,
and thereby the BED-based treatment plan optimiza-
tion problem is solved for n distinct �uence maps
{x1, � , xn}.

The corresponding optimization problem is described
in Equations (B11)–(B21), where we denote the objec-
tive values for the GTVs, PTVs, brain volume, and
normal tissue obtained in the uniformly fractionated
plan by fUF

Gm
, fUF

Pm
, fUF

B,volume, and fUF
Nrem

. Note that the new
planning objective (B12) is used when optimizing spa-
tiotemporally fractionated plans using the constrained
approach.

minimize f (b) =
100
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�

i� B

bi (mean BED in the brain without PTV, ��� = 2) (B11)
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(for cSTF plans) (B12)
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2
+ + (bi � 60)2
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f UF
B,volume �

� p

�B�

�

i� B

1

1 + e� (bi � 60)� 0.5
(B15)

f UF
Nrem

� � p

�

i� Nrem

bi (B16)

bi � 36 � i � N5mm (B17)

bi � 120 � i � S (B18)

bi =
n�

t=1

dit

�
1 +

dit

(��� )i

�
� i (BED in voxel i) (B19)

dit =
�

j

Dijxtj � i (physical dose in voxel i in fraction t) (B20)

xtj � 0 � j, t � j (non-negative �uence ) (B21)

The computation time for generating spatiotemporally
fractionated treatments scales linearly with the num-
ber of different dose distributions to optimize. For the
3-fraction SRS treatments considered in this study, the
computation time for optimizing the STF and cSTF plans
is thereby about three times longer than the time needed
for optimizing the UF plan given comparable setups.
The additional time required to generate the cSTF plans
is negligible, as the new planning objective (B12) is
evaluated only for the PTV voxels (which are very few
compared to the voxels in the rest of the body).

B3 Numerical satisfaction of the constraints
The planning constraints (B6)–(B7) and (B13)–(B18)
are handled using an augmented Lagrangian method.
As a penalty method rather than a barrier method, the
AL algorithm may satisfy constraints only after a large
number of iterations. In fact, for the current study, dif-
ferently than what is done in current clinical practice, a
very large number of iterations (N = 2000) was allowed
for the L-BFGS algorithm (to have a rigorous com-
parison), what enables the algorithm to converge until
almost constraint satisfaction. Any residual constraint
violations in this study were numerically very small com-
pared to the improvements of the STF and cSTF plans
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SPATIOTEMPORAL FRACTIONATION 17

F IGURE B1 (a) Logistic sigmoid function and (b) its derivative. In (a), the red solid line is obtained for a smoothness parameter � = 0.5 and
corresponds to the continuously differentiable function that is used for the treatment plan optimization in this work, whereas the black dashed
line (obtained for �� 0) corresponds to the Heaviside step function.

over the uniformly fractionated plans. Their impact on
the quantitative plan comparisons was negligible for all
cases.

APPENDIX C: RESULTS

C1 EQD9 distributions in patient 1
Figure C1 shows the EQD9 distributions achieved
with the different fractionation schemes for patient 1.
Although the spatiotemporally fractionated plans deliver
non-uniform doses to the target volume in distinct frac-

tions, the sum of all fractional doses result in the
same prescribed BED10 within each metastasis as the
corresponding uniformly fractionated plan.

C2 Dose distributions for patients 2 and 3
Figures C2 and C3 show the fractional dose distributions
obtained with the uniformly and both spatiotemporally
fractionated plans for two different slices of patient 2 and
patient 3,respectively.Similar to patient 1, the spatiotem-
porally fractionated plans hypofractionate the dose in
the target volume by delivering high doses in distinct

F IGURE C1 EQD9 distributions achieved with the different fractionation schemes for (a)–(c) slice A and (d)–(f) slice B of patient 1.
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18 SPATIOTEMPORAL FRACTIONATION

F IGURE C2 Dose distributions for two CT slices of patient 2 achieved with the different fractionation schemes. In slice A (a), �ve
metastases are visible with PTV volumes of 3.5 cc (A1), 3.4 cc (A2), 0.2 cc (A3), 0.2 cc (A4), and 0.4 cc (A5). In slice B (i), �ve metastases are
visible with PTV volumes of 0.3 cc (B1), 0.2 cc (B2), 0.6 cc (B3), 4.7 cc (B4), and 4.2 cc (B5). For each lesion, both contours for the GTV (green)
and PTV (orange) are shown. Also shown are the contours of the brain (dark blue) and of the brainstem (light green).

fractions.While the STF plans deliver high doses to com-
plementary parts of individual metastases, the plans
obtained with the constrained approach to spatiotempo-
ral fractionation scheme do not present dose gradients
within the individual lesions between the different
fractions. The cSTF plans, in fact, improve on uniformly
fractionated plans by treating small metastases to a high
dose in alternated fractions, but tend to deliver similar
doses to the larger lesions in order to ful�ll the dose–
volume constraints for the healthy brain. Note also that
metastasis B2 in patient 2 is almost uniformly fraction-
ated in the STF and cSTF plans in order not to violate

the maximum dose constraint for the brainstem. This
demonstrates that not only large metastases may prefer-
ably be treated over multiple uniform fractions, but also
lesions which are inside or close to critical organs at risk.

C3 Dose distributions for patient 1 obtained with
different initializations of the optimization
variables

Figure C4 shows the dose distributions obtained for
the STF and cSTF plans for two different initializations
of the �uence maps (and the additional optimization
parameters � mt ’s).
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SPATIOTEMPORAL FRACTIONATION 19

F IGURE C3 Dose distributions for two CT slices of patient 3 achieved with the different fractionation schemes. In slice A (a), six metastases
are visible with PTV volumes of 1.7 cc (A1), 1.3 cc (A2), 0.5 cc (A3), 0.6 cc (A4), 0.5 cc (A5), and 0.7 cc (A6). In slice B (i), nine metastases are
visible with PTV volumes of 1.3 cc (B1), 0.4 cc (B2), 0.4 cc (B3), 10.9 cc (B4), 0.3 cc (B5), 0.4 cc (B6), 1.4 cc (B7), 0.6 cc (B8), and 0.5 cc (B9).
For each lesion, both contours for the GTV (brown) and PTV (orange) are shown. Also shown is the contour of the brain (light blue).
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20 SPATIOTEMPORAL FRACTIONATION

F IGURE C4 Dose distributions for the (a)–(f) STF and (g)–(l) cSTF plans in slice A of patient 1 obtained with different initializations of the
�uence maps and the additional optimization variables � mt ’s.
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